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Kypc maTematmiyeckoro anaimsa, B MEPBYIO OYepe/ib, MPU3BaH MMO3HAKOMATH € CAMBIMU OA30BBIMH
U HEOOXOMUMBIME MATeMATUIeCKUMU UAesaMu, (haKTaMU W METOJTAMHU, COCTABISIONINMHI BaXKHYIO 9aCTh
obpazoBaHus PodeCcCuoHaJa MPAKTUIECKHN JIF000H MaTeMaTUIeCKOH 1 eCTeCTBEHHOHAY YHOM Clierra/in-
zamuu. JIpyro#t BazKHO# 1ebi0 Kypca aHajin3a, 0COOEHHO Ha (PU3UKO-MATEMATHIECKUX (DaKyIbTeTax
U HAIIPaBJIEHUAX, ABIIeTCS 3HAKOMCTBO Ha MPOCTEHINNX MPUMepax MPAaKTHYeCKH CO BCEMH Pa3/leaMu
COBPEMEHHON MaTeMATHKH OT aJreOphl U reoMeTpud /10 DYHKIMOHAJIHHOTO aHATIN3a M TEOPUU ONTH-
MaJbHOTO ynpabienus. [losTomy, mo HameMy MHEHWIO, B Kypce MATeMaTHYeCKOTO aHATU3A JTOJKHBI
00s13aTe/IbHO IPUCYTCTBOBATD, IIYCTh U B HEOOJIBIIIOM 00'beMe, JJIEMEHTHI JIPYIUX MATeMaTUuIeCKUX JIUC-
MUILJIMH, WLTIOCTPUPY JTajibHeliee pa3BuTe n3y4aeMbiX ujieil 1 MeTooB. KpoMe TOro, B OT/INYHE OT
MHOTUX CHEIUAJTBHBIX KYPCOB BBICOKOTO YPOBHS, MATEMATUUYECKUNH aHAJIU3 SABJISCTCS B OMPEICTEHHOM
CMBICJIE CHHTETUIECKUM KYPCOM, COUYETAIONUM B cebe 37eMeHTHl OOJBIIOTO YUCIa MaTeMaTHIeCKUX
JUCIHUIIAH, U TeM CAMBIM JTaéT BO3MOXKHOCTH B3TJISHYTH HA MaTeMaTHKy B IIEJOM KaK Ha eJIWHYIO
HAYKY.

Hacrosmuit kypc dpakTudeckn COCTOUT U3 JIBYX JOCTATOYHO HE3aBUCHMBIX PA3/eJIOB, OJUH U3 KOTO-
PBIX TOCBSIIIEH (DYHKINSIM HECKOJbKUX TIEPEMEHHBIX, a APYTroit — maTerpasy Puvana. OTMernM HEKO-
TOpBbIe OCOOEHHOCTH JAHHOTO Kypca. [Ipm obcykIeHnn MeTpuiecKuX W HOPMHPOBAHHBIX MMPOCTPAHCTB
Ha MpUMepe KOHeYHOMEePHOTO eBKJIN0Ba MPOCTPAHCTBA JOKA3BIBAETCS TeopeMa 00 IKBUBAJIEHTHOCTH
HopM. C OJHON CTODOHBI, 3TO YAUBUTEIbHOE U BIEUYATIAIONICE YTBEPXKIACHUE JJIS CTYACHTOB MEPBBIX
KYPCOB, & C JIPYroil CTOPOHBI, 3TO (DyHIaAMEHTAILHOE YTBEPKACHUE U OTJINYHAS WILTIOCTPAINS T€OPEMbI
Bosibiano u cBOCTB mpejiesia MoCjae/I0BaTeIbHOCTH B MHOTOMEPHOM TpOoCcTpaHcTBe. Kpome eBK/n10Ba
KOHEYHOMEPHOTO MPOCTPAHCTBA 00CYZK/IaeTcsl MPOCTPAHCTBO OTpaHUYeHHBIX (hyHKIHUI n hopmupyercs
B3IVIsI/I HA PABHOMEDHYIO CXOAMMOCTH TOCTe0BATeJbHOCTeH (DYHKIHA KaK Ha CXOIUMOCTH TOCTET0-
BaTEIbHOCTEHN 97IeMEHTOB METPUIECKOTO MPOCTPAHCTBA. Jl0OKa3bIBaeTC s, YTO MOTOUYEUHAS CXOIUMOCTD B
o01IeM cirydae He 3a/1a€TC MeTPUKOH. DTO MPOCTO., HO MPUMEUYATETbHOE YTBEPKICHIE TO3BOJISIET OCO-
3HATD, YTO MOTOYEYHAS CXOJUMOCTD CJI0KHee paBHOMepHOii. [Ipu obcy)KaeHnu KOMIaKTHBIX MHOXKECTB
B METPUYECKOM W HOPMHUPOBAHHOM IIPOCTPAHCTBE JTOKA3BIBAETCI TeOpeMa O B3aUMOCBI3M KOMIAKT-
HOCTW TITapa W KOHEYHOMEPHOCTH MPOCTPaHCTBA. KOHEUHO, W 3TO YTBEPZXKJeHWe, U yTBep:XKJeHue 00
SKBUBAJEHTHOCTU HOPM BXOJAT B CTAHAAPTHBINA Kypc (DYHKIIMOHAJTHHOTO aHAIN3a, HO TaM 3TU (DAKTHI
HECKOJIBKO TepsioTcs Ha (hoHe Jpyrux 60jiee TpyAHbIX TEOPEM, B TO BpeMs KaK B Kypce MaTeMaTudeCKO-
r'0 AHAJIN33 OHH, HE YCJOXKHSIS €10, IBISIIOTCS OTJIUIHON WLTIOCTPATel n3ydaeMbrx nouaruit. OrMernm,
YTO MPU 0OCYKJIEHUN KOMITAKTHOCTU MBI He 00CYK/1aeM STCUTIOH-CETH U BIIOJIHE OIPAHMYEHHbIE MHOYKEe-
CTBa, TOCKOJBKY 3TOT MaTepuaJ MOYKHO OCO3HATH TOJIBKO pelllas 33a9u Ha MOCTPOeHHe SICUTOH-ceTell,
YTO JIEKUT COBCEM B CTOPOHE OT OCHOBHBIX TeéM KaK JIEKIINH, TaK ¥ CEMUHAPCKHUX 3aHATHN. SHATHUMBIM
OTJIMYUEM ITOr0 Kypca gBJisiercs usJjiokenue juddepeHnuaibHoro uCHUCeHus Jjisi 0To0pazkeHuit Hop-
MUPOBAHHBIX MPOCTPAHCTB. JTO CBA3AHO HE C IEIbI MAKCHMAJIHLHOTO 0000IIeHUs, a [I/IsT YIPOIEHUS
U HAIJISAHOCTHU, TaK KaK Oe3KOOpJAMHATHAs 3aIUCh onpejeienus JTuddepeHimpyemMoro 0Toobpaketus
OPAKTUYECKH He OTJIMYAeTCS OT aHAJOTUIHOTO ONpejieJIeHns] B OJJHOMEDHOM CJIydae W ropas3jio Jierde
BocipuHIMaeTcsd. Koneano, Tpebyercs HeKoTopas padboTa 1Mo MePenuChIBAHUIO OOIIEro onpee eHus Ha
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caydail pYHKIUNA HECKOJIbKUX MEPEMEHHBIX, HO U 9TO TaKKe KaxKeTcd BecbMa I0Je3HbIM. TeopeMa o
HeSIBHON (PYHKITMHU 00CYKIAeTCsl TTOCIe TeOpeMbl 00 00paTHOM 0TOOpaXKeHUH, ITO IMO3BOJISIET TOBOPUTH O
3aMeHaxX KOOP/IMHAT U UCIOJIb30BATDH [IPU U3JI0YKEHUH HAT/IsIHbIe reoMeTpuaeckie obpassl. [Ipu obcyx-
JleHnn uHTerpaJja Pumana Mbl cpa3y mocje onpejenenus npusoaum dhopmyay Hbiorona — Jleiioruma
U BCAYECKH MMOTIEPKUBAEM POJIb HHTErpasia B 3aja4e O BOCCTAHOBICHUH I1€PBOOOPA3HOI. DTO KarKeTCs
DoJ1ee eCTeCTBEHHBIM M IIPOCTBIM, YeM alle/IMPOBATh K TPYAHOMY MOHSTHIO ILIOIIAAN MO I'PaUKOM.
PaKTUIECKH M3JIOKEHHe TEeOPUH MHTerpaJsa JeJHTCS Ha JBe YacTH, IepBad U3 KOTOPBIX MOCBIIIEHA
OCHOBHBIM CBOIICTBaM MHTErpaJjia U 3aKAHIMBAETCs HA TeopeMe 00 HHTerpupyeMocTu (DyHKITUH, STB/ISTIO-
1meficst PABHOMEDHBIM TIPeJIe/IOM HHTEIPUPYEMBIX, U JOKA3aTEIbCTBOM CYIIECTBOBAHUS TEPBOOOPA3HOI
y HeNmpepbuIiBHON (DyHKINM, & BTOpas dacTh MocBsinena kpurepuio /lapOy, kpurepuio Jlebera u cBoii-
CTBaM WHTerpaJia ¢ HepeMeHHbIM BEPXHUM Mpees oM OT HHTerpupyeMoil pyHKIuA. OTMETHM, YTO MBI
OY€Hb KPATKO (TOJBKO HA YPOBHE ONpeieeHust) 06Cy K IaeM HecOOCTBEHHBIH HWHTeTrpaJl, MOCKOJIBbKY MO~
JIpOOHOE ero M3ydeHue HA CeMUHAPaX BO BTOPOM CEMECTPE HE IPEJICTABJISIETCS BO3MOXKHBIM. DTO ¥Ke
orHOCUTCsT K mHTerpasy CTuiarbeca, KOTOPBIT €CTECTBEHHBIM 0OPa30M BO3HUKAET W OOCYK/IaeTcs B
Kypce Teopuu Mephbl u wHTerpaJa Jlebera.

ABTOpBI HCKpeHHE 6J1arofapsaT CBOMX YUHTeJel, PACKPBIBIIAX KPACOTY MATEeMAaTHYECKOTO aHAJIH-
za: mpodeccopoB B. . Borauesa, B. A.3opuua, T.II. Jlykamenko, B. H. Yy6apukosa, T. A. Illamomr-
HUKOBY, & TaKyKe KOJIIET, B Pa3HOe BpeMs OKa3aBIINX MOAAEP:KKY MpH padoTe HAJ KypCcOM U HACTOS-
mum koucrektoMm: B. B. lamarenko, /1. B. lopammuna, E. /1. Kocosa, C. M. JIeitkuna, FO. B. MexkeBosy,
A.TI. Comomona, A.A.®xépora, O.F0.Yepkacona, A.T. fkymesa. Hakoner, O6aromapum Bcex CTy-
JICHTOB, IIPEJIOCTABUBIIUX 3aIMCH JIEKIUH, a TaKKe TeX, KTO Ha NPOTAKEeHUU Psjia JIeT CBOUM HEIojI-
JIJIBHBIM HHTEPECOM U BIAYMYHMBBIME BOIPOCAMHU CTUMYJIHPOBAJ COBEPIIEHCTBOBAHKE Kypca U MOOYINII
aBTOPOB K HAIMCAHUIO HACTOSAIIETO MOCOOUSI.

EBkimnoBo nmpocrpancTtBo R”

MuoxkectBo R" siBiisiercst jIeKapTOBBIM NPOU3BEJIEHUEM 71 MHOXKeCTB R, T.e. COCTOUT M3 yHOPSIIO0-
YEeHHBIX HAOOPOB (T, T, . . ., Ty) BEIECTBEHHBIX YHCET ;. DTH HAOOPHI MBI Oy/1eM HA3BIBATH BEKTOPAMH
1 0003HaYATh JIATHHCKUMH OyKBaMH 0e3 CTpEeJIOK, TaK KaK OTJIMYHEe BEKTOPHBIX BEJHYUH OT CKAJIAD-
HBIX OyJIeT sICHO M3 KOHTeKCTa. BeauduHbl, 0603HAUaeMble IpedecKuMu OyKBaMu « 1 3 (BO3MOXKHO, €
HHJeKcaMK ), OyIyT Beerga cKaasspHbiME. Kpome TOro, HeCMOTpsl HA HCHOJIb3YEMYIO 3amuch Habopa B
CTPOYKY, MbI Oy/I€M UMETH B BHJLY, YTO BEKTOP €CTh BEKTOP-CTOJIOEI, 1 UCXOAUTh U3 3TOI0, B YaCTHOCTH,
PN BBITIOJTHEHUH OTEPAIAN YMHOZXKEHHAS Ha MATPHILY.

Ha R™ M0»KHO BBECTH OII€PAITUIO CJIOKEHHS JIEMEHTOB U OIEPAIMIO YMHOXKEHUS 3JIEMEHTa Ha YUCTI0:

4 (:Ehx?)' e 7‘/En) + (yl:y% s 7yn) = (xl + Y1, T2 +y27 vy I _I_yn)?

o a(xy,z9,...,x,) = (ax1,29,...,a2,), «a€R.
MozxkHO mokazaTrh, 9uTo R” gaBiageTcs JUHEHHBIM IpocTpaHcTBOM HaJ moaeM R. BekTopn

er =(1,0,...,0), e =1(0,1,0,...,0), ..., e,=(0,0,...,1)
00pa3yioT Oa3uc, KOTOPBIi MBI Oy/eM Ha3bIBaTh cmandapmiom. Beakuit Bekrop x € R” e IMHCTBEHHBIM
00pa3oM IpeJICTaBIIeTCS B BUJIE
Tr = x1e] + Tog + ...+ TpHey.
Pacemorpum dyukmmio (-, -): R" x R" — R, 3agannyo dopmyioii

(Ty) =y + 2292 + ...+ Tk, THE T = (1, T2, Tn), Y= (Y1 Y2e - Yn).

OT1a GyHKIUS yIOBJIETBOPIET CBOWCTBAM:

(i) (r,z) > 0mu (z,2) =0 < x =0 (MOJOKATETbHASA ONPEIETEHHOCTD);

(i) (x,y) = (y,x) (cUMMETPHYHOCTB);

(iil) (oqz1 + agxe,y) = ar{xy,y) + as(rs,y) (MuHEHHOCTD).

Besikas dbynknus (-, - ) HA JUHEHHOM IIPOCTPAHCTBE HaJl 10J1eM R, yI0BIETBOPAIONIASA ITUM TPEM
CBOMCTBAM, HA3BIBAETCH CKAAAPHLIM Npouseedenuem. JIMHEHHOe TTPOCTPAHCTBO CO CKATSAPHBIM TIPOU3-
BeJIEHUEM HA3BIBAETCS €6KAUI06HLM TPOCTPAHCTBOM. Taknm o6pasom, R — eBKIMI0BO IPOCTPAHCTRO.



Teopema 1 (HepasenctBo Kommu — Bynsikosekoro — [lIsapna). Jlas ecex x,y € R" swnoansemes

HEPABGEHCNBO
[z, )| < VA 2)/ (Y, ),

NPUEM PABEHCMB0 JOCMUAEMCA M0204 U MOALKO Mo20a, K020a 8EKMOPLL T U Y AUHETHO 3G68UCUMDbI.

> 3amerumM, uTo npu y = 0 yrBepKaeHne BbioaHeHO. IlycTs Temeps y # 0. PaccmoTpuM KBaaparmd-
HYIO0 (PYHKITHIO
[Mockonbky f(t) = 0 aist Beex t, noJryuaem

D = 4{z,y)|* - 4z, 2)(y. y) < 0.

Wrax, Tpebyemoe HepaBeHcTBO jtokazano. Ocraércs 3ameTuthb, 9to D = (0 TOTJa 1 TOJIHKO TOT/IA, KOTJIa

x —ty = 0 a7a9 HEKOTOPOro t. <
Besramna ||z = /{2, ¥) naspBaetcs eskaudosoti nopmoti uim daunoti BekTopa x. OTMETHM, UTO
dbyukmusa || - ||: R® — [0; +00) y10BIeTBOPSAET CIEAYIOMNM CBOACTBAM:
(i) |zl =0z =0;
(i) ozl = laflz]];

(i) 2 +yll < [lz]l + [lyll-
HepaBeHCTBO W3 TTOCJETHETO CBONCTBA HA3BIBAIOT HEPABEHCTNGOM TMPEY20AbHUKA. HOKa)KeM, 9T0 OHO
JEWCTBATETHHCO BBINOJIHSAETC:

2+ ylI* = ll2)l* + 2¢2, y) + [yl < =1 + 2l lyll + 1917 = Al + [[y])>.
[Tycrb o w y orawanbl ot Hyad. Jucao ¢ € [0; 7], 451 KOTOPOro BEPHO PaBEHCTBO

cos (z,y)
Tl
HA3BIBACTCS Y240M MEXKITY BEKTODAMI T W Y. B CHIy JOKA3aHHOTO BhHIMIE HepaBeHcTBa Komm — By-
HHKOBCKOFO*LHBapLLa IIpaBad 4aCThb II0 MOAYJIIO HE IIPEBOCXOIUT €JUHUIIbI, IIO9TOMY TaKO€ YHUCJIO @
Beerma cymectsyer. Ecin (x,y) = 0, TO BEKTOPBI & H Y HA3BIBAIOTCS 0PMO20HAADLHBLMU.
Sagaun
1. [lycts z,y € R™. JTokaxkute Teopemy Iludaropa: pasencrso ||z +y||*> = ||z||* + ||y||* Bepro Torma
M TOJILKO TOTJIA, KOTJIA T W Y OPTOTOHAJTBHBL. BEpHO JIH 9TO YTBEpKICHUE I TPEX BEKTOPOB T, Y, 27

2. Ilycrp x,y € R™. Jlokaxkute paBeHCTBO IlapaJiiejorpaMma:
Iz + yll* + llz = ylI* = 2[|z]|* + 2[|y ]|

3. IIpu xaknx yciousax ma marpuimy A = (@;;) pasMepoM n X m BBIDaxKEHHE Y 4;;T;Y; 334a6T
ihj

CKAJISIPHOE TIPOU3BEIEHUE BEKTOPOB & = (L1, T2, ..., Lp) B Y = (Y1, Y2, - -, Yn) U3 R"?
4. JlokazkuTe, 4TO Jisl BCAKOTO CKaJIsipHOrO npoussejenus (r,y) wa R" cymecrByer 6a3uc, B Ko-
TOPOM OHO 3aJa€TCst POPMYIOR T1Y1 + .. . + TpYn, THE (T1, T2y ..., Xn) U (Y1, Y2, - - -, Yn) — KOODAHHATHI

BEKTOPOB T | B 9TOM Dazuce.

5. Jlokazkure, 9TO JMHEHHOE MPOCTPAHCTBO BEINECTBEHHBIX MATPHUIL N X N ABJIAETCS €BKJIIOBBIM
IIPOCTPAHCTBOM €O CKadapHbIM npoussegenuem (A, B) = tr(ABT), rue yepes BT oboznauyaerca Tpamnc-
HOHUPOBAHHASI MATPHUILA.

6. IIycts marpuust A 1 B cuMMerpudusl, npudaéMm » | a;;2;2; > 0 gis Beex x € R™. Jlokaxnte

i\j
tr(AB)|* < trAtr(AB?).

7. Mz06pazure jByMepHYIO IPOEKIUIO YeThipéxmeproro kyba [0; 1]* npu oproronassuoMm npoexru-

HePaBEHCTBO

POBaHUM BAOJIb TJIABHOM JANATrOHaAJINA.

Merpuyeckre 1 HOpMUPOBAHHBIE IIPOCTPAHCTBA

[Iycrs X — npousBosibHOe HemycToe MHOKecTBO. PyHkmusa p(-, - ): X x X — [0;+00), KoTopas
00J1a1aeT CJIeIYVIOIMMMHI CBOHCTBAMMU:

(i) plr,y) =0 z=y;



(i) p(x,y) = p(y, ) (CUMMETPHIHOCTD );

(iii) p(x,y) < p(z,2) + p(z,y) (HEpaBEHCTBO TPEyTOJHHUKA),

Ha3bIBaeTCsl Mempukod, a napa (X, p) HA3BIBACTCS MEMPUUECKUM NPOCTNPAHCTNEOM.

PaccmoTpuM HECKOJITBKO MTPUMEPOB.

1) X —npousBosibHOe HemycToe MHOXKecTBO U p(z,y) = 0 mpu z = y u p(x,y) = 1 npu x # y.
Takyio METPUKY HA3BIBAIOT JUCKpemHol.

2) X =Rup(z,y) = |z — y|. D10 06bIYHOE, 3HAKOMOE U3 IMKOJLHOTO KyPCa PACCTOSHHE MEXKLY
TOYKAMHU HA YUCJIOBOA NpAMOil.

3) X =Rup(z,y) = |f(x)— f(y)|, tne f— npoussonbuoe unbekTuBHOE OTOOpazkenue u3 R B R. Ha
IEPBLIN B3IVIs, 9Ta METPUKA He OYeHb CHIBHO OTIMYACTCS OT |T — Y|, HO METPUIECKOE MPOCTPAHCTBO
MOZKET MOJIYIUThCS BecbMa K3oTHdeckKuM. Ecm f(x) = arctgr, To Bce TOUKH JIeKAT HA PACCTOSHHHA
e Gospitie m Apyr ot apyra. Ecim f(z) = 1/2 npu x # 0 u f(0) = 0, 10 paccrosmue ot myas 10 1/n
PaBHO N M CTPEMHUTCsI K GECKOHEYHOCTH.

4) X =R" u p(z,y) = /(@1 —y1)2+ (22 — y2)® + ... + (2, — yn)% Jlerko Bugers, uro p(z,y) =
| — yl|, tae || - | — eBkaumoBa HOpMa. Taky METPUKY HA3BIBAIOT €6KAUAOGO.

5) X =R"u p(z,y) = |1 —y1| + ... + |2 — Yn|. DTO TAK HABBIBACMAST MAHTIMMENCKAA MEMPUKG.
ITycThb mepe/1 HAMY JICT OYMATH B KJIETKY M TOUKE PA3PENIaeTCsl ABUTATHCS TOIBKO MO JTHHUSIM CETKH —
rpaHuIaM KjaeTok. [IpejionoKumM, 9To CrOpoHa KJIETKU DABHA €JIMHUIIE U HATAJI0 KOODJAMHAT HAXOMUTCS
B BepIuHe OfHON n3 KiaeTok. Torma minaa Kpardaiimero mytu or Touku (0,0) mno Touknu (a,b) paBHa
|a| +b|. Ecin pacemorpers 9Ty MeTpuKy Ha Oysaesom Kyoe {0, 1}", To nosydum paccrosune XeMMUHTa,
KOTOPOE€ UT'PAET BAXKHYIO POJIb B TCOPUH KOIUPOBAHHUS.

Crenyrolnee yTBepKJIeHHE CJIIYET U3 HEPABEHCTBA TPEYTOJTLHHKA.

IIpeamoxenne 1. IITycmo (X, p) — mempuueckoe npocmpancmso. Tozda dasn ecakur x,y,z € X

6EPHO HEPABEHCMEO
(2, y) — plz, 2)| < ply, 2).

MuozxectBo B,.(a) = {z € X: p(a,x) < r} HABBIBACTCSI OMKEPLUMHM WAPOM PATAYCOM T, & MHOZKE-
ctBo B, (a) ={z € X: p(a,z) < r} Ha3bIBACTCS 3AMKEHYMBIM ULAGPOM DATAYCOM T

OTmeTuM, 4T0 B METPUYECKOM IIPOCTPAHCTBE AP OOJIBIIErO PajMyCa MOKET COMEPKATHCA CTPOrO
BHYTDH ITIapa MeHbIero paamyca. /leficreurensro, nycrb X = {1,3,6} u p(z,y) = |z — y|. OTKpbiTHIii
map ¢ HeHTPOM B 3 U pajuycoM 4 cojiep:KuT Bce X, a OTKPBITBHIA Map ¢ NeHTpoM B 1 u pajauycom D
COJIEPKUT TOJBKO TOYKH 1 U 3.

TOBOpAT, YTO MOCIEIOBATENLHOCT {Z,,} TOUEK MeTpuueckoro mpocrpancTBa (X, p) cxoaures K
TOUKe T, ecyiu P(Tpy, r) — 0 upu m — 0o. B arom ciyuae 6yjaem nucars lim x,, = x wiu x,, — T 1upu

m—0o0

m — oo (Jajee IPH UCIOTB30BAHUN 3aIUCH T, — T OyJeM MoJpa3yMeBaTh, 4TO M — 00).

IIpennoxenune 2. Ecau x, — T U Ty — Y, mo T =Y.
>> Ilo HepaBeHCTBY TpeyroJbHUKA

plz,y) < p(@, 2m) + p(Tm,y) = 0

, caegoBaresbHo, p(x,y) =0wn z = y. <

Mpennoxenue 3. Fcau nocaedosamesvHocms cxodumces, mo oHa 02PaGHUSEHHEG, M. €. AEHCUM, UCAU-
KOM 8 HEKOMOPOM WaPE.

> Ilyctb x,, — x. Torma wnaiigércsa takoe N, 910 Ajst Bcex m > N BBINOJHSIETCS HEPABEHCTBO
p(x,x,,) < 1. lyers R > max{p(z1,z),...,p(xy,z),1}. Torna x,, € Br(x) ans Beskoro m € N.
<

Jlemma 1. /[asa ecaxozo v € R™ umeem mecmo nepasencmeo

n
2
2
i=1

N3 nemmbl cjaeayeT 3KBUBaJIEHTHOCTb CXOOAUMOCTH II0 eBKJ'II/LZLOBOfI METpPpHKE U HOKOOp,ZLHHaTHOfI CXO-
AUMOCTH, & UMEHHO, UMeeT MeCTO CJeAyloliee yTBep2KAeHue.

< Vi max |z

max [z < 1<i<n

1<i<n




Teopema 2. Iyemv 2™ = (a,...,2]") € R™. Ilocaedosamenvrocmov ™ cxrodumea € r =
(1,...,2,) 6 npocmpancmee R™ ¢ eskaudosoti mempuroti mozda u moavko mozda, xozda T — x;
oas kaotcdozo 1 =1,2,... n.

Ipennoxenne 4 (Bombnano). Ecau nocaedosamenvrocmo ™ € R™ oepanuvenma 6 eskaudosot
MEMPUKE, MO U3 HEE MONCHO 6VOPATNL CTOOAULYIOCA NOONOCACIOBAMENDHOCTD.

> PaccMoTpuM TOJIBKO caydail n = 2, Tak Kak OOIIMiA caydail COBepIIeHHO aHAJIOTHYeH, HO 3alliChIBa-
ercs 0oJiee rpoMO3/IKO. HHCJIOBbIE OCJIEI0BATE/IBHOCTH X" U T sBJISIIOTCSH OIPAHUYEHHBIMU, U K HUM
HpUMEHHMa TeopeMa BobmaHo 1/ Yuca0BbIX mocaeaoBaTeabHocTeil. CHada a BeIbepeM CXOIATLY I0Cs
O/IOCTI/IOBATEIBLHOCTD ] U3 MOC/IeI0BATEIHHOCTH MIEPBLIX KOOPAHHAT. /lajiee n3 mocjaenoBaTe bHO-
C’fnl/i x;”k BTOPBIX KOOPJIMHAT BEKTOPOB C HOMEPAMU My, BbIOEPEM CXOALIILYIOCH IOITOCeI0BATEILHOCTD
T, . Tlognoc/ie0BaTe/ibHOCTh BEKTOPOB T
BBIX U BTOPBIX KOOP/JUHAT. <

kj CXOOAUTCHAd, TaK KaK CXOJATCA 1OC/JIeJ0BaTEe/IbHOCTHU 1IepP-

[MocaemoBaTebHOCTD { Ty, } 371eMEHTOB MeTpudeckoro npocrpancTsa (X, p) HaszbiBaeTcs ByHoameH-
maavrotl, ecau s Beakoro € > 0 Haiinércsa takoe N, 910 11 Bcex n, m > N BBIIOTHAETCS HEPABEH-
cTBO P(Tp, Tm) < €.

Metpuueckoe mpocTpancTBo (X, p) HASBIBAETCS NOAHBLM, €CIU BCAKas (DYHIAMEHTATHHAS TMOCTe-
JIOBATEJILHOCTH €0 3JIEMEHTOB CXOJMTC K 3JIEMEHTY 3TOIO MPOCTPAHCTBA. KM U3 9uCI0BOi NpsaMoil
¢ OOBIYHBIM PACCTOSHUEM BBIOPOCUTH TOYKY, TO HMOJIYYUTCH HEMOJTHOE MPOocTpancTBo. /Ipyroit npumep
HEIOJTHOTO MPOCTPAHCTBA MOYKHO HMOJIYYUTh, €CJIU HA YHCIOBOM MPIMOl BMECTO OOBIYHOM METPUKH 3a-
JaTh paccrosiaue dopmyoit p(z,y) = |arctgr — arctgy|. JeiicTBUTENbHO, TOCIEI0BATENBHOCTD L)y, = N
byHIaMeHTATBHA IO 9TON METPUKE, HO He MMeeT Mpeea.

Teopema 3. IIpocmparcmeo R™ ¢ eskaudosoti mempuroti A6AAEMCA NONHBIM.

> KEcawm nociemoBarenbHoCTh £ PyHAAMEHTAJIBHA, TO MO JeMMe 1 Kark/1ash 3 9UCJI0BBIX MOCJIe/I0Ba-
TeabHOCTEH )" dpyHIaMeHTa bHA. [lo KpuTepnio Komm 718 9uCI0BBIX MOCIe0BATEIbHOCTEN MmocIe-
JIOBATEJBHOCTD T} CXOMHUTCS 71 Kazkaoro ¢. Cae1oBaTe/bHO, O JIOKA3aHHOMY BBIIIIE, MOCIET0BATE b
HOCTH T CXOINUTCS. <

Jlasiee, ecqm He CKa3aHO IPOTUBHOTO, OyJeM IO yMOJYAHUIO CUUTATh, 9TO IpocTpaHcTBo R" Ha-
JIeJIEHO eBKJINI0BOH METPUKONH. AHAJTOTHIHO TOMY, KAK HA JYHCJIOBOIN MPSIMOi YI00HBIM BBIDAYKEHHEM
IIOJIHOTDI ABJIAETCA IPUHIUIL BJIOKEHHBIX OTPE3KOB, TaK U B IIOJHOM IIPOCTPAHCTBE UMeeT MeCTO NpuH-
YU BAOHCEHHBIT UWAPOE.

Teopema 4. B noaHoM MEMPUYUECKOM NPOCPAHCINGE BCAKAHA NOCAECOOBAMEALHOCND BAOHCEHHBLE
BAMEHYMBLT WAPOS, PAOUYCHL KOMOPLLT CMPEMANCA K HYA0, UMEEM 00ULYI0 TOYKY.

> JlocTtaTo4HO 3aMeTHTh, YTO MEHTPHI ITHX ITAPOB 00pasyioT (pyHIaMEHTAJBHYIO TOCJIeI0BATEIh-
HOCTH, KOTOpas B CHJIY HOJHOTHI CXOAUTCA. B cuiy 3aMKHYTOCTH W BJIOYKEHHOCTH IAPOB Mpeaes ITOU
[OCJIETOBATEIBHOCTH ABJSIETCA OOINel TOUKOH. <

[Tose3H0 UMETh B BHY, YTO B HEMOJHOM METPHIECKOM IPOCTPAHCTBE BCETIA €CTh MOCIeI0BATE b-
HOCTb BJIO2KEHHBIX 3aMKHYTBIX IIaPOB, PAJAUYChl KOTOPBIX CTPEMSTCS K HYJIIO, HO IIepecedeHre KOTOPbIX
nycto. TakuM oOpa3zoM, MPUHIKUI BJIOKEHHBIX MAPOB PABHOCUJIEH TOJHOTE METPUYECKOTO MPOCTPaH-
crBa (cM. 3a1a1y 6).

HopmupoBaHHBIE TPOCTPAHCTBA

[Tycrs X — smneitnoe npocrpancrBo Hag R. @yukrus || - ||: X — [0;+00), Koropast obiamaer
CBOCTBAMU:
(i) |zl =0z =0;
(i) ozl = lafz]};
(iii) ||z + vyl < ||z]] + ||ly|]| (nepaBencrBo TpeyrosbHuka),
HazbiBaeTcs Hopmol, a mapa (X, || - ||) HasBIBaETCA HOPMUPOBAHHBLM NPOCTPAHCTNEOM.
n
BazKHBIM IIPUMEPOM HOPMBI fBJIsIeTCs eBKAMI0Ba HopMa Ha R™: ||z|| = | Y 2%. Besikoe HopMupo-
k=1
BAHHOE ITPOCTPAHCTBO SIBJSCTCS METPHIECKUAM ¢ MeTpHKO# p(z,y) = ||z — y||. Hamo umers B BHIY, 9TO

He BCIKasdg MeTPHKA 33/1aéTcsd KaKOi-To HOpMoil. B oTmame oT MeTpuiecKuX MpoCTPAHCTB, B HOPMHUPO-
BaHHBIX 1Iap OOJILIIIOrO Panyca He MOYKET COJIEPKAThCsd B IIape MaJeHbKOr0 pajnyca.

5



IIpennoxenue 5. Ecau B.(a) C Br(b), mor+|la—b|| <R

> Ciyuait a = b ouesuyen. [ycrs Tenepnb a # b. Ecau 0 <t < rlla —b||7!, 10 a +t(a — b) € B.(a), a
3TO, B CBOIO Ouepe/ib, Biaeuér a+t(a —b) € Br(b). Takum o6paszom, s seex 0 < ¢ < r|la—b||~! Bepuo
nepasercTso (1 + t)|la — b]] < R. Yerpemnssa ¢ k r|la — b|| ™!, monyuaem tpebyemoe HepaBeHCTBO. <

IIpenmoxenne 6. [lycmo (X, | - ||) — nopmuposannoe npocmpancmeo. Ilycmo, dasree, x,,y, € X
CLOOAMEA COOMBEMCMEEHHO K T U Y, HUCA06AA NOCALIOGAMEALHOCD (v, crodumces K . Tozda

Ty + Yy > T+Y, OQpTy, — QL.
> JlocTaTo4HO 3aMETUTH, YTO MO HEPABEHCTBY TPEYTOJbHIKA

IGn +yn) = (& + )l < ll2n =2l + lyn =yl =0,

lanzn — azl] < lan|llzn = 2] + lan — al||z]] = 0. <

IIpeamoxenne 7. I[Iyemv (X, || - ||) — nopmuposarnoe npocmparncmeo. Tozda eepro Hepasencmso
Wzl = llyll| < ||z —y||. B wacmnocmu, ecauw x, — x, mo ||z,| — ||z||

> Tpebyemoe HEepaBEHCTBO SIBIISIETCS CJIEACTBHEM HEPABEHCTBA TPEYTOILHUKA. <

Ha R"™ kpoMme eBKJINI0BOM HOPMBI MOYKHO BBECTH H JIPYTHe HOPMBI: HanpuMep, ||z|| = max;<pc, [T

win ||z = > |zg|. Oanaxo, okassiBaeTcs, 9To Bce HOPMBI HAa R™ 9KBHBAJIEHTHBI MeXKIy €000, a

1<k<n
UMEHHO, CIIPABE/IINBO CJIeTyIoNee YTBEP K IeHNE.

Teopema 5. Ha npocmpancmee R™ ace nopmu sxeusasenmmo,, m. e. das s06ux 06yr nopm || - ||
|- |ls cywecmeyrom maxue nososcumenvrvie wucaa m u M, wmo das 6cer T 8ePHO HEPABEHCMBO

ml|zlla < [lzfly < Mo

> JlocTaTouHo paccMoTpeTh caydaii, korga || - ||, — eBkaumoa Hopma. [lycTh 3amaHa npon3BOJIbHAS
nopma || - ||, ma R™. 3amernm, uro
|zl = |lT1e1 + - + Znenlla < (Jx1|+ -+ |20]) max lleklla < Collx|lp, Tme Cy = nmax llex||a-

Taxkum 06pazoM, ocTaérest JHIb yeTaHOBUTH HepaBeHcTBO ||z||, < Cl|z||, mia Becex x m HekoToporo
ancaa Cp, > 0. Ilpeamosokum, 910 9TO HepaBeHCTBO He BbimosHgercd. Torma mag Begkoro N € N
HaliI8Tca Takoil oTaMuHbI oT Hysad BekTop 2, uro ||z, > N||zV|,. Pasneaus 3To HepaBeHCTBO Ha
|z ||, m ma N, moxyuaem

VN> Ny¥lla, y™ =2 /llale,  [ly™ ]y = 1.

Urax, o nopme || - ||, mocaemoBarenbuocts yY cxomuTes K HY/I0, & 0 eBKIMIOBON HOPME BCE BEKTODbI
yN UMeIoT eJIMHUYHYIO JITHHY. Ho ‘reopenie BO.HbI_[aHO MOYKHO BBIOPATH CXOAANLYIOCS TI0 €BKJIHI0BOI
HOpMe TojoceioaTenbocts ¥y . Ilyers 4™ — y. Torna ||y||, = 1 u, cirenoarensho, y # 0. B cuny
omenky ||z]l, < Cqllz|p cxomumocTh MO €BKINIOBON HOPME BJIEUET CXOMUMOCTH 10 HOpME || + ||q, TO
KOTOPOIi JaHHAS MOCIEI0BATEIHHOCTD CXOAUTCS K Hy 10, [TpoTuBopedne. Takum 06pa3oM, CIIpaBeIInBa
rpebyemas onenka, rjge m = 1/C,, M = C,. <

[e.9]
IIycrs (X, || - ||) — mHopmupoBanHoe npoctpancTBo. PopMmasibHas GECKOHEUHAST CYyMMa Y |, X, SJeMeH-
n=1
TOB &, € X HaspiBaeTcd padom. 11o ompesesenuio pa czodumces, ecim CXOMATCS MOCIEI0BATEIBHOCTD
N

ero YaCTUIHBIX CYMM Sy = Y Zy.
n=1

Hpe,Z[JIO}KeHI/Ie 8. Iyecmw (X, |- |]) — NOANOE HOPMUPOGANHOE NPOCTPANCINGO. Ecau cxodumes wuc-

20601 pAad Z | znll, mo crodumea paod E Ty
n=1 n=1

> JlocTaTo4HO MOKA3aTh, YTO MOCJAEA0BATEILHOCTh YACTUYHBIX CyMM dyHIaMeHTabua. 110 Hepapen-

CTBY TPEYTOJbHUKA
N

1Sn = Sull < Y llzall.
n=M+1
Pan w3 ||z,|| cxomures, nosromy mias Beskoro € > 0 maiiaéres takoe Ny, uro masa seex M, N > Ny
N
BBIIIOJIHSIETCsT HEPaBeHCTBO  » . ||z, || < &, uro m o3nagaer GyHIAMEHTAIBLHOCTD MOCJIEI0BATEIbHO-

n=M+1
cru S,,. <



[TorHOE HOPMHPOBaHHOE MPOCTPAHCTBO HAZBIBAIOT OAHATO6HIM.

B zakmioduenune obpaTtuM BHUMaHUE HA JBOMCTBEHHYIO TPUPOIY MpocTpaHcTBa R™: ero MOXKHO pac-
CMaTpHUBATDh U KaK BEKTOPHOE, 1 Kak addunnoe. Briie B onpeesiennn R™ Kak MHOXKECTBA YHOPSI0Y€H-
HBIX HAOOPOB (X1, Ta, . . ., Ty ) BEIECTBEHHBIX YMCET ; Mbl YCJIOBUIUCH HA3BIBATH 9TH HAOOPHI BEKTOPAMHE
(Tak ya06HO moJaraTh, HaMpUMeD, TOLAa, KOrAa Mbl MCIIOJb3YeM BO3MOXKHOCTD CJIOZKEHHUST JT€MEHTOB
U YMHOXKeHWsI Ha KoHCTaHTy). C Jpyroif CTOpOHBI, B psijie cIydaeB 6ojiee eCTECTBEHHO CUUTATH Ha-
oop (z1,%2,...,T,) He BEKTOPOM, a TOYKOil, KOTOPYIO MOXKHO TPEJICTABIATH cebe KaK KOHeIl BEKTOPa
(1,22, ...,Ty,), IPHIOKEHHOTO K HAYALY KOODJAMHAT (HAIPUMED, TAK HOCTYIAIOT DU U3yYeHUH TOIO-
JIOTHYECKUX CBOHCTB MPOCTPAHCTBA). B nampHeiinem Mbl Oy/eM MOJb30BATHCsT O00OMME B3LJIAaMH HA
npoctpancTBo R", He oroBapuBasi 3T0 0c000.

Sagaun

1. [TokazkuTe, 4TO BCe CBOICTBA U3 ONMPE/IEJEHUST METPUKY JefiCTBUTETLHO BBITOJTHEHBI JIJIT METPUK
u3 1puMepoB 1-5H, paccMOTpeHHBIX B HavaJie naparpada.

2. Ilyctb p — mpocroe aucyio. Beskoe mesioe 9ucjio a, OTIMIHOe OT HYJIS, MPEJICTABUMO B BUIE (4 =
p*a’, rie HOM(d', p)=1. Tonoxuwm |a|, = p~* u |0], = 0. Jlokaxure, uro p(a,b) = |a — b|, aasgercs
MeTpHKOii Ha 7 (Tak Ha3biBaeMas p-aduueckas MeTpuka). Haiinure B mpocrpaHcTBe Z ¢ p-aJnveckoii
METPUKO MpeJies MOocaeT0BaTeTbHOCTH:

() @ =p" (b) =1 (c) :zp

3. Haitiure Bce 3HAYEHHSI 1, HPU KOTOPBIX CYIIECTBYET H30METPUICCKOE (COXPAHSIIONIEe PACCTOSHUS)
BJIOZKEHHE METPUUYECKOTO IPOCTPAHCTBA U3 YETBIPEX TOUYEK C IIOIAPHBIMU PACCTOAHUAMHU 1 B IPOCTPaH-
ctBo R".

4. [Tycrb g — HeoTpHIATeIbHAS, HENIpepbIBHAs W BorHyTas dbyukuus ua [0; +00), npuaém g(0) = 0.
Jlokazkure, 9T0 a1 BCAKOH MeTpuku p GyHKIug ¢(p) TakkKe ABIAETCS METPUKOIl, NPUIEM HOBas
MeTPHKa 9KBUBAJEHTHA CTapoii (T.e. T, — T N0 cTapoil MeTpHUKe TOTJA M TOJBKO TOT/IA, KOTJA Xy — T
u 110 HOBOiT). IlokazuTe, 4TO MOKHO B KadecTse g B3aTh g(t) = 117, g(t) = arctgt,

5. yers X = {0,1}", p(z,y) = > |z; — y;l.
j

(a) Haiigure 9uCI0 9JIeMEHTOB B Iiape pajuyca k.

(b) Mokaxure, uro npu n = 2™ — 1 6yae ky6 X = {0,1}" MOXKHO NpeJCTABATH B BUJE 00D-
eJIMHEHNUS] HEIIePECEKAIOUXCS AaPOB eIMHUIHOIO PAJAUyca, a IPH JAPYIUX 3HAYEHUSIX 7 ITOTO CeaTh
HEJIb3.

(¢) (ko Xommunra) Vcmonb3ys mpeblyIuii IyHKT, YKaKuTe crocob mepeadn mocie10BaTe b-
Hocty 13 0 1 1, IpH KOTOPOM IO IIOJIYYeHHOH MOCIeTOBATEILHOCTH MOZKHO ObLIO ObI HCIIPABATEL POBHO
OJIHY OIIMOKY, T. €. Y3HATh, B KAKOM OHTEe IIPOU30ILIa 3Ta OmubKa. OIeHuTe KOJIHIECTBO J00aBICHHBIX
CHMBOJIOB.

6. (a) [lokaxkure, 9T0 B HEMIOJHOM METPUYIECKOM TPOCTPAHCTBE BCETIa HARIETCS TOCTe0BATE b
HOCTD BJIOKEHHBIX 3aMKHYTBIX IIAPOB, PAIAYChl KOTOPLIX CTPEMATCA K HYJIIO, HO II€PeceIeHne KOTOPBIX
IyCTO.

(b) Tlokaxkure Ha pUMEpPe, YTO B TEOPEME O BJIOKEHHBIX Iapax HeJIb3sl OTKA3aThCsl OT YCJIOBHS,
4TO PaJNyChl TMITAPOB CTPEMATCA K HYJIIO.

(c¢) lokaxkure, 9T0 B HAHAXOBOM IPOCTPAHCTBE BCSAKAS MOCIEI0BATEBHOCTh BIOKEHHBIX 3aMKHY-
TBIX IIAPOB HMeeT OOILYI0 TOUKY.

n 1/p
7. llokaxute, qT0 ||Z|/, = (Z |xi|p> sBisiercs HopMo# Ha R™ Tosbko npu p > 1. Haitnure Bce
=1

3HAYEHUA ¢, JJIs KOTOPBIX HOpMa |||/, 33aéTCsl HEKOTOPBIM CKAISPHBIM HPOU3BEICHHEM.

IIpocTtpancTBo orpanmieHALIX (DYHKIMIT 1 paBHOMEPHAsS CXOIMMOCTH

B mpeapiaymux pasgesax OCHOBHBIM TPUMEPOM METPUIECKOT0 M HOPMUPOBAHHOTO MPOCTPAHCTBA
ObLIIO €BKJIMJI0BO 1pocTpancTso R™. B arom pasjese Mbl HO3HAKOMUMCS €111€ ¢ OJIHUM BazKHbIM M HETPHU-
BHA/IbHBIM TPUMEPOM — HPOCTPAHCTBOM OIPAHUYEHHBIX (DyHKIHII.

[Tycrs X — nenycroe muO)KecTBO. Hepes B(X) 0603HauuM JIMHEHHOE MTPOCTPAHCTBO OMPAHUYEHHBIX
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dbyukuuit f: X — R. Bblie Mbl BUIEIH, 9TO METPUKA IIO3BOJISIET FOBOPUTH O CXOJAUMOCTH MOCJIEI0-

BaresbHOCTell. Ha MHOXKecTBe (DYyHKIMIA €CTh JBa OYeHb BayKHBIX M YACTO BCTPEUYAIOIIAXCH B HPUIO-

JKEHUSIX BHJIA CXOAUMOCTH: 1) mOTOYedHAs CXOAUMOCTh, Korja f,(x) — f(z) ans Beskoro x € X, m

2) paBHOMepHas CXOAUMOCTb, Koraa sup |f,(z) — f(z)] — 0. Tlorouednas cxoauMOCTh ¢ TOYKH 3PEHUS
X

onpejie/IeHusl KazKeTcsl 0osiee IIPOCTOH M MOHSATHOI, HO 3TO 00OMaHYMBOE BIEYaT/eHUe. DTO Topasjio
GoJ1ee CJIOKHBINA BIJ, CXOAMMOCTH, I€M CXOAUMOCTH PABHOMEpHAd, YTO ULIIOCTPUPYETCs, B YACTHOCTH,
CJeAYIONIe TeOpEeMOit.

Teopema 6. He cywecmsyem makot mempury p na B[0;1], wmo f, — f nomouewno moada u
moavko moeda, xozda p(fn, f) — 0.

> IlpennosoKum IPOTUBHOE, T. €. IICTh Takas MeTpHKa p cyiiecTByer. Boibepem npoussobaoe 17 > 0.
Bo Beakom unTepBatie (a; ) C [0; 1] cymecTByer Takoit orpe3ok A, 4T0 WHIMKATOP [A MPUHAIIEKHUT
Mapy ¢ MeHTPOM B HYJIe W PAIUycoM 7 110 MeTpuke p. JleficTBUTENBHO, BO3BMEM MOCJIEI0BATEIBHOCTh
MOTIAPHO HEeMepeceKaIoNIHXCs 0TPe3KoB A,, B uuTepnase (a; (). IlocrenoBaTe bHOCTD HHIRKATOPOB [A,
MOTOYEYHO cxoauTcs K Hymo. CiaenoBarenbuo, Haiinéresa n, mpu kKotopoM p(0, Ia, ) < r. Ucmonb3ys 910
HaOJII0/IEHNe, MOXKHO [OCTPOUTH TAKYIO CHCTEMY BJIOKEHHBIX O0TPe3KoB A, uro p(0,Ia,) < 1/n. C on-
HOM CTOPOHBI, [A, CTPEMSITCS K HYJI0 OTOYEYHO, & C APYTroii CTOPOHBI, B OOINEH TOYKe ¢ MOCTPOCHHBIX
orpe3kos umeeM Ia, (¢) = 1 ags Beex n. [Iporusopeune. <

PaBHOMepHAasI CXOAUMOCTD, HAIPOTUB, 3a1a8TCS He POCTO METPHKOil, a jazke nopMmoii. IIpocrpan-
crBo B(X) siBasieTcss HOpDMUPOBAHHBIM ¢ HOPMOU

If1] = sup [ f ().
zeX

[Mocnenosarensuocts f, cxogures K f B B(X) Torga u Tonbko Torma, xoraa || f, — f|| — 0, T.e.
sup [ fn(2) — f(2)] = 0.
zeX

Teopema 7. IIpocmparcmeso B(X) noanoe.

> Ilycts f, — dyHmamenTanbHass HOCIETOBATEIBHOCTh. ToTaa Mpu KaxkaoM r € X YHCI0Bas MOCe-
JOBATENIbHOCTD f, () siBisiercss DyHAAMEHTATBHON M, CJIeJOBATEJIBHO, CXOIUTCA K HEKOTOPOMY YHCILY
f(z). Hokaxewm, uro f € B(X) u || f, — f|| = 0. Ousars BocHosb3yeMcst TeM, 9TO IOC/IEI0BATEIBHOCTD
fn dynpamentanbua. ng Beskoro € > 0 maiinérca takoe N, 9ro jjid Bcex n,m > N u Bcex ©x € X
BBITIOJIHSIETCS HePABEHCTBO | f,,(x) — fr(z)| < €. Yerpemum m — oo. Homyaaem |f,(z) — f(z)| < € ms
Bcex © € X, 9T0 BAEYET OrpaHUIeHHOCTD f 1 cxomumocTh f, K f B B(X). <

TakuMm 06pa3oM, TIPH HCCIETOBAHIT HA PABHOMEPHYIO CXOJUMOCTD MOYKHO MOJIB30BATHCS KPUTEPHEM
Komn.
oo
Caeacreue 1 (npusnax Beiiepimrpacca). Eeau f, € B(X), sup | fu(z)| < a, u pad Y a, cxodumca,
reX

n=1
mo pad Y~ [n(x) cxodumes 6 B(X), m.e. crodumea pasromepro na mnoscecmee X .

> ITockoabky B(X) — mojHoe npocTpancTBO, U3 ¢XOAUMOCTH Dsiia » | || f,|| ciaenyer ecxonumocts psjga
n

an <

Nrak, npusnak Beiiepiirpacca — B TOYHOCTH aHAJIOT YTBEPKJACHUS PO YUCJIOBBIE PSJIbI: €CJIH P/l
CXOJIUTCS abCOTIOTHO, TO OH CXOJUTCS.

B npocrpancrse orpanndeHHbIX (DYHKIHK HA OTPE3Ke BBIAEISIOT BayKHOE MOJAIIPOCTPAHCTBO Helrpe-
PBIBHBIX (DYHKITHIA.

CaexcrBue 2. Muooswcecmeo Cla;b] nenpepwenux na ompeske [a;b] dynkyud asisemca noaHvim

HOPMUPOBAHHBLM NPOCMParcmeom ¢ nopmot || f|| = xrg{zyg} |f(z)].

JlpyrumMu cjioBamMu, PaBHOMEPHBIN TIpeJes MOC/Ie/I0BATEeIbHOCTH HEIIPEPBIBHBIX HA OTpe3Ke (PyHK-
Uil — TaKzKe HeIIpepbIBHAS HA 3TOM OTpe3Ke (byHKIU.

> Tlockoawky Cla; b] C Bla;b], byHnmamenTaabHast Mocaeg10BaTeIbHOCTD f,, CXOAUTCS MO TAHHOH HOpMe
K HekoTopoil dbyukuun f € Bla;b| u HaI0 JUIIL MOKA3aTh, 4TO Ta (DYHKIMs HempepbiBHA. [IycTh
¢ € [a; b]. meeT MeCTO HEPABEHCTBO

[f(2) = FO < [f(2) = ful@)] + [ful@) = fule)] + | fule) = f()]-
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st Besgkoro € > 0 BbIGepeM n CTOJIb GOTBINM, ITOOBI MEPBOE U TPEThe CIAraeMoe B IMpaBoil JacTH
cranum Menbine €. st Takoro n Haiaém § > 0, mpuw KOTOPOM M3 HEPABEHCTBA |x — ¢| < § caeayer
HepaBeHcTBO | f () — fn(c)| < e. Momyuaem, uro ecom |x — ¢| < 6, ro |f(z) — f(c)| < 3e. <

Pacemorpum mpoctpanctBo Cla; b] menpepwiBHBIX Ha [a;b] dyHKIMil, HMEOIUX HEMPEPHIBHYIO
POU3BOJHYI0 Ha [a;b]. D10 mpocrpaHcTBO OyJerT HOPMUPOBAHHBIM OTHOCHTEABHO HODMBI || f|| =

max |f(x)], HO He Gyaer nonHBIM. [leficTBUTEIHHO, BOSBMEM MOCJIEI0BATEIBHOCTD GDYHKIHMI v/ 22 + n =2
z€[a;b)

B mpocrpanctse C'[—1;1]. B C[—1; 1] 3Ta mocieqoBaTe bHOCTD CXOMUTCA K |T|, 3HAYAT, OHA SBJISCTCH
dbyngamenraabhoii. OHAKO JaHHAS MOCAEI0BATEIBHOCTD He nMeeT npejena B C'[—1; 1]. Dror npumep
II0Ka3bIBAET, UTO PAaBHOMEDHAsS CXOAMMOCTD He coxpaHseT auddepeHnupyeMocTsb BhyHKIHIA.

Teopema 8. ITycmv f, € Ca;b. Ecau f, = f u f, = g, mo [/ =g.
> 3adukcupyem = € [a;b]. Pacemorpumv dbyHkimn

faly) — f()
gnly) = —F———=
y—T
Bamernm, 9T0 ¢, (y) — HenpepbiBHasA dyHKIUA. Kpome TOro, mocsie10BareibHOCTh ¢, (hyHIaMeHTaThHA
B Cla; b]. JeiicrBuresibHo, O Teopeme Jlarpanzxka

(fn<y) — fm(y)) — (fm(x) — fm(x» _
Yy—

mpu Y #x,  go(r) = f;(l’)

In(y) — gm(y) =

max |g,(y) — gm(y)| < max [f;(y) — f,(y)]-
y€lasb] y€la;b]

3HAYUT, MOCTETOBATETHHOCTD ¢, (Y) CXOAUTCA K HenpepbiBHOi dyukiun h(y), npuaém

) = P sy 2 o) = glo)

U3 menpepsiBHocTu h noaygaem lim h(y) = h(z), v.e. f'(x) = g(z). <
Yy—x

3ameTnM, 9TO yCJIOBUS ITOH TEOPEMBbl MOKHO OCJabUTh: MPEINoJaraTb BMECTO PABHOMEPHOIH CXO-
JUMOCTH f,, JIUIIb CXOJAUMOCTb B HEKOTOPO# Touke xo € [a;b]. HelicTBuTenbHo, mo Teopeme Jlarpanzka

[fu(@) = fu(@)| < [ ful@0) = finlzo)| + [ £1(c) — fra ()],
U U3 PABHOMEPHONH CXOAUMOCTHU ITPOU3BOJIHBIX H CXOJIUMOCTH fn(xo) caeyer pyHIAMEHTAJTHLHOCTD 110~

caeposarensuoctn f, B Cla;b].

Caexncreue 3. IIpocmpancmeo C¥|a;b] ¢ nopmoti
Il = max |f ()] + max | f'(x)| + ... + max |f¥)(z)]

z€[a;b] z€[a;b]
ABAAEMCA DAHATOBBIM NPOCTPAHCMEOM.

OrMmeTuM, 9TO B OTJIHYHE OT KOHETHOMEPHOTrO mpocTpaHcTBa R” B GECKOHEIHOMEPHOM TTPOCTPAH-
CTBE BCETJIa MOMKHO IIOCTPOMTD JIBE HEIKBUBaJeHTHBIe HOpMbL. Hanpumep, ma Ct[a; b] TakosbiMu Gy1yT
[f]ly = max [f(z)] u [[f[l2 = max | f(z)| + max | f'(z)].

[a;] [a;0] [a;0]

Sagaun

1. Ilycts P, — MHOXKeCTBO MHOTO'JIEHOB CTelleHHU He Bbile n. HaiianTe Bece 3HaTeHns k, IPU KOTOPBIX
byHKIUS

p(h,g) = [K9(1) — gV (1)]
<k
Oymer merpukoii. Bymer s Takoe mpOCTPAHCTBO MOIHBIM !

2. ByayT sin na npocrpauncree C*a; b] merpukamu:

(a) p(f g) = max|f'(z) —¢'(z)];

(b) p(f,g) = max|[f'(z) — g'(x)] + | f(a) — g(a)|?

3. [Tycrbs X He Gostee wem cuérro. [Ipeabssure Ha B(X) MeTpuky, 3aJai0MIyI0 TOTOYEYHYIO CXO/IH-
MOCTb.

4. (Muorounens YeOpména) JIoKazKuTe, 9T0 CPeJM BCEX MHOTOWICHOB BUAA T +a, 12" ' +. . .+ ag
HanMmenbimyto HopMy B C[—1; 1] umeer muorowren T, (z) = 217" cos(n arccos z).
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5. Uccneayiire nocaenosarensuocts fo(z) = (1 + %)n Ha PABHOMEPHYIO CXOIUMOCTE HA, ITPOMEZKYT-
kax: (a) [a;fB); (b) R.

6. Iycrs f € C0; 1]. Tokazxure, uro nocaenosarebuocts dyuknuit f,(r) = n(f(x+1/n)— f(x))
paBHOMEpHO cxoiuTest K dynkunu f Ha [a;bl.

7. TlpuBesure mpuMep Takoro pasHoMmepHo cxopsiierocs Ha [0;1] psama Y. fu(z), aro f, > 0 u
n
YUCI0BOI P Y Sup fi, PacxoauTes.
n [0;1]

OTKprTI)Ie n 3aMKHYTbI€ MHOXKeCTBa. KomMmmaxkTer

MuozkecTBo U B METPUIECKOM TMPOCTPAHCTBE HAZBIBACTCS OMKPLIMbLM, €CJIU JIJIsT BCAKOTO SJIEMEHTa
a € U naiinércsa rakoii map B,.(a), uro B,(a) C U. MHOXKeCTBO HA3BIBACTCS 3AMKEHYMOLM, €CJIH €ro
AO0IIOJIHEHNE ABJIACTCA OTKPBITBIM MHOXKECTBOM.

MozkHo nmokazarh, YTO OTKPBITHII THAp ABASETCS OTKPBITHIM MHOZKECTBOM, & 3aMKHYTHII Map sB-
JISIeTCST 3AMKHYTHIM MHOZKECTBOM (CM. 3a1a4y 1).

IIpeamoxenne 9. Obsedurierue 100020 HAOOPA OMEPLIMBLL MHONCECTNG U NEPECEUEHUE KOHEUHO-
20 HAOOPA OMEPBIMBIL MHOHCECTNE ABAAECMCA OMEPLIMbIM MHOcecmeom. Ilepecenenue a106020 Habopa
3AMEHYMBLT MHOHCECTNG U 00BEUHEHUE KOHEWHO20 HAOOPA 3AMENYMBLT MHOHCECNE ABAACTCH 3AMKHY-
MOLM MHOHCECTNEBOM.

OTMeTI/IM, YTO BCAKOE OTKPbITO€ MHO2KECTBO (HpOCTO B CUJIYy OHpeﬂeﬂeHI/IH) ABJIAETCA O6'be,ZLI/IHeHI/IeM
MapPOB.

Touka a HazBIBAETCS 2paHUYHOT MOYKOT MHOXKECTBa A B METPHIECKOM IIPOCTPAHCTBE, €CJIH BO BCs-
KoM 1rape B,(a) ecTh Touku MHOZKeCTBA A 1 TOUKH pomonHenns MEOKecTBa A. MHOXKECTBO rpAHHIHBIX
TOYEK MHOXKeCTBa A Ha3bIBaeTcs zpanuyet; A m obo3HauaeTcs depe3 JA.

Touka a HazbIBaeTCs npedeavroli moukol MHOXKecTBa A, ecin BO BeakoM 1mape By.(a) jexur Gec-
KOHEYHO MHOT'O TOYEK MHOZKECTBa A

Mpeamoxenne 10. Caedyroujue ymeepicoerus pasHOCUALHDL.

(i) A — samrnymoe MmHoNHCECMEO.

(ii) A codeporcum sce c80U 2PAHUYHBLE MOYKU.

(iii) A codeporcum sce ceou npedeavHvie MOUKU.

(iv) Ecaua, € A ua, — a, moa€ A.

[Tokarkem, 9TO BCAKOE KOHETHOMEDPHOE MOAPOCTPAHCTBO HOPMUPOBAHHOTO MIPOCTPAHCTBA STBJISIETCS
BaMKHYTBIM MHOYKECTBOM.

Mpeanoxenue 11. ITycmov X — nopmuposarroe npocmpancmeo u F C X — xoneunomeproe noo-
npocmpancmeo. Tozda F' — zamrrymo.

> JocraroyHo 3aMeTuTb, YTO HA KOHEYHOMEPHOM IHPOCTPAHCTBE BCE HOPMbI SKBUBAJEHTHBL M, CJle-
JIOBATEJIbHO, € JII0OOH W3 HOPM IPOCTPAHCTBO MOJHO. I3 MONHOTHI cjeqyer 3aMKHYTOCTh, TaK Kak
CXOJIATIASCSH MTOCTET0BATETBHOCTD JEMEHTOB MMOANPOCTpaHcTBa F' saBjsgercd GpyHpaMenTa bHoi B F' n
B CHJIY IOJTHOTBHI CXOJUTCH K deMeHTy F', 94TOo n 03Ha4daeT 3aMKHYTOCTh F'. <

MuozxkectBo A = AU OA Ha3bIBACTCH 3AMbKAHUEM MHOXKECTBA A.

IIpeanoxenne 12. Muooicecmeo A asasemca samknymoim. Boaee mozo, mruoscecmeo A samxnymo
mo20a U moavko moada, koeda A = A.

> IlpeamosokuM, 4TO IpaHHYHAs TOYKA G MHOXKecTBa A He gBJIgeTcs IPaHMYHON TOYKOH MHOZKe-
crBa A. Torma cymectsyer map B, (a), koropsiit ne nepecekaercs ¢ A. [lockoabky B, (a) — oTKpbiTOE
MHOZKECTBO, HIKAKasd €ro TOYKa He sBISeTCS TPAHUYIHOM Toukoil MHOKecTBa A. [IpormBopeune. <

OrmeTnM, 9TO B METPUYIECKOM TPOCTPAHCTBE 3aMKHYTHII 1P HE BCET/a COBMATAET C 3aMBIKAHUEM
OTKPBITOTO TTapa. B HOpMHpOBaHHOM TPOCTPAHCTBE 3aMKHYTHIH ITap ABISETCS 3aMbIKAHUEM OTKPBI-
TOTO TIIapa.

Teopema 9 (Bap). Ecau noanoe mempuueckoe npocmpaHcmeo Aeasemces obsedunenuem He bosee
YEM CHEMHO20 HADOPA 3AMEHYMBLET MHOHCECTNG, MO TOMA Dbl 00HO U3 IMUTL 3AMEHYMBLT MHONHCECTNE
codeporcum omrEPuIMvL ULGP.
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> Ilyctp X — monHoe MmeTpudeckoe npocTpaHcTBo u X = U,F),, rae [, —3aMKHYTble MHOMKeCTBA.
[IpeanonokumM, 910 HE OJHO W3 HUX HE COMEPYKHUT OTKPBITHIH mrap. Muoxkectso X \ F| OTKpBITO H
HEIyCTO, TTIO3TOMY HailA8TCs Takoii 3aMKHy ThIf map B pajmyca Menbie 1, ato By C X\ Fy. OTKpbITHIif
map Bj He COmepKUTCs MeauKoM B Fy, mosTomy ero mepecedenne ¢ X \ Fy SBASETCS OTKPHITHIM W
HEIyCTHIM MHOKecTBOM. Cile/j0BaTe/IbHO, HAlAETCH TaKON 3aMKHYThLIl 1ap B, paamycoM MeHbIme 1/2,
aro By C By u By € X \ Fy. [IpomozKas mOCTpOEHHE, TMOIYIaeM MOCIeT0BATEbHOCTh 3AMKHY THIX
BJIOYKEHHBIX IAPOB B, PAJIUyChl KOTOPBIX CTPEMITCd K HYJII0, U KaXKIblil 1map B, He mMeeT 00IuX

rouek ¢ Fy, ..., F,. Ilo reopeme 0 BJIOKEHHBIX HIapax cyiecrByer Touka ¢ € (| B,. [To nocrpoenuto ¢
n
He MPUHAIEKAT HU oJHOMY F),, uT0 mpotuBopeunt yciaosuio X = | J F,. <
n
KomMmnakTsl

MuoxecTBo K B METPUYECKOM MPOCTPAHCTBE HAZBIBACTCA KOMNAKMOM, €CJAN U3 JIIOOOTO ero MOKpPbhI-
THS OTKPBITBIME MHOYKECTBAMHU MOYKHO BBIOPATb KOHEYHOE IOJIOKPBITHE.

Besgikoe oTKpbITOE MHOYKECTBO SBJASETCS 00beuHEeHIEM IIIapOB, IIO9TOMY B 9TOM OIpEIeJIeHHH MOXK-
HO OBLTIO OBl PACCMATPUBATD JIUIIL MOKPHITUS IIAPAMHU.

[Tycrs (X, p) — merpudeckoe npocTpancTBo. Torma Besikoe ero Hemycroe mojMHoxecTBo A C X
TaKIKe ABJIAETCS METPUUeCKIM TIPOCTPAHCTBOM ¢ METDPHKOil p. 3amerum, uto map B (x) B A asasercs
nepecedenueM mapa B,.(z) B X ¢ MmHOXKecTBOM A.

IIpeamoxenue 13. [Todmmnoocecmeo K mempuueckozo npocmpancmea (X, p) AGAAEMCA KOMNAKMOM
moeda u moavko moeda, Kozda K asasemca komnaxmom 6 mempuseckom npocmparcmee (K p).

> Kak ormedasnoch BbIIIe, TPU TPOBEPKE KOMIAKTHOCTH JIOCTATOYHO PACCMATPUBATDL HMOKPBITHS ITa-
pavu. [lycrs K sapisercs komnaxtom B X. Ipeanosioxum, uro naGop mapos { BX} nokpeisaer K B
merpuieckoM npocrpanctse (K, p). Torma takue mapel By, uro BX = B, (| K, nokpsisator K B X.
Bribepem konednoe nmoanoxkpeitue By, , ..., B,,. Torga mapo Bal, .. BKN nokpeiBaior K B (K, p).
Ilycrs Tenepns K gBasieTcs KOMIAKTOM B (K ,p). lpennomoxum, aro Habop mapos { B*} mOKpbI-
paer K B X. Torga mapet BX noxpwisaior K B (K, p) 1 MOKHO BbIOpATh KOHEYHOE MO/IIOKPHITHE

BE .. ,BfN. Torga mapwr B,,, ..., B,, mokpsiBaor K B X. <

1) anN
Taxkum O6pa3OM, IIpu J0Ka3aTeJIbCTBE KOMIIAKTHOCTH MHOZKECTBa K moxuo CYUuTaTh, 4YTO paccMaT-

pHBaeTcs MeTpudeckoe npocrpancTso (K p).

IIpeamoxenune 14. Ilaparnesenuned [ai;bi] X [ag;bg] X ... X [a,;b,] Aeasemes womnaxmom 6 npo-
cmparcmee R™.

> Ilpeamoio:KuM MpoOTHBHOE: CYIIECTBYET ODECKOHEUHOE IMOKPBITHE OTKPBITBIMUA MHOYKECTBAMU, U3 KO-
TOPOrO HEJIb3sl BBIOPATh KOHEYHOE MOANOKPBITHE. Pasnesmm kazxa0e pebpo [ay; by| monosam. Torma Bech
napaJuiesenuines pasoupaerca Ha 2" gacteit. Kakoii-To n3 mapaJsienennmnenos pa3dneHns He nMeeT KO-
HEYHOTO MOANOKPHITHA. [Ipomokas mocTpoenne, moaydaeM MocaeI0BaTeIbHOCTh BIOYKEHHDBIX MapaJi-
JISJICIIAIIEIOB, JJIMHBI PEOEpP KOTOPBIX CTPEMATCA K HYJ/II0, 8 caMu péopa o0pa3yioT CUCTEMY BJIOXKEHHBIX
orpe3koB. CJieloBaTe/IbHO, CYHIECTBYET 00Imast TOYKa, KOTOPasi MOKPBIBAETCS HEKOTOPHIM OTKPBITHIM
MHO)KeCTBOM7 a 3Ha"II/IT, 9TUM MHOXKECTBOM HOKprBaeTCH KaKON-TO n3 HOCTpOGHHBIX Hapaﬂﬂeﬂeﬂl/lﬂe-
noB. [IporuBopeune. <

Teopema 10. [lycmv K — komnaxm 6 mempuueckom npocmparcmee X . Tozda
(i) K — oepanusenrnoe mHostcecmso;

(ii) K — samxnymoe mmnoorcecmeso

(i) ecakoe samrnymoe nodmmoscecmeo K A6AACMCA KOMNAKMOM;

(iv) ecakoe beckoneunoe nodmmoocecmso K umeem npedeavryro mouky ¢ K;

(v) ecaras nocaedosamesvrocmo anemenmos komnaxma K codeporcum nodnocaedosamenvrocmo,
crodawyroca x anemenmy us K.

> (i) Ilycres a € X. llockomsky K C X = |J, By(a), cymecrByer HatypasibHoe ducio N, s
koroporo K C By(a).

(ii) Mycrb a € X \ K. Hockonsky K C X \ {a} = J(X \ Bi/n(a)), naitaéres N, st koroporo
K C X\ Byy(a) 1 Byy(a) € X\ K.
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(iii) Ilycrs F C K siBasiercst 3aMKHYTBIM MHOKeCTBOM. Eciin oTKpbiThie MHOXKecTBa {Uy, } TOKDHI-
BaioT F| 1o 311 ke MHOXKecTBa BMecTe ¢ X \ F' mokpeiBator K. CiaemoBareabHO, CyIECTBYeT KOHETHDIi
uwabop Uy, ..., U, u, Bozamoxuo, X \ F, nokpwiBarouue K. Torga U,,, ..., U, nokpsiBaor F.

(iv) Iycrp E — 6GeckoHedHOEe MOAMHOKECTBO K, TpHUéM BesKas TOYKa n3 K He ABJSETCs Tpe-
nenabHolt qist E. Torga anst Besikoro a € K cymectByer map B, (a), B KOTOPOM JIEXKUT JIHITh KOHETHOE
MHOKECTBO TOUYEK U3 F. DTu mapbl MOKPbIBAIOT K, OITOMY CYIIECTBYET KOHEUHBIH UX HADOP, MOKPHI-
Batotuit K. Ho 310 o3navaer, uro muoxkecrso F koneuno. IIporusopeune.

(V)  DTOT myHKT CJIeyer u3 HpeablayIero. <

CaencrBue 4 (kpurepuii komunakTHoctd B R™). Muoowcecmeo K C R"™ komnaxmmuo mozda u mosvko
moeada, Ko2da mroscecmeo K ABAACCA 02PAHUMEHHDIM U 3AMEHYMBIM.

D> YTBepkK/EHUE BBITEKAET U3 II. iil T€OPEMbl, TAK KaK OI'PAHUYCHHOE U 3aMKHYTOE MHOZKECTBO MOYKHO
MOMECTUTh BHYTDb MapaJslieJenunena, KOTOPhIil caM yzKe dBIIeTCS KOMITAKTOM. <

B 6eckoneynomepHom ciydae 3aMKHYTOCTH U OFPAHUYEHHOCTH HE XBaTaeT Jijisg KoMunakTuocTu. Ha-
npumep, exuHngHbi map B Cla; b He aBiagerca komnakroMm. Ilycts f, — HenpepbiBHAsT QYHKINS, KO-

b—a. b—a =
TOpas paBHa HymoO BHe oTpeska [a + =%;a + [=§| W efuMHNIE B CepeluHe STOTO OTPE3Ka, MPHIEM
0 < fn < 1. UmeeM || fr, — fimll = 2 mpu n # m. CienoBarebao, u3 9TOH MOCTIEIOBATETLHOCTH HETb351

BBIOpPATh CXOIANLYIOCS MOAIIOCIEI0BATEILHOCTE. botee Toro, mMeeT MecTo cieayiomnee (byHIaAMeHTATb-
HOE yTBEPXKJIEHUE.

Teopema 11. Ecau 6 HOPMUPOGAHHOM NPOCPAHCNEE 3AMEHYMBLT WaAP NOAOHCUMENDHO20 PAIUYCA
ABAAENCA KOMNAKIMOM, MO NPOCMPAHCME0 KOHEYHOMEPHO.

> 3aMeTHM, U4TO eC/Ii HEKOTOPBIA 3aMKHYTHIi AP II0JI0KUTEILHOTO PAJINYCa ABISIETCI KOMIIAKTOM, TO
¥ BCAKMIA MAp TOJOKUTEIBHOTO pajnyca aBgerca KoMmakToM (eM. 3agaay 3). [Iyers By(0) apasgerca
kKommakToM. Torja cymecTByer Koneanbliit Habop mapos { By (ay )}, noxpeisaromux map By (0). Tlycrsb
L — nuneiinas 060109Ka BEKTOPOB dy, . . ., ay. Toraa Bo(0) C U,er, Bi(a) u, cieposarensuo, Bsy(c) C
Uwer Bi(a) anst Besikoro ¢ € L, Tak kak a + ¢ € L s seex a € L. Hpeanonoxum, aro B,(0) C

U,er, Bi(a) nins mexoroporo r > 0. Toraa

By (0) € | Ba(2a) = | ] Bala) = | Bi(a).
acl acL acl
Taxum obpasom, Besikuit map Ban(0) cogepxurces B |J,o; Bi(a). Bnauunt, X C (J,.; Bi(a). Hokaxem
rerepb, 9T0 X = L. [Ipeanonoxum, uro cymecrsyer z € X \ L. Obosouka L 3aMKHYyTa, MO3TOMY B
X\ L maiinérea map Bs(z). 910 o3naqaer, 4ro |la — z|| > & aaa Beex a € L. Torma ||a — 26| > 1 ana
Bcex a € L, Ho sro nporusopednt tomy, uro X C J o, Bi(a). <

Sagaun

1. HokaxkuTe, 9TO:

(2) OTKPBITBIN MAp SIBJISIETCS OTKPBITHIM MHOYKECTBOM, & 3aMKHYTBIH IAp SBJSIETCS 3aMKHYTHIM
MHO2KECTBOM;

(b) Bcakoe orkpbiToe MHOKecTBO B R™ sBiasgerca obbennnenneMm He 0ojee deM CI6THOTO HAbOPA
OTKPBITHIX TAPOB.

2. llpuBeuTe mMpUMep MeTPUYIECKOTO MPOCTPAHCTBA, B KOTOPOM 3aMKHYTBIH MAap OTJIUYAETCs OT
3aMBIKAHHUS COOTBETCTBYIOINIETO OTKPBITOrO Tiapa. /lokaxkure, 4To:

(a) B HOPMHUPOBAHHOM IIPOCTPAaHCTBE 3aMblKaHUE HIapa COBIIadaeT C COOTBETCTBYIOIIUM 3aMKHYTbIM
IapoM;

(b) 3aMbIKaHIIE Z ABJIAETCA HaUMEHBITUM 110 BKJIIOYEHUIO 3aMKHYTBIM MHOXKECTBOM, COJEPzKallnuM
A.

3. lokazkuTe, 9TO ecJii B HOPMIPOBAHHOM ITPOCTPAHCTBE HEKOTOPBIH 3aMKHYTHIH TIAD TOJIOXKHATETh-
HOTO PaJInyca ABJIAETCS KOMITAKTOM, TO W BCAKUIL AP MOJTOKHUTETHHOTO PAJINYCA SIBASIETCI KOMITAKTOM
B 3TOM IIPOCTPAHCTBE.

4. Tlycrs (X, px) u (Y, py) — Merpudeckue npocrpanctsa. (a) [okaxwure, aro dynkuus p(u,v) =
max{px (u1,v1), py (ug, v2)} apasiercs merpukoit ua X xY. (b) dokaxkure, uro eciiu X u Y — nosabie
npoctpancTa, 7o X X Y — mosHoe mpoctparcTBo. (¢) Jlokaxure, uro ecid X u Y — KOMIIAKTHI, TO
X XY gaBagercd KOMIIAKTOM.
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5. Paccrostnue ot Toukn x 10 MHOXKecTBa A pasHo Bemmunue d(x, A) = infyecq p(z,y). ObozHatTHM
depe3 K MHOXKECTBO BeexX HemycThix KoMnakToB B [0; 1]". okaxkute, uro MeTpuka Xaycaopda

d(A, B) = max{sgg d(a, B), 22}33 d(b, A)}

JleicTBUTEILHO siBIsteTcst MeTpukoit Ha K. [Tokaxkute, uro K ¢ MmeTpukoit Xaycaopda aBIseTcs MOJTHBIM
U JazKe KOMIIAKTHBIM ITPOCTPAHCTBOM.

6. lokakure, 9T0 HEIYCTOW KOMIIAKT B METPUYECKOM IPOCTPAHCTBE HE MOXKET ObITh N30METPUUYCH
¢BOel cOOCTBEHHON YacTH.

7. ZLOKa}KI/ITe, 9T0 Ha HpOCTpaHCTBe MHOT'OYJIECHOB HEJIb34d BBECTHU HOpMy TaK, qT0 HOJIqu/ITCH IIOJIHOE
HOPMHPOBAaHHOE MIPOCTPAHCTBO.

IIpenen byakmun

[lycts (X, px) u (Y, py) —MeTpuueckue TPOCTPAHCTBA M ¢ — HpeJeJbHas TOYKa MHOXKecTBa X .
ITycrs Takwke 3amana dynknus f: X \ {a} — Y.

Onpenenenune TI'eitne. Daement b € Y naszweiBaercs npedesom GyHkImu f npu r — a, ecim s
BCSIKOIT TaKO# OCIeJ0BATEILHOCTH X,y € X, 9TO T, — G M Ty, 7 a, uMeeM f(z,) — b. lasee ncnosbsyem
06O3HAYEHHUST: glcl_r}(ll f(z) =bumu f(x) — bupu z — a.

IIpeamoxenue 15 (eauHcTBeHHOCTH Tpeena). Feau lim f(x) = b u lim f(z) = ¢, mo b= c.
T—a r—a

> Ilyers x, — a u x, # a. Torna f(z,) — bu f(x,) — c. IocaenoBaTe bHOCTD B METPHYECKOM
HPOCTPAHCTBE UMeeT He 6ojiee OHOro IIpejesa, mo3Tomy b = c. <

Ipennoxenue 16 (apudmernka npexena). ITyemo X — mempuueckoe npocmpancmeo, a — npedesn-
nasa mouka X . Ilyems Y — nopmuposannoe npocmparncmeo. Ecau fg: X\{a} =Y va: X\{a} - R

v lim f(x) = b, lim g(x) = ¢, lim a(z) =, mo lim(f(z) + g(x)) = b+ ¢ u lim a(x) f(z) = b.

> VTBepkKIeHUE CaeyeT U3 ompejlesieHus mpejesna 1Mo [efiHe W cOOTBETCTBYIONIUX CBOUCTB Mpejena
OCJIeI0OBATEILHOCTH. <

IIpenmoxenne 17 (npemen ciaoxuoit dbyukuun). [Iyemo XY, 7 — mempuueckue npocmparcmea, a
u b — npedeavnve mouku X u'Y coomeememsenno. Ilyemo f: X\ {a} = Y \{b} ug: Y\ {b} = Z.

Ecau lim f(x) = b u limg(y) = ¢, mo lim g(f(z)) = c.
T—a y—b T—a
> Ecmn x, — a u x, # a, 10 f(x,) = bu f(x,) # b, a 310, B cBoW0 04epensb, BiedéT g(f(x,)) = c. <

[lyctn, kak u Boime, (X, px) u (Y, py) —MeTpudecKkne IpoCTPAHCTBA, ¢ — IPEJEIbHAS TOIKA MHO-
xectBa X n 3amana bynkmusg f: X \ {a} = Y.

Onpenenenue Kormu. Demvent b € Y naswiBaercs npedesom GyHKImunm f Upu & — @, €CJIH JJIs
Besikoro € > 0 waiiaéres takoe 6 > 0, uto u3 HepaBeHcTB 0 < px(z,a) < § cielyer HepaBeHCTBO

pY(f('r)u b) <e&.
Teopema 12. [Ipedes lim f(z) 6 cmuicae onpedesenus Tetine cyuiecmeyem mozda u moavko mo-
T—a

eda, Koe2da cyuecmeyem npedea lim f(x) 6 cmucae onpedeaenus Kowu, npudém ecau smu npedeawi
Tr—a
CYWECTBYIOM, MO OHU PABHDL.

> Ilpennosoxkum, uro f(x) — b upu x — a 1o onpenenennto Komu. Iycrs z, — a u z, # a. dng
Beskoro € > 0 majinéres rakoe 0 > 0, uro Hepasenctso 0 < px(z,a) < § Baesér py(f(z),b) < e. Ilo
OIPEJIEIEHAIO TPEJIeIa TTOCIeI0BATEILHOCTH CYIECTBYeT Takoit Homep N, 910 px (T,,a) < 0 11 Bcex
n > N. Ilockonbky x, # a, ajast Bcex n > N BepHo HepaBeHCTBO py (f(x,),b) < . [oayuaem, uro
f(z,) —b.

[Tycrs Tenepb f(x) — b upn z — a mo onpenesennio [eitHe, Ho onpegesenne Kormm He BBITIOIHSA-
ercsa. CymecTByer takoe € > 0, uro aas Beex 0 > 0 Haiipérca x, aist koroporo 0 < px(z,a) < d u
py(f(x),b) > e. Ilycts x,, coorBerctByer 6 = 1/n. Torma x, — a, v, # a u p(f(z,),b) > €, a 310
HPOTUBOPEYNT oupeaesennio Leiine. <

Caenyiomniue yTBep:K/IeHus HaunboIee MPOCTO TOKA3BIBAIOTCS HMEHHO C MOMOIIBIO onpeaenerus Ko-
LM,
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IIpeamoxkenne 18 (orpanudeHHocTh u oTAeaAUMOCTh). (i)  Eeau lim f(x) = b, mo cywecmsyem
maxot wap Bs(a), wmo f(x) € B.(b) das ecex x € Bs(a) \ {a}. .

(i) Eeau lim f(x) =b u c # b, mo cywecmeyem marot wap Bs(a), wmo f(x) ¢ B, 2(c) daa ecex
x € Bs(a) \ {ai?i@e r = py(b,c).

> Jas gokasaTeapcTBa MyHKTA (i) JOCTATOYHO MOJOXKUTH B onpeesennn Komm £ = 1, a 11d goKa3a-
TeNLCTBA MYHKTA (i) — MoI0KuUTH € = 71/2. <

Teopema 13 (kpurepuii Komm). ITyems X uY — mempuueckue npocmpancemea, npuuém Y — noanoe
npocmpancmeo. Ilycmo, danee, a — npedeavnaa mowka npocmpancmea X u f: X \ {a} — Y. Ilpeden
lim f(x) cywecmeyem mozda u moavko moezda, Kozda eunosnsemca ycaosue Kowu: das scaroeo € > 0
Tr—a

cywecmeyem maxoe 0 > 0, wmo uz nepasencme 0 < px(zr1,a) < 6 u 0 < px(r,a) < § caedyem
nepaserncmeo py (f(x1), f(xg)) < €.

> JlokakeM JIHIIb JOCTATOYHOCTD yciaoud Kommu. [lycts x, — a u x, # a. ng Begkoro € > 0
Haligércs Takoe 0 > 0, uro u3 HepaseHcTB 0 < px(r1,a) < 0 u 0 < px(we,a) < § ciaeayer HepaBeH-
ctBO py (f(x1), f(z2)) < e. CymectByer Takoit Homep N, 4T0 st BceX n > N BepHO HEPABEHCTBO
0 < px(n,a) < 6. CaegoBarenbro, mis Beex n,m > N Beimosasiercst py (f(xy,), f(x,)) < € u nocaero-
BaTeIbHOCTL f(,) dyHmamenTanibaa. [T0CKOJbKY Y sSIBISETCS MOJHBIM MPOCTPAHCTBOM, CYIIECTBYET
npejiest nocaeoBaresbHoCTH f(x,). DTOT Mpejie He 3aBUCAT OT BHIGOPA TTOCTIE0BATEILHOCTH Ty, WHA~
4e MOXKHO OBLIO OBl TIOCTPOUTH TAKYIO MOCJIEJI0BATENBHOCTD Xy, — a, T, 7 a, 1 Koropoil f(x,) He
UMeeT Ipeaesia. <

Sagaun

1. Mnootcecmeom ypoens dbyukuun f HazbiBaeTcsi Besikoe MHOKecTBO {x: f(x) = const}. N306pa-
3UTE MHOXKECTBA yPOBHS (DYyHKIUU:

(@) flzy,2) =2’ +y*=2% (b) flz,y,2)=lz[+yl+]z[; (c) fla,y,2)=(x—2)"+¥"

2. Mosnoxkum f(x) =k npu = € [k;k + 1), tae k € Z. I306pasure MHOKeCTBa yPOBHs (BDyHKIUH

F(a,y) = f(z) + V5[ (y).

3. Beerga im Bo3MOKHO DYHKIUIO TPEX MEPEMEHHbBIX IpeACTaBuTh B Buae h(x, g(y, z)), tae h u g —
byHKIMEM ABYX TT€pEeMEHHBIX !

4. Tlycte (1, @) — noJgpHble KOODJAUHATHI Ha ILIOCKOCTH, T.e. & = rcosyp u y = rsing. [ycrs
f:R? - R. (a) Wseectno, uro f(rcosy,rsiny) crpemMutca K Hymo npa r — 0 J19 BCAKOTO
¢ € [0;27]. Bepuo s, uro f(z,y) — 0 mpu (z,y) — (0,0)7 (b) WssectHo, uto f(rcosp,rsingp)
paBaOMepHO 110 ¢ € [0;27] crpemurcest K Hymo upu r — 0. Bepno au, uaro f(x,y) — 0 npu (x,y) —
(0,0)?

5. Creayromnime mpeaesibl

lim(lim f(z,y)) wm  lim(lim f(z,y))
HA3BIBAIOT N06MopHuLmu. 1locTpoiite mpuMepsbl, Korja 1) MOBTOPHBIE MPEJeThl CYIECTBYIOT H DaB-

HbI, HO IIpeaeJsia ( I)IH% )f(l’,y) He CyHoieCTBYeT, 2) IIOBTOPHBIC IIPpeAe/bl HEe CYIIECTBYIOT, a IIpEaec
z,y)—(a,b

lim  f(z,y) cymecrByer.
(z,y)—(a,b)

6. ITycrn ( l)nr% ) flz,y)=Am lin[}7 f(z,y) = ¢(x) maga Besikoro x # a. JJokazkuTe, 9TO CYIECTBYET
T,y — a, y%
npeqen lim o(x) = A.
r—a

1/p
?

7. llpu kakux p > 1 u ¢ > 1 cymecTByer npejes lin(l) I2lo pre 2 € R™, x|, = (Z ]:ck\p>

llzllq

HenpepoiBabie pyakmumm. CBg3HBIe TPOCTPAHCTBA.

[ycrs (X, px) u (Y, py) — merpuueckne npocrpancrea. Oyuxmus f: X — Y nenpepusna B ToUKe
a € X, ecam jyia Besikoro € > 0 wmaiigércs takoe 0 > 0, 94To W3 HepaBeHCTBA px(r,a) < J ciaeryer

nepasencTso py (f(z), f(a)) < e.
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IIpeanoxenne 19. [lycmov f: X — Y. Caedyrowue ymeeporcdenus pasrocusvHbl:

(i) Pynkyua f nenpepusna 6 mouke a;

(i) ecau x, — a, mo f(x,) — f(a);

(iii) a — npedeavras mowka npocmpancmsa X u glLl_I}(lL f(z) = f(a), uru a — uzoauposarnas mouxa.

Mpenmoxenne 20. Ilycmo XY, 7 — mempuueckue npocmpancmea. Eceau ¢pynkuua f: X — Y
nenpepuena 6 mouke a € X u pynxyua g: Y — Z nenpepwsena ¢ mouke f(a), mo dynxuyus g(f(z))
HENPEPLLEHA 6 OUKE .

> Tlycrs x, — a. Torna f(x,) — f(a), a aro Brewér g(f(x,)) — g(f(a)). <

C moMOIIBI0 TEOPEMbI O KOMIO3UITUH MOYKHO, HAIPUMED, JT0KAa3aTh, 4TO €CJU YUCJAOBbIE (DYHKIUN
f W g HEMpEPBIBHBI B TOUKE @ METPUIECKOro mpocrpaHcTBa X, To GyHKIWU f + g u fg HENpPephIBHBI B
Touke a. [To onpeesennio nposepsercd, uyro orobpazkenue V: x — (f(x), g(x)) u3 X B R? menpepbiBHO
B TOUKe a 1 oToOpaxKenus » : (r1,2s) = x1+ 2 u [[: (21, 22) — 2129 HEIPepBIBHBI Btory. [ToCKOIBKY
fHg=> 0V u fg=]]o¥, no reopeme 0 KOMHO3UIU HEIPEPHIBHBIX DYHKIMA f+¢g 1 fg HEIPEPbIBHBI
B TOYKE q.

Bynem rooputh, uto f: X — Y menpepwiBHOE oTOOpakenune n3 X B Y wiu HeNpepPbIBHAS (DYHKITHS
Ha X, ecau f HenpepblBHA B KaxKJI0i TOYKe MHOXKECTBa X .

Teopema 14. Omobpasicenue f: X — Y nenpepviero moz0a u moavko moaoa, k0206 0AA CAKO20
omxpwuimoz0 muosicecmea V CY mmooicecmso f~H(V) omxpwmo.

> Jlokaxkem Heobxoaumocth. Ilycrs a € f~1(V). Haiigérca rakoe € > 0, uro B.(f(a)) C V. Cy-
mecteyer Takoe unciao § > 0, uro Bs(a) C f~Y(B.(f(a))). Cuenosarensno, Bs(a) C f~1(V). In
JIOKA3aTeIbCTBA JJOCTATOYHOCTH 3aMETHM, TO JTd Begakoro mapa Be(f(a)) muoxectso f~1(B.(f(a)))
OTKPBITO, & 3HAYUT, TOYKA @ COIAEPKUTCA B ITOM MHOXKECTBE ¢ HEKOTOPOIi CBOEIl OKPECTHOCTHIO. <

M

CaeactBue 5. 06pa3 KOMNAKMaA NPU HENPEPLLEHOM OTOOPANCEHUY ABAAETNCA KOMNAKINOM.

> Ilycts K — xkoMnakT u f — HempepbiBHOE 0TOOparkerne K B HEKOTOPOE METPUUIECKOE MPOCTPAHCTBO
Y. Hna seakoro nokpeitus {U,} oTkpbiThiMu MuOkecTBaMu f(K) orkpbitbie muoxkecrsa f~(Uy,)
obpasytor mokpbitue camoro komnakta K. Ilyers f~1(U,,), ..., f (U, ) — KOHEWHOE MOAIOKPHITHE.
Ecmn y € f(K), To naiigérca Takoit © € K, uro y = f(x). CrenoBarenbno, HARASTCS TaKoe (v, 9ITO
z € f7H(Uy,), a 310 B cBOIO 0uepep Baeuer y = f(z) € Uy, . Cnenoarensuo, U, , . . ., Uy, TOKPHIBAIOT
fK). <

CaencrBue 6 (teopema Beiiepmirpacca). ITyemo f: K — R — nenpepuenas dynryua u K — xom-
naxm. Toeda f oepanuvenna u docmuzaem HaubOALWIEL0 U HAUMEHDULE20 3HANEHUT.

> O6pas f(K) sasiagercsa komnakrom B R. Ciepoarenbro, f(K) —orpanndeHHoe u 3aMKHYTOE MHO-
JKecTBO, KOTOpoe cojepkuT rpannanbie Toukn inf f(K) u sup f(K). N

Ucnonb3ys Teopemy Beiieprnrpacca, MOXKHO JAaTh HECKOJBKO HHOE M G0Jiee KOPOTKOE JTOKA3ATE b
CTBO SKBUBAJEHTHOCTH HOPM B KOHETHOMEPHOM MPOCTpaHCTBE. HAOMHIM, 9TO B HAYa/Ie 10KA3ATE b
CTBa TEOPEMBI b ObLIO YCTAHOBJIEHO, YTO €CId |||/, —mpom3BosbHAasd HOpMA, a ||z||, — cTrangaprmas
eBKJINIOBA HOpMa Ha KoHedHoMmepHoM mpocrpanctse R™, 1o ||z]|, < Cyllz|ls, Tae Co = nmaxy | ekl q-
U3 9roit onenku ciepyet, 9To MYHKIUSA T — |||, ABATETCS HEMPEPBIBHOR OTHOCUTENBHO HOPMBI || -+ ||p-
Ennangnas chepa {z : [|z||, = 1} aBasgerca komnakrom B R, mosromy dbyuknus |||, mocruraer na
cepe cBoero muanmyma m u makcumyma M, npuaém m > 0. [Iycts x # 0. Torma y = m pUHAIIe-
JKHT eJIMHIIHOM cdepe H, cienoBaresbHo, BepHa oreHka m < ||yl < M. Mcnonb3ys cBoiicTBa HOPMBI

W YMHOKasi MOcCJe/IHee HepaBeHCTBO Ha |||y, moaydaem mlz||, < ||z|l. < M||zs.

CaeacrBue 7 (reopema Kanropa). ITycmo f: K — Y muenpepwenas dynxyus v K — xomnaxm.
Tozda | pasnomepno nenpepwena na K, m.e. daa ecaxozo € > 0 cywecmeyem maxoe 0 > 0, wmo u3
nepasencmea p (i, T2) < 0 caedyem nepaserncmeo py (f(x1), f(xa)) < e.

> ®ynknus f HenmpepbiBHa Ha K, mosromy Jist Beskoro a € K cymecrByer Takoil map B, (a), 9ro
py (f(x1), f(z2)) < € mna Becex x1,29 € By, /3(a). Hlapsr By, /3(a) nokpssaior komnakr K. Ilycrs

By, ss(ai), ..., Bsys(ay) obpasyior koneunoe noinokpsitue. [lokazkem, uro umciao 0 = ming 0;/3 nc-
koMmoe. Ilyero pg(r1,22) < §. Touka x; mpunagzexut nekoropoMmy Bs, js(ax). Torna xy € Bs,(ax) u
py (f(z1), f(22)) < e. <
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IIycts f: X — Y —HenpepoiBHas Oueknusi. OdparHoe 0ToOparKeHre MOKeT W He ObITh HelpephiB-
ubiM. JleitcrBurensro, mycte X = [0;1) U [2;3] u f(x) =z upu x € [0;1), f(x) =z — 1 upu x € [2;3].
D10 GuekTnBHOE 0TOOpazkenne X Ha [0;2], HO obparHOe 0TOOparKEHUe PAa3PHIBHO B TOYKe § = 1.

Ecnu 6neknug f Takosa, uto f m oOpaTHOE K HEMY O0TOOparKeHHe HeMPEePBhIBHO, TO OTOOpazkeHne f
HA3BIBAIOT 20MEOMOPPHUIMOM.

Teopema 15. Ecau f: X — Y — nenpepuisnas buekyus u X — xomnaxm, mo f — 2omeomoppusm.

> Ilycts y, — y. U3 nmocrenoBaTebHOCTH T, = f (y,) MOXKHO BHIOPATH CXOANLYIOCH MOINOCTE-
JIOBATEJILHOCTh T, — . B cuiy wenpepbiBHocTH f uMeeMm f(x) = y, U 3HAYUT, BCAKAS CXOASIIASICS
T0JII10C/1e/I0BATEILHOCTh CXOJUTCS K OJHOMY U ToMmy ke npegeny. Ciaeposarensho, f~(y,) — f~1(y).
<

Jlng HempepbIBHBIX Ha OoTpe3ke (byHKIm Kpome Teopem Beiiepmirpacca m Kanropa Bakueiimmm
yTBepKIeHneM Oblaa TeopeMa Kolm o mpoMexKyTo4HoM 3HadeHuu. B obimem ciiydae cBOWCTBO IIPo-
MEXKYTOYHOI'0 3HAYEHUS CBS3aHO HE TOJBKO C HEIIPEPBIBHOCTHIO (DYHKIUH, HO M C METPUYECKUM IIPO-
CTPAHCTBOM, Ha KOTOPOM olrpejeaeHa dyHKIUSI.

CBga3HBIE TPOCTPAHCTBA

Merpudeckoe nmpocTpancTBo X HA3BIBAETCS HECBA3HbILM, €CJIH €10 MOYKHO MPE/ICTaBUTh B BUJIE 00b-
e/TMHEHNST JIBYX HEIYCTHIX HEMePeCeKANHXC S OTKPBITHIX MHOYKECTB (TTOCKOJIBKY 9TH MHOZKECTBa, JOTI0JI-
HSAIOT JIPYT Jpyra 10 X, OHU OJHOBPEMEHHO SIBJISIOTCS U 3aMKHYTHIMH). MeTpudyeckoe IpOCTPAHCTBO,
KOTOpOe He [BJSIeTCS HECBA3HBIM, HA3BIBAIOT CGA3HbIM.

MuoxkectBo M C X Ha3bIBaeTCsd HECEA3HLIM, €CJAU CYINIECTBYIOT TaKue OTKPbiThie MHOXKecTBa U n
ViatoUNM # @, VNM # o, UNV =gu M C UUV. lanee 6ymem roBOpUTh, 9TO 3TH MHOYKECTBA
U u V pazdeasrom muoxectBo M. Muoxectso M C X, KOTOpoe He SIBISIETCS HECBA3HBIM, HA3BIBAIOT
CBA3HBIM.

IIpeanoxenue 21. ITycmo (X, p) — mempuyeckoe npocmparcmeo u M C X. Mnoocecmseo M
HeC8A3HO Mo20a u Mmoavko mozda, koeda mempuseckoe npocmparncmeo (M, p) neceaswo.

> Ilycte M — HeCBsI3HOE TOAMHOKECTBO MeTpudeckoro mpocrpancTsa (X, p). Torma cymecTByor o1-
kpbiThie MHOXKecTBa U n V| pasnenstoniue M. [onyqaem, uro UNM u VN M paznensior MeTpUYECKoe
npoctpancrBo M. [Tycrs Tenepb MeTpudeckoe TpocTpancTio (M, p) HECBSA3HO, T. €. CYIIECTBYIOT OTKDBI-
teie B M (HO, BooO1ie roBopsi, He B X ) MHOkectBa Uy u V), pasnensomue M. s seskoro a € Uy
cymecrsyer rakoit wap Bs,(a), uro Bs,(a) N M C Uy, 1.e. Bs,(a) ne uepecekaercs ¢ Vyy. st Besi-
koro b € V) cymecrsyer takoit map B, (b), uro Bs,(b) N M C Vi, 1.e. By, (b) He mepecekaercs ¢
Upr. Monoxum U = Ugep,, Bs, 2(a) 1 V' = Upev,, B, j2(b). Tlokazem, uto oTkpeiThie MHOXKecTBa U 1
V paznengior M. JloctaTrodHo TOJBKO MpoBepuTh, uro U NV = &. Ecau cymecryer ¢ € U NV, To
c € Bs,2(a) nmm ¢ € By, /2(b) nna mexoroprix a € Uy u b € V. Torma

p(a,b) < p(a,c) + p(c,b) < (04 + ) /2 < max{da, I}
D10 o3nadaer, uto a € By, (b) un b € Bs,(a), onHako 06 CHTyarin HEBO3ZMOKHDI. <

Teopema 16. Mempuueckoe npocmparncmeo X Hecea3H0 Mo20a u Moabko mozda, ko20a cyuecmsyem
nenpepwvietaa pyuxyus f: X — R, npunumarowaesn posno dea suavernus: 0 u 1.

> Ecan X HecsizHO, TO cyliecTBYOT OTKpbIThIe MHOKecTBa U n V| pazaensioniue X . Oynknus f(z) =
Onpuz € Uwn f(xr) =1 nupn x € V gaBasercs HenpepbiBHON 1 IPUHUMAET POBHO jaBa 3HaveHust 0 u 1.
OobparHO, ecsim Ha X ompee/ieHa HelpepblBHAS (PYHKIHA [, IPUHIMAONAA POBHO /1Ba 3HadeHus 0 u
1, To oTKpBITHIe MEOKeCTBa f~1((—00;1/2)) m f~1((1/2; +00)) pazgensor X. <
OnuireMm Bce cBg3HbIe MHOXKecTBa Ha R.
Mpeamoxenne 22. Muoswcecmeo M C R ceaszno moada u moavko moezda, koeda M — npomescymor,
M. €. BMECME CO BCAKUMU 08YMA CEOUMU MOYKAMU COOEPHCUM, COCOUHAOULUT UT OMPE3OK.
> TIpoMeKyTOK SIB/ISIETCS CBSI3HBIM MHOYKECTBOM, TaK KaK [0 TEOPEMeE O MIPOMEKYTOIHOM 3HAUCHUN He
CYTIECTBYET HEPEPHIBHOM (DyHKINN, TPUHUMAIOIIEH HAa TPOMEZKYTKE POBHO JIBA PABJIUIHBIX 3HATEHUS.
Ecyim muokectBO M He dBseTCS NPOMEZKYTKOM, TO CYIIECTBYIOT TaKue TOUYKU a < ¢ < b, 910 a,b € M

uc ¢ M. OrkpbiTbie Jay4au (—oo;c¢) u (¢;+00) pazmensitor M, 3Ha4uT, MHOKeCTBO M He SBJISETCSI
CBA3HBIM. <
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Teopema 17. Fcau f: X — Y — nenpepwenoe omobpasicenue u X — ceazno, mo f(X) — ceasno.
B wacmnocmu, ecau'Y =R, mo f(X) — npomescymox.

> Ecau f(X) He siBasiercs cBsasubiM, 10 Ha f(X) cymmecrByer HenpepbiBHast (DYHKIUS ¢, TPUHAMAIOIIAST
posuo mBa 3uadenns 0 u 1. Torma na X ompenerena menpepbiuas dynkmus g(f(x)), npuHIMAaIONIAST
POBHO JIBa 3HAYEHUS, YTO IIPOTUBOPEUYUT CBA3HOCTH X . <

Metpuueckoe TpoCTpaHCTBO X HA3BIBACTCSA AUHEUHO CEA3HBIM, €CU JJIst JIOOBIX JIBYX TOYEK
zg,x; € X cymecrByer Takoe HempepbiBHOe orobpazkenue : [0;1] — X (HempepwIBHBIH 1IyTh), 9TO
7(0) = 2o m y(1) = ;.

Teopema 18. Fcau X aunetino ceasno, mo X ce431o.

> Ilpexmonoxkum, uro X Hecsaszuo. Torma cymecrByer HenpepbiBHas dpyukmusa f: X — R, npunu-
maromast pouo jaBa 3uadenus: 0 u 1. Ilyers f(zg) = 0 u f(z1) = 1. Ilo ycoBuio cymiecTByeT myTh
v: [0;1] — X, coepmusitoniuit Touku T u 1. Torga wa orpeske [0; 1] oupenenena wenpepbiBaasi (yHK-
wust f(7y(t)), npuHEMAIONAs POBHO J[Ba 3HAYEHHS, YTO HEBO3MOXKHO. [IpoTnBOpedne. <

VrBepxjenne, oOpaTHOe K TeopeMe, BOoOIe roBops, HeBepHo. [IpumMepom gBjgeTcs moaMHOZKECTBO
—win L i

TIOCKOCTH, cocTodtIee u3 rpadguka Gynknun y = sin - m orpeska [—1; 1] ocn Oy. OkasbiBaercs, 4To 11

OTKPBITHIX IMOAMHOXKECTB HOPMHUPOBAHHOTI'O TPOCTPAHCTBaA U3 CBA3HOCTHU CJIEAYET JIMHENHad CBA3HOCT.

Mpeamoxenne 23. [Tycmv X — nopmuposarroe npocmparcmeo. Omrpwmoe muoncecmeo M C X
€8A3H0 Mo20a U MoAvko mozda, xozda M sunetino cea3Ho.

> IlokazkeMm, 9TO M3 CBSI3HOCTH CJeAyeT JUHelHas CBA3HOCTH. BBeIEM OTHOIIEHHE SKBHBAJEHTHOCTH:
X ~ 1 TOTJIa U TOJBKO TOrAa, Koraa B M cyImecTByeT myTh, COeanHAONHi x u y. Kiracchl 9KBUBATEHTHO-
CTH SBJISIOTCS JUHEHHO CBSI3HBIMU MHOXKecTBaMu. KpoMe Toro, Kjiacc SKBHBAJTEHTHOCTH, COAEePZKAIIuil
HEKOTOPBIH 3JIEMEHT T, COJIEP:KUT OTKPBHITHIN IIap ¢ MEHTPOM B TOUYKe x. JlefcTBUTEILHO, T MOXKHO CO-
eJIMHATD C KarKI0i TOYKOH IIapa OTpe3KOM. SHAYHT, KJIACCH SKBHBAJEHTHOCTHU SBJISIIOTCS OTKPBITHIMA
MHOKeCTBaMi. B ciydae, KOrjga KJIaccoB SKBUBAJEHTHOCTH HE MeHee JIBYX, MHOXKeCTBO M He sBJIsSIeTcst
cBsa3ubIM. Clle10BaTeIbHO, KAACC SKBHBAJEHTHOCTH OINH, H OH coBmamaer ¢ M. <

Paccmorpennbie B J10Ka3aTe/IbCTBE TEOPEMbl KJIACCHI 9KBUBAJEHTHOCTH HA3bIBAIOT KOMNOHEHMAMU
AUHETHOT C8A3HOCTU.

B zakodenue obcy M BayKHbBINH MPUMED HEITPEPHIBHBIX 0TOOpaXKeHu it — JImHeHbIe.

JIuneiinbie oTobOparkeHus

[Iycts X,Y — HOpMHpoBanHBIe HpocTpaHcTBa Haj R. Orodpaxkenue L: X — Y HasbpBaeTcsd Au-
HeTHDM 0mOobDpasiceruem, ecan Jjisd Beex aq, s € R, x1,x9 € X BepHO PaBEHCTBO

L(Cléll’l + 062132) = Cle(CCl) + OéQL(IQ).
EcmY = ]R7 TO JINHENHBIE OTO6pa)K€HI/IH 4acTO HA3BIBAIOT AUHEUHBLMU ¢yH7§MUOH(I./LaJ\/LU.

IIpeanoxenue 24. Beakoe aunetinoe omobpasicenue L: R™ — R™ umeem eud L(z) = Ax, 2de A —
MAMPUUG I X M, 8 HACMHOCTU, 6 cayuae m = 1 umeem L(x) = a1x1 + asxe + ... + ap2y.

> Ilyctb eq,...,e, —crapgapraeiii 6a3uc B R"”. Torma
L(z) = L(z1e1 + ... + xpe,) = v1L(ey) + ... + z,L(ey,).
IIycrs Teneps (a'?,. .., a™) —koopaunarsl BekTopa L(e;). Marpuna A = (a) uckomasi. <

U3 3T0ro yrBep:KIeHus CIeAyeT, 4T0O BCAKOE JIMHEeRHOe 0TOOparkeHne KOHEYHOMEPHBIX [IPOCTPAHCTB
SIBJISETCS HEeNpephIBHBIM. B cilydae 6eCKOHETHOMEPHOIO MPOCTPAHCTBA X BCErIa MOMKHO HOCTPOHUTH
pa3peIBHLI JTHHeHbIH (yuknuonan. Hampumep, nuneiinsiii dynknumonan L(f) = f'(0) na mpocrpan-

cree C'[—1;1] ¢ nopwmoit ||f]| = r%éa? | f| He sBAsteTcst HenpepbIBHOI (yHKIHE.
;1

Ipeamoxenne 25. [lycmv X, Y — nopmuposanmnovie npocmparcmsa nad R. Caedyrowgue ymeeporcde-
HUA PABHOCUNDHDL:

(i) aunetdnoe omobpascenue L: X — 'Y nenpepuero;
(i) aunetnoe omobpascenue L nenpepuisno 6 nyae;
(ili) cywecmeyem maroe wucao C > 0, wmo || L(x)|| < C||z|| daa scex x € X.
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Hawmenbiiee u3 qucest C, JIs1 KOTOPBIX BBITOTHSIETCS HEPABEHCTBO MyHKTA (iil) HAZBIBAIOT HOPMOT
||L|| nuneiinoro orobpazkenus L, T.e.

L)l

IL]| = sup ———.
w20 ||
Moxkno mokazarh, 4ro BesmuuHa ||L|| geficTBUTENBHO SBIsieTCS HOPMOIM HA JIMHEHHOM HMPOCTPAHCTBE
HETPEPBIBHBIX JIMHEHHBIX oToOpakenuit. Kpome Toro, ecntu H: Z — X u L: X — Y — nuneitnnie
HEeIpepbIBHbIE 0TOOpazKeHusd, TO KoMio3unus Lo H gapjigercd JIMHEHHBIM HEIIPEPBIBHLIM OTOOPAZKEHIEM,
npudaéM BeITOTHSETCs HepasencTso ||[Lo HI| < ||L||||H |-

B zakmrouenne orMeTrum, UTO ecau JimHelHOe oroOpazkenme L: X — Y gBigdercd Ouekimeil, To
obpaTHOe oTobpazKkenne L~ takzKe sap/seTcs JuHeitnbiM. OJHAKO U3 HellpepbIBHOCTH L, BOODIIE FOBOPH,
He cJedyeT HempepblBHOCTL L1,

3amaun

1. (a) TIpuemure mpumep dbyukmun f(x,y) HEIPEPHIBHON BAOJIb BCSIKOI IPAMOIL, HO PA3phIBHOM
0 coBOKymHOCTH mepemeHHbix. (b) Ilycrs f(x,y) HenmpepbiBHA MO KayKIO# HepeMEHHOH B OT/IeJIb-
Hoctu. Jlokaxkure, 9T0 HAUAETCA XOTdA ObI OjiHA TOYKA, B KOTOPOH f HempepbiBHA O COBOKYIHOCTH
HepeMeHHBIX.

2. Ilycrs f(z,y) HenpepbiBHA 110 & ¥ PABHOMEPHO HenpepbiBHA 10 Y, T. €. sup | f(z,y) — f(x,y0)| — 0

x

npn y — yo. Jokazkure, uTo f HempepbIBHA MO COBOKYMHOCTH IIePEMEHHbIX.

3. Ilycte A —moaMHOXKECTBO MeTpuueckoro mpocrpanctBa (X, p). dokaxure, uro fa(x) =
in£ p(x,y) asaserca uenpepbiBnoit dyuknueir. s kakux muoxkects A pasenctBo fa(z) = 0 pas-
ye

HOCHJIBHO TOMY, 4TO = € A7

4. JlokazKuTe, 9TO He CYIMECTBYET HeNPEePhIBHON OGHeKINN:

(a) orpeska Ha kBajapar; (b) oTpe3ka Ha OKDYKHOCTH; (C) OKDY’KHOCTH Ha KDYyT.

5. ITycth rpynma G ¢ oneparnueit o SBASETCST METPHYECKIM TIPOCTPAHCTBOM U 0TOOpazkenust (a, b) —
aobu a — a~! menpepriBHbL. JloKaxKuTe, 4T0 KOMIOHEHTa JIHHEHHOH CBA3HOCTH, CojlepzKalias eTHHUILY,
SIBJISIETCS TIOJITPYTITIOiT, & OCTATbHBIE KOMIIOHEHTDI JIMHEHTHON CBA3HOCTH ABIAIOTCS CMEXKHBIMU KJIACCAMHE
[0 STON TMOATPYIIIE.

6. IIpoBepbTe, ABASIOTCS Jin JIMHEHHO CBA3HBIMU U B CJAyYae OTPUIATETHHOIO OTBETA OMUIINTE BCE
KOMIIOHEHTHI JINHEHHOH ¢BaA3HOCTH caeayomnux rpynm:  (a) GL, — rpynna HeBbIDOKIEHHBIX JTHHEl-
HbIX npeobpazosanuit R", (b) SL, —rpynna HeBBIDOXKIEHHBIX JHHEHHBIX NpeobpazoBanuii R" ¢
e IMHAYHBIM omnpejieuresnem, (c¢) O, — rpynna HeBbHIPOKIEHHBIX JUHEHHBIX Tpeobpazosanuii R™, co-
XPAHSIOMNX CKAJTSPHOE TPOU3BEICHIE.

7. lokaxure, uro || L|| = sup % SIBJISIETCSL HOPMO# Ha MHOKECTBE HEIIPEPHIBHBIX JIUHEHHBIX 0TO0-

z#0
paxenuii. [lycrs L(x) = Az — nuneiinoe orobpazxkenue u3z R" B R" 3anannoe marpuneii A. Haiigure
|L|| B ciyuae, xorna A — amaroHasibHas MaTPUIA.

Huddepernmupyemsie GyHKIum
[Iycrs X, Y —HopMupoBaHHble IpocTpancTBa u orobpaxKkenue f: X — Y omnpejesleHO B HEKOTOPOM
okpectHocTH TouKM a € X (dbopmasbho 3anuck f: X — Y o3Havaer, 4o orobpaykenue f OMpeIeIeHo
Ha BCEM mpocTpancTBe X, HO MbI OyjieM it KPATKOCTH TAK IMACATh U B TEX CJIydasiX, Korga f ompesesie-
HO Ha MOJAMHOXKecTBe X, IpUYEM M3 KOHTEKCTa BCerja Oy/IeT SCHO, Ha, KaKOM MMEHHO HO,ZLMHO}KGCTBG).
Bynewm rogoputs, ato f dupdepenyupyemo B TOUKE a, €CIU CYIIECTBYET TaKOe JUHEHHOE HeTPEePHIBHOE
orobpaxkenue L: X — Y, 4ro jjid Bcex h U3 HEKOTOPOil OKPECTHOCTH HYJIs BEPHO PAaBEHCTBO

fla+h) = f(a) = L(h) + a(h)|[A]],
e a: X — Y ynoBieTBOpsieT yCIAOBUIO }llirr(l] a(h) = 0. Jluneiinoe orobpazkenne L Ha3biBAOT dudie-
H

penyuarom Gyaknuu f B Touke a u oboznagaror depes df (a, h) nim df (h).

[Tpocreitmumu (OTIHYHBIME OT KOHCTAHT) mpuMepamu auddepeHnupyeMbix 0To6pazKeHuil B~
I0TCd JINHeHbIe HellpephIBHBIE 0TOOpazKeHud. [leiicTBUTEIBHO, A1 HEIPEPBIBHOTO JUHEHHOTO 0TOOPA-
senust L Bepuo pasenctBo L(a + h) — L(a) = L(h), .e. dL(h) = L(h) u a(h) = 0.
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Ipeamoxenne 26. Ecau omobpasicenue f: X — Y duddepenyupyemo 6 moure a, mo f nenpepwviero
6 mouke a.

> [locTtaTo9HO 3aMETHTh, YTO
lim f(a+ h) = f(a) + lim (df (a, ) + a(B) [4]]) = f(a). <

B uwacTHOCTH, pasphiBHOE JIMHEHHOe oToOpaKeHme (CM. 3aMedaHue mepes MpejioKeHneM 25) He
apjgercd juddepeHnupyeMblM HE B OJHOM TOYKE.

Teopema 19. [lyemv f: X - Y vae X.

(i) FEcau f dudppepenyupyemo 6 mouke a u df — e2o duddepenyuan, mo 0is 8cAK020 8eKMOPA v
6 HEKOMOPOT OKPECTNHOCINU HYAA HA “UCA080T npamol onpedeaena Pynkuyus t — f(a + tv) u umeem

MECO PaseHCNEO
fla+tv) - f(a)
t

%i_r}ré = df (v).

B wacmmnocmu, duddepernyuan onpedeérn edurncmsaennvim 006pa3om.

(ii) Omobpascenue f duddpeperyupyemo 6 mouke a u df — e2o duddepenyuan mozda u MoALKO
moeda, K020a 68 HeKOMOpPol OkpecmHocmu HyAsa onpedeaeno omobpascernue h — f(a + h) u umeem

MECTNO PAGEHCNEO
G h) — f(a) — ()]
h—0 Al

=0.

> JlokazkeM neppoe yTrepzKaenue. B onpenenenun quddepeHiupyeMocTi moIoxKuM h = tv:
fla+tv) = fla) = df (tv) + aftv) - [[tv]| = tdf (v) + a(tv) - [t] - [|v]]
Torna
lim = lim(df(v) + a(t) sgnt|o]) = df(v).
Bropoe yrBepxkienne gaBisercd nepedopMyIuPOBKOi ompeaenenus JauddepeHimpyeMocT, KOTOpoe
COCTOUT B TOM, YTO (PYHKIUS
fla+h) — f(a) —df (h)

il
crpemuTcsd K uyaio npu h — 0. <

fla+tv) = f(a)
t

alh) =

ITpees
L ot ) - f(@)
t—0 t

of

Ha3BIBACTCH NPoussodnoli ynxyuu f no sexmopy v n obosHadaercs depes 5o (a). Takum obpasom, ecn

dbyukiusg f auddepeHnupyema B TOUKE @, TO

Ao, = 2w

[IpousBoaHast MO0 BEKTOPY MOYKeT CYIIECTBOBATH H B CJAydae, Korjma (byHKIHUsS He gBiserca mudde-
peHnupyeMoii u Jazke HempepbiBHON. Paccmorpum dbyukmuio f: R?2 — R, paBHyIO HYJIIO BCIOLY, 32
ucKJoYeHneM Muoxkectsa {(x,y): y = 2,z > 0}, B Toukax koroporo f pasna eauuuie. JIjig BCAKOro
BekTopa v dyukus t — f(04 tv) paBHa HYIIO B HEKOTOPOH OKpecTHOCTH TOYKH ¢ = 0, M TPOM3BOHAST
f 1o BexkTOpy v B HyJe paBHa HyJ0. OmHAKO 3Ta (DYHKIMS pa3pbiBHA B HYyJIe.

PacemorpuMm BaxkubBI#M acTHBI caydail dyakmun f: R®™ — R. Eciau f auddepennupyema B Touke
a, To nuddepenimal df B ToUKe a SBJIAeTCA JUHEHHBIM oToOpazkennem R™ — R u umeer BuI

df (h) = crhy + ... + Cohp.

Bouiee Toro,
0 ) a1, ..., a+t,....a,) — flag, ..., ay
Ck—df<€k)— 96{6(@)—111% f( ! b ; ) f( ! )

[Tpou3BoAHYIO 110 BEKTOPY €) HA3BIBAIOT 4aGCmMHOU NPou3sodroli o nepeMeHHol £y 1 0003HAYAI0T Yepe3

a% win O, f. C yuérom HOBBIX 0bo3HaueHU nuddepennuan f uMeer caeayonuil BII:
of of
df(h) = =——(a)h1 + ... h,.
() = 5@+ + 520
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Huddepennnan byukmnuu f(xr) = xp comocrasiaser BekTopy h ero k-1o Koopaunaty hy, T.e. drg(h) =
hy. Takum obpasom, auddepeHnua MOKHO 3aIUCATH TaK:

¥ of
ox,,
agee Oyaer moKa3aHo, YTO JTaHHAA (1)0pMa ;Lﬂ(l)(l)epeHuHaﬂa ABJIsIeTCcsT HauboJstee yI00HOM MTPH 3aMeHax
HepeMeHHbBIX.

dxl + ...+ dx,,.

BexkTop u3 9acTHBIX MPOU3BOIHBIX ( 83 1{1 e ;Tf) Ha3bIBaeTcs epaduetmonm pyuxnuu f u obo3Havda-
etcs depe3 gradf wiu V f. ImeeT MecTo paBeHCTBO
of
A (v) = 5= = (V£,0).

IIpennoxenne 27. [lycmv gynryua [ duddepenyupyema 6 mouke a u Vf(a) # 0. Tozda npo-
U3600HGA N0 eQUHUYHOMY 6eKMOPY U PYyHKUUY [ 6 mouke a NPuHuUMaem Haubosvwee 3HAYEHUE NPU
v=Vf(a)/|Vf(a)| u npunumaem naumenvwee snauernue npu v =—V [f(a)/||Vf(a)]-

> VrBepkaenue caepyer u3 GpopMysbl 2 —U = (Vf,v) u nepasencrsa Ko — Bynsikosckoro — I1IBap-
1na. <

Ha srom mpocrom Hab/I0OAeHIN PO IPAJAMEHT OCHOBAH U3BECTHBIN MemMod 2paduenmmozo cnycka,
KOT/Ta MUHAMYM (DyHKIUH f UIMYyT KakK Opees PeKyppeHTHOH Moc/ae10BaTeIbHOCTH

Tn+1 = Tn — ’va(mn)a
rje MOJIOKUTEIHHOEe YUCTIO0 7y BBIOMpaeTcs, ucxoasd u3 cBoiict ¢gpyuknuu f. Hampumep, mas dyHKIUN
f(x,y) = 2% + y* rpaguenr pasen (2z,2y). [ycrs 0 < v < 1/2. Tloty4aem 10c/1e10BaTeJIbHOCT

(Tnt1s Yns1) = (1 = 29) (@0, Yn)-
Umeem 0 < 1 —2y < 1w (z4,y,) — (0,0). Touxa (0,0) sBiisiercst TOUKO# MUHEMYMa, f.

Boimme y2ke 0TMedaaoch, 9To HAJIUYHAEe TPOU3BOIHBIX IO BCIKOMY BEKTOPY €IIé He BIedeT nupdepeH-
nupyemMocTb pyHkmur. OHAKO CIPaBeIINBO CJIEAYIONEe T0CTATOYHOE yeaoBue nuddepeHupyeMoCTi
dyHKIHAH.

Teopema 20. Ecau ece wacmuvie npoussodnvie gynryuy f: R™ — R cywecmeyrom 6 okpecmuocmu,
MOYKU A U HENPEPLIGHBL 6 Mouke a, mo gynkyus [ Juddepenyupyema 6 moukre a.

> Pacemorpum ciydaii dynkmun aByx mepeMeHHbiX. Ilyets a = (aq,a2) u map B,(a) comepxkutcs B
OKPECTHOCTH M3 yCJOBHUS TEOPEMbL. Bynem gajee paccMaTrpUBaTh TAKHE HPUPALICHUS apryMeHTa hi u
ha, aro (aj + hy,as + hy) € B,.(a). [Ipeacrasum npuparienne Gyukiun [ B Bujie
f(CLl + hl, as + hg) — f(ab ag) = f(al + hl, as + hg) — f(al, as + hg) + f((ll, as + hQ) — f(al, ag).

Ilo ycnosuio dbyukmus f(x, ay + he) ognoit nepemennoit z muddepennupyeMa Ha HHTEPBAJE, COIEPIKA-
HIeM OTPE30K ¢ KOHIIAMU (1 U @1+ N1, & 3HAYUT, OHA HEIPEPBIBHA HA 3TOM OTpesKe u auddepenuupyema
BHyTpHU Hero. Takum 06pa3oM, BHIIIOIHAIOTCH YCIOBHSA TeopeMbl Jlarpanka, H03TOMY CIIPABEIIHBO Pa-
BeHCTBO f(ay + hi,as + he) — f(ar,as + he) = ;{ (c1,a9 + ho)hy, Tae ¢ JeKUT MEXKAY a1 U a1 + hy.
Ananornuno npumengs teopemy Jlarpanzka KO BTOPBIM IBYM CJIAraeMbIM, HOIYYaeM

a—f(cl, as + hg)hl -+ ﬁ(al, Cg)hl,

flar + hi,as + ha) — f(a1,a2) = 9z, Dy

TJe Co JIEYKUT MEXKJY a9 U as + hs. IlpencraBum mpaByo 9acThb B CJAEAYIONIEM BHJIE:

0 0
Lot + S (o, + a®l]
e 0 0 0 0
f f hy f f ha
h h — — - — —.
ah) = (5 (e aathe) =5 a0 2) i (a@ (ac2) = 5, (@1,2)) 1]
YacrHable IPON3BOAHBIE HEIIPEPLIBHBI B TOYKE @, MOITOMY }lbirr(l) a(h) = 0. <

Pacemorpum Teneps orobpazkenue f u3z R™ B R™. Ilycts f muddepennupyemo B Touke a. Torma
auddepeniual sipjsiercs juHeinbiM orobpazkennem u3 R™ B R™ u umeer sug df (h) = Ch, rae C —
matpuiia n X m. Marpuna C HasbpiBaeTca mampuuets Hxobu orobpazxkenns f B TOUKe a U 0003HAYALTCS

aepes Jy(a) wan D f(a).
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Besgkoe orobpazkenue f: R™ — R™ umeer BUI

fi(z)
fay=| P

fin(2)
rae fi: R — R.
IIpennoxenne 28. Omobpasicerue [ duddepernyupyemo 6 mouke a mozda u moavko mozda, k020a 6

mouxe a Judgepenyupyema kaxcdas dynxyua f;. Feau omobpascernue [ duddepenyupyemo 6 mouke
a, Mo anemermo. mampust Hdrxobu umerom eud

Ofi
oz, (a).
> Papencrso
i @t h) = fla) —df(m)l| _
h—0 It

PaBHOCHJILHO CHCTEME PaBCHCTB

lim |fila+h) — fi(a) — Li(Rh)]
h—0 1Al

=0, 2=12,...,m.

3necs L;(h) — i-a xoopaunara Bekropa df (h), T. e. ¢;ihi+Cioho+. . .4Ciphy, THE ¢;j — TEMEHTEI MATPHIIBL
Axobu orobpaxenus f. Boirre 66110 MoOKa3aHo, 9TO

Ofi ofi
Li(h) = <Lihy 4 ...+ <Lih,,
(h) o0xy 1.t ox,,
a 9TO 3HAYUT, YTO
afi .
Cij:axj, j:1,2,...,n. <

Taxum obpaszom, marpuna fkodbu orobparkeHus f — MaTpuia, CTPOKH KOTOPOH ABIAIOTCA I'PaJIy-
eHTaMu HYHKIAR f;.

Baxuo monuMmath, uto auddepennupyemoe orobpaxKkenue f JOKAJIbHO Majo OTIn4YaeTcs oT ad-
dpuHHOTO OTOOPaAXKEHUS:

f(x) = f(a)+ Jp(a)(x —a) npm z=a.
DTO NPUMEPHOE PABEHCTBO MOYKHO TPAKTOBATH EINE TAK: MPUPAIIEHUIO apryMenTa h = T — a COOTBeT-
crByer npupamienne gyuxuun f(a+ h) — f(a), koropoe npumepno passo J(a)h.

B HEKOTOpPBIX 3a7a9ax 9TO MO3BOJIAET 0€3 BBIYNUCACHUN YACTHBIX IIPOU3BOJIHBIX BBHINHCHIBATH MaT-
puny flkobu. Hampumep, paccMoTpuM oToOparKeHne & = 7 COS o, y = 7 Sin ¢, IMepeBoIdIIee MOJIsIpHbIE
KOODJWHATHI (7, ¢) B 1ekapToBsl (x,y). [Ipupamenuto (Ar, Ap) mepeMeHHBIX T U ¢ B JEKAPTOBBIX KOOP-
jauHarax (x,y) coorBercrByer npupaiieHue Ar 0T Hauaa KOOPAUHAT 110 Jiy4dy [, pacioJIOKEHHOMY MO/
yrsiom ¢ K ocu Ox, 1 TOBOPOT HA yros1 A mo OKPYKHOCTH PAINyCa I C IIEHTPOM B HYJIE, T. €. CMeIeHIe
no jgyre aauabl 7Ap. [Ipun mamom Ap MOKHO 3aMEHUTD JIBUKEHWE M0 JyTe OKPYKHOCTH CMEIeHHeM
HePIeHTUKYISPHO pajguycy 1o npsimoii Ha rAp. Tak, B JeKapTOBOi CHCTeMe KOOPIMHAT, B KOTOPOii
OJIHA OChb HAIIpABJIEHA BIOJb JIy4a [, a Ipyras OChb HAIpaBJIeHa IMEePIeHINKYIAPHO [, HOJIYIMINA CMelle-
uue Ha BekTop (Ar,7Ag). s nepexoist B UCXOAHYIO CUCTEMY KOODJAUHAT HAJIO CJEJaTh IIOBOPOT HA
yroa ¢. Takum o6pa3oM, cMeleHHe B JIeKapToBoii cucreme koopamHat (Az, Ay) BhIpazkaercs: depes
cverrierne (Ar, Ay) B HOJSIPHOI cHCTeMe KOODAMHAT CJIeIYIOIHM 00pa3oM:

Ax \ [ cosp —sing Ar \ [ cosp —rsing Ar
Ay )\ sing cosp rAp )\ singp rcosy Ap |-

MoxxHo IIPpAMBIM BbIYMCJICHUECM IIOKa3aThb, YTO

cos —rsinp

sinp rcosy
JIeICTBUTETbHO ABJIAeTCd Marpuneil fkobm oToOpakeHHs, MEPeBOIAINIETO TOAIPHBIe KOODANHATH B
JIEKaPTOBBHIL.

3amaun
1. He Bbrumc/isiss 94acTHBIX TPOU3BOJIHBIX, HaMuTe MaTpuIly SIKoOM 0TOOparkKeHus T = 1 COS ¢ COS 1,
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Yy = rsinycosy, z = rsiny, nepeBoasIIero cpepuiaeckKue KOOPANHATH B JEKAPTOBY CHCTEMY KOOP/IH-
HAT.

2. ITycrs p > 1. Haiigure guddepennnan dyuxnun f(x) = ||z||, Ha HOpMEPOBAHHOM IPOCTPAHCTBE
&, ).

3. [Iycts M,, — mpoCcTpaHCTBO BEMECTBEHHBIX MATpHILl 1 X n. Haiiaure quddepennuain ciemayonumx
orobpazkenuit uz M, B R wiu M,,:

(a) X —trX, (b) X — X2 (¢) X — X1

4. Haiimure nuddepennuan pyuximun X — det X u3z M, 8 R B Touke X = F.

5. Ilpuseure npumep Takoil GpyHKIUH g(:c,y), nmmveroreii B Touke (0,0) mpousBomHbIe % BJI0JIb
o

6. ITycts C — MHOKECTBO KOMILIEKCHBIX YHCe ¢ HOPMO#t 2| = /22 + Y2, z = x +iy. Muoxecrso C
MOYKHO PacCMaTpUBaTh KaK JJUHEHHOE MPOCTPAHCTBO HA/L MojieM R 1 Kak JMHEHHOe MPOCTPAHCTBO HAaJL
noseM C. Onumure Bee jmHelHbIe oToOpazKkenus u3 C B C max nmosem R u vHag moaem C. Ompeneste-
Hue auddepeHnrpyeMOCTH CYIIECTBEHHO 3aBUCUT OT KJacca JUHeHHbIX orobpaxkeHnuit. I[lycTh 3amana
dyukmusa f: C — C, u mp paccmarpuBaem C kak nuHeitHoe mpocTpancTBo Had noaem C. Jokakute,
gro f nuddepennupyema B TOYKE 2 TONJA W TOJBKO TOIJIA, KOIJA CYIECTBYET Mpeest

o [t w) = 1)
w—0 w

Dror npeges oboznadaor depes f'(z) U HABBIBAIOT KomnaekcHol npoussodhot. IIpomuddepenupyiite
bynxuuu f(2) = 28 u f(2) = €* = *% = e%(cosz + i siny).

7. (Veaosust Ko — Pumana) Ilycrs f: C — Cu f(z2) = f(z + iy) = u(z,y) + iv(x,y). Joka-
JKATE, 9TO [ MMeeT KOMILIEKCHYIO IMPOU3BOIHYIO B TOUYKE Xg + 1Yy TOrJA M TOJBKO TOTJA, KOIJA U U U
nuddepeHupyemMbl B ToUKe (Zo, Yo) ¥ B 9TOI TOUKe CHPABEJINBBI DABEHCTBA

ou B ov ou ov

or oy Oy  Ox
[okaxwute, ato f(z) = f(z+iy) = v —iy = Z He asisiercsa audepennupyemoit byHKIneH i B OTHOl
touke. [lycrs Tenepb mMbr pacemarpuBaem C kak jmmneiinoe mpocrpanctso Hagn R. Kak B arom ciydae
BeIpaxKaerca nuddepennupyemocts f uepes pyuknnn v u v? Byaer mun quddepermupyemoit pyukius

J(z) ==

BCLAKOI'0 BeKTOpa h, 4T0o oToOpazkeHune h — 24 He SABJISETCS JIMHEHHBIM.

IIpaBuna muddepenmupoBanns. InddepenmupoBanne ciaoxuoii GhyHKINT

Teopema 21. ITycmov f,g: X — Y u A1 X — R — duddpepenuyupyemvie omobparcenus 6 mouke a.
Tozda

(i) f+ g duppepenyupyemo 6 moure a w d(f + g) = df + dg;
(i) Af dugdepenyupyemo 6 moure a u d(Nf) = Ndf) + (dN\)f;
(iii) ecau A(a) # 0, mo omobpasicenue \~' f duddepernyupyemo 6 mouke a u

d(xl f) — )72 ()\(df) — (dN) f).
> JlokazKkeM TOJIBKO BTOpPOe yTBepzKeHue. 110 yCa0BHIO CIPABEIMBL PABEHCTBA
Aa+h) = Aa) = dA(h) + n(h)[|All,  fla+h) = fla) = df(h) + (R[],
rae lim v, (h) = 0 u lim v5(h) = 0. [loayuaem
h—0 h—0

Ma+h)fla+h) = Ma)f(a) = AMa+h)(f(a+h) = fa)) + (Ma + h) = Ma)) f(a) =
= Ma)df (h) + dX(h) f(a) +r(h)||A],
rie
r(h) = (Ma+h) = XNa)df (W)]|A]]~" + Ma + h)ya(h) + 71 (k) f(a).
3aMeTnM, 94TO B CHIY HENPEPBIBHOCTH JHHEHOrO oTobpazkenus: df (h) cymectByer Takoe guciao C' > 0,
aro ||df (h)||||k]|7! < C. CrenoBarensho, }lgr(l) r(h) = 0. <
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Teopema 22. Ilycmo omobpasicenue g: Z — X duddepenyupyemo 6 movwke a u omobpadicenue
f: X =Y dugdepenyupyemo 6 mouke g(a). Tozda xomnosuyua f o g duddepenyupyema 6 mouke a u

d(fog)=df odg.

> Ilo ycaoBuio cupaBeTUBLI PaBEHCTBA

gla+h) = g(a) =dg(h) + v (WA, f(g(a) +p) — flg(a)) = df (p) + )Pl
e }llin% y(h) =0m }ILiH(l) v2(h) = 0. Oupeenum oTobpazkeHHe Yo B HYJIE HYJIEM; TelePh Yo HENPEPbIBHO
— —

B nyJie. Mmeem

fgla+h))=f(g(a)) = df(g(a+h)—g(a)) +r2(g(a+h) —g(a))llgla+h) = g(a)|| = df(dg(h))+r(h)[[Rl,
e

r(h) = df (y1(h) +72(g(a + h) — g(a))llg(a + h) — g(a)[lIR[I".
CymectBytor Takue unciaa Cy u Cy, aro ||dg(h)|| < Ci||h|| u ||df (p)|| < Cs||p||. Torma

ldf (v (M) < Callra(B)]] = 0,
1v2(g(a + h) = g(a))llllgla+ h) = g(a)[[[IA]7" < (C1 + Iy (M) Dl1v2(g(a + k) — g(a))l| = 0

npu h — 0. [loxygaem paBeHCTBO }llim r(h) = 0, Tem cambiM, A1s1 f O g BBIIOJIHEHO ONpPEJeIeHHe
—0
nudepeHnupyeMocTu B TOUKE @. <

Ilyets g: R — R™ u f: R™ — R* — muddepenmupyemble orobpazkenns. Torma ux KOMIO3UIIIA
nuddepennupyema u guddepennna KOMIIO3UIUH siBjsgeTcst kKomno3unueil nudpdepennuaion. Ciemno-
BaTebHO, MaTpHIa ZIKOOM KOMIIO3UIUN SIBJSIETCH MPOU3BEIeHuEM MaTpull fIkobu.

[Tyctb n = 1w k = 1, 7. e. kommosuius sissierca dbyukimedi suga f(g1(t), g2(t), ..., gm(t)).

Matpuna fxobu oroOparkeHust g UMeeT BT

dg1

i
dga

dt
don

dt

MaTpuiia fkodbu orobparkenus: f uMeer BuU/I
<8f of af )
Oxy Oxy’ Oz

CiietoBaTeIbHO,

100,00, gul) =

dgr
t

~ G |

dg’rn

dt
o dn of do | of da
Oxry dt  Oxy dt ox,, dt

[Tosie3no mpoBecTH OTAEIBHOE IOKA3ATE/IHCTBO B 9TOM YacTHOM ciydae. Tak, mycrs f — nuddepeniu-
pyemas (DyHKIIUA M MepeMeHHbIX U 33JaHbl m AuddepennupyeMbix (OyHKINNR gy OJIHOM TepeMeHHoOi .
Haiiném no onpenenennto npoussontyto caoxuoit dyuxmuu f(g(t)) = f(g1(t), g2(2), ..., gn(t)). Uneem

d%f({h(t),gQ(t), o 7gm(t)) — }_g% f(gl(t—{_’]—)v s 7gn(t + T)) _ f(gl(t)’ s >gn(t))

Oyuknus [ auddepeHupyemMa, mo3ToMy
ot +7),. o gn(t+ 7)) = f(g1(t), .-, gn(t)) =
= 2L GO0+ =0 0) 4+ 20 gt +7) = g 0) +alg047) — gl 0+7) g0
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3/1ech MbI, KaK ¥ BBIIIE DU JI0OKA3ATeIbCTBe TeopeMbl, mostoxkuan «(0) = 0. 3amernm, aro ||g(t + 7) —
g(t)||/T — orpanuuennas Benwanna mpu 7 — 0. [oxyuaem

d
E (91(75)792(?3)7~-79m(t)) =
of it +1)—9i(t) of gt T) —gm(t)
(9x1( lim - +---+8xn(g(t))}g% = =
_Of do 0F de L OF do
8931 dt ' Oz, dt ox,, dt

Tenepr paccmorpum OoJtee OOIYI0 CUTYaAINIO, KOTaa ToabKo k = 1. Marpuma fkobu kKommo3uinu
HOJIYIAETCI YMHOKEHHEM CTPOKHI

<3f af of )
Oy’ Oy’ Oy
Ha MATPHUILY
991 ;1 Og1
oz 0o Y Oxp
092 992 992
ox1 Oz Y Oxp
oxr1 Oz Y Oxp
Boimuiiem saement marpurpl flkobu Komnosunun (B JAHHOM CJIy9ae — JIEMEHThl BEKTOPA IPAJIMEHTA):
of(g(@) _ 0f 09 Of Vs Of Do
 Ox; Oy v Oya Oxi T Oym  Omp
3aMeTHM, 94TO 3TOT PE3yALTAT MOXKHO (POPMATLHO TMOJYUIUTEL W3 BLIPAYKCHU
0 0 0
df = / ~—dy, + / ——dys + ...+ —fdym,
oy Oya Y

HOJICTABJIAS BMECTO Y (DYHKIUIO §r U BBIYMCIUB AudpepeHnuans dgy. ITo HAOJIIOAECHIE HA3BIBAIOT
UHBAPUAHMHOCTIDIO NEPB020 duddeperiuana.
Teopema 23. Ilycmov f: X — Y, U — oxpecmnocmov mouku a ¢ X, V — oxpecmmocmo mouxu f(a)

6 Y. Ilpednosooscum, wmo f: U — V 2omeomopdusm, f dupdepenyupyemo 6 mouke a u df ume-
em nenpepwvieroe obpamnoe omobpastcenue. Tozda f~1:V — U duddepenyupyemo 6 mouxe f(a) u
d(f=) = (df)™
> HaiinéMm mpengen

@) ) @) - @ 0

=0 il
Cuenaem 3ameny nepemennbix i = f~1(f(a) + p) — a. Torna h — 0 upu p — 0. Nmeem

p=Fla-+h) = fla) = df(h) + 4RIl Tim () =0.

[Torygaem
1/~ (f(a) +p) = f7H(f(@) = (@) @) _ 1B " (v (DI (IR~ (v (R
|l |df (h) +~(h )||h|||| ldf ()| = [l (R)[I[[ 7]
Cymecrsyer takoe guciao C' > 0, uro ||df (k)| = C||h||. CrenoBaresHo,
1f1(fla) +p) = fFH(f(@) = @) "Il _ [I[@df)~ (v(W)]]
71 N O X

OrmeruM, 9To MaTpuIia AKobu o6paTHOro 0TOOpaXKEHUs ABJIIeTCs 0OpATHOW MATPHUIICH K MaTPHUIEe
flkobu mpsiMoro oTobpaskeHus.

B 3akmoduenne npuBeéM emé OIHO MOJIE3HOE YTBEp:KIeHHe, 00o0Imalonee TeopeMy Jlarpam:xa Ha
MHOI'OMEPHBIN CJIyYail.

IIpeamoxenue 29. [Tycmv omobpascenue f: R™ — R™ duddepenyupyemo 6 wape B.(a) u sce

YACIMHbLE npoussodmne Of 0Z2PAHUYEHHDBL HA ITNOM Wape. Honoorcum
Zj

M = sup ||df(z)l|

z€By(a)

Toz0a dns ecaxur x,y € B.(a) sunosnsemes Hepasencmeo

1f () = F)ll < Mllz = yl|
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> PaccmorpuM dyHKIUIO
o(t) = (f(z +t(y —2)), f(y) — f(z)).
Torna
¢(t) = (df (x +tly —2),y — @), f(y) — f(2))
U [0 OIpeJeIeHHIO HOPMBI JINHERHOTO 0ToOpazkeHuns 1 HepaeHcTBY Komu — Byrsakosckoro — [sapia
HMEEeT MECTO OIEHKA:

' (@) < Nldf (z + t(y — )y — z[[[].f (v) = f ().
ITo teopeme Jlarpanxka ¢(1) — ¢(0) = ¢'(c). [onxyuaem
1£ () = f(@)]I* = (1) = (0) = ¢'(¢) < lldf (z + c(y — 2))lllly — = [l £ (v) — f()].

Ecmu [|f(y) — f(x)]| > 0, To ocraéres pasmeauts obe gactu uepasenctsBa Ha || f(y) — f(z)|| u ome-

muth ||df (v + c(y — x))|| xoucrauroit M. Ecan xe || f(y) — f(z)]| = 0, To moKa3biBaeMoe HEPaBEHCTBO
BbLIIIOJIHACTCA HEeMeIJICHHO. <
Sagaun

1. dusa kaxnoit Touxu (xg, yo) € R? Boisicnure, apasierca ju dbynknus f(x,y) = /27 + y® audde-
peHIIPYEMON B 3TOI TOYKE.

2. Cymectyet sn mnddepennmpyemoe orobpaskenne R? — R?, orobpaxkatomiee och Ox Ha rpaduk
dbyukun y = |x|?

3. lIycrs xpuBas y(t) = (x1(t),...,z,(t)), t € [0;1], 3amana HenpepbiBHO audbEpEHITPYEMBIME
dbyuxnusamu 2 (t). TIpeanookum, 9ro B KazK 10l TOUKe KPUBOIl BEKTOP CKOPOCTHU 4 IEPHEH UK YIPEH
rpaauenty dynkmmn f. JlokaxkuTe, 9T0 [ IOCTOSHHA HA KPUBOM 7.

4. Ounmmure Bee quddepennupyembie dynkuu f(x,y), yaosaersopsioniue oy na R? ypasnenuto
¢ YACTHBIMH IIPOU3BOIHBIMU a% + bg—; =0, rae a, b— HeKOTOpbIe YHCIIA.

5. IlycTh D — OTKPBITOE CBA3HOE MHOXKECTBO Ha TaockocTd  f: R? — R. UssecTHO, 9TO % =08
D. MoxHO Jin yTBep2K/1aTh, 4To f He 3aBUCUT OT x B D7

6. Oyuknusa f: R” — R massiaercs odnopodnoti cmenenu m, ecan f(Ax) = A™ f(x). Jokaxkure,
yro auddepennupyemas (pyHKIHS f OJHOPOIHA CTEIEHH M TOTAA W TOJBKO TOTIa, KOTIa

of af
mf(r) ==—x1+...+
0xy o0z,
Haiiiure Bce HenmpepbiBHO AudpepennupyemMbie DYHKITUN, ABAAIONIIECH OJHOPOJAHBIMU cTeneHu 1.

7. PaccmoTpuM MHO2KeCTBO MHOIOYJIEHOB BHJIA P(x) =" + an,lxn_l + ...+ a1x + ap 1 OTOXK-
JIECTBAM €ro ¢ MPOCTPAHCTBOM R™ BEKTOPOB (ay_1, ..., ag). Pacemorpum orobpaxenne (P, Q) — PQ
Kak oTobpazkenue u3 R™ x R" — R?". Haitniute marpuily sIkodu sToro otobpazkenud. JJoKasKuTe, 4TO
OIIpE/Ie/INTE/Ib MATPUIIBl YIKOOM paBeH HYyJIIO TOrJA M TOJbKO TOIVIA, KOTjaa y MHOrowienoB P u () ecthb

00Nt KOpeHb.

Tp.

Teopema 006 oOparHoii (PyHKIIMM 1 TeopeMa 0 HedBHOI (DYHKINH

[TycTs 3amana pyukmus f: R — R. Ecan va HEKoTOpoM npomerkyTke [, 3Ta (DyHKINST HEMPEPHIBHA
H CTPOr0 MOHOTOHHA, TO [, = f([,) aBIsgeTca mpomexyTkom, f: I, — I, aBigerca Oueknueit n o6par-
Hag $ynkmua f-! menpepbiBHa. B 9acTHOCTH, ecii B OKPECTHOCTH HEKOTOPOH TOUKH o pyHKIusA f
nenpepsiBHo juddepennupyema u f'(xg) # 0, o cymecrsyor takue okpecruoctu U(xg) u V(f (o)),
uro f: U(xg) — V(zg) — romeomopdusm u, Gosee Toro, obparnas dyukius [~ nenpepbisuo mudde-
penmupyema. B Hacrosimem pasiese Mbl 0000INM TOCJIEIHee YTBEDP:KIeHne Ha Caydail orobparkeHns
u3 R” B R". Oanako coobpazkKeHuss MOHOTOHHOCTH XOPOIIO paboTaloT Jijid (DYHKIUN OJHOH BellecTBeH-
HOH IepeMeHHOil, HO ILIOXO IIepeHOCATCsS Ha MHOroMepHyIo curyamuio. [losToMy, ocTaBasch moka Ha
YUCJIOBOI LPSMOM, PACCMOTPUM JAPYroft MeTo/1 HocTpoeHusi 00paTHOR DyHKIUHU.

Urax, nycrs f: R — R nenpepsiBHO guddepeniupyema B OKpecTHOCTH TOYKA o U f'(xg) # 0.
Jlastee MBI Bcerga OyaeM pacCMaTPUBATH TOJBKO TAKYI0 OKPECTHOCTH TOUKH T(, B KOTOPOH MTPOW3BOIHAS
[ ormmana or myns. Iomoxum yo = f(xg). Jast moctpoenusi obparaoit dyHKIHH haKTHIECKH HAJIO0
HAYYIUTHCS pemarh ypasaenue y = f(z) ornocutenpno nepemennoii x. Ilepenmmiem 310 ypasuenue B
HOBOM BH/IE:

z=1+q(y— f(z)),
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e ¢ HEKOTOPOEe OTJIHYHOE OT HYJIsl YUCJI0, KOTOPOe Mbl yKazkeM nosaaee. Paperctso © = x+q(y— f(x))
BBITIOJIHEHO TOTJA U TOJIBKO Torma, koraa y = f(x). [lomoxum

Gy(x) =z +q(y — f(2)).
[Ipu xaxka10M (BUKCHPOBAHHOM ¥y 3TO (PYHKIU OT T U MbI HIEeM HEMOABUKHYIO TOUKY T, JJI KOTOPOit
BBIIIOJIHEHO PABEHCTBO & = Gy(x). OrMmerumM, 9TO OYeHb BayKHO HE TOJHKO JOKA3aTh CYIIECTBOBAHNE
HETIOJIBUKHOIN TOYKHU, HO W €€ e JUHCTBEHHOCTh.
Caenyiorniee yTBepzKJIeHIE JAET IPOCTOE JIOCTATOYHOE YCJOBUE CYIIECTBOBAHUA M €JIMHCTBEHHOCTH
HEIIOABUKHOM TOYKH.

Teopema 24 (Baunax). ITycms (X, p) — noanoe mempuueckoe npocmparncmeo u F: X — X asasem-
CA CHCUMANOULUM OMOOPANHCEHUEM, M. €. GUNONHACTNCA HEPAGEHCNEO

p(F(2), F(y)) < Ap(z,y), 0<A<L
Tozda cywecmsyem eduncmeennas makas movka x, wmo F(x) = .

> IlycTh 29 — mpousBosibHAs TOUKa npocTpancTsa (X, p). Ilonoxum x, 1 = F(x,). Ilockonbky

n

p(xn-l-laxn) g Ap(ﬂjn?ﬂfn—l) < s g A p(xlax0)7

JIJIS 1 > M CIpaBe/IJINBO HEPaBEHCTBO
)\m

T P
1—A
CienoBaTeIbHO, X, ABAsIETCS (PyHIAMEHTAIBHON OC/IeI0BATEILHOCTLIO 1 uMeeT npeaen. lycrs x, —
z. B cuny wenpepwiBrocTn F' 3akmtovaem, uro F(x) = x. Tlpeanosoxkum, 910 KpoMe T €CTh JApyrast
HeIo/IBUKHAs TO4Ka z. Torma

(T, Tm) < (21, x0).

pz,z) = p(F(x), F(2)) < Ap(, )
U, CJIeA0BATEJIbHO, T = Z. <

ITompobyem Tak BEIOpATh 0TPe30K [, = [rg — o; xo + | u unrepsart I, = (Yo — f; yo + 3), 9T06bI 17151
Beakoro y € I, dynkuua Gy aBisiaach czkuMatomuM orobpazkenueM I, B I,. Ilo Teopeme Jlarpanzka

Gy(a) — Gyl2)] = | Z2(e)

|I—Z|,

rie

G, ,

—(c)=1- c).

ey =1~ ar'0)
Iomoxum ¢ = 1/ f'(zo). Torma %(mo) = 0. [lo ycnoBuio f’— HenpepbiBHas GYHKIHS B OKPECTHOCTH
xo. Boibupast o 10CTaTOMHO MaJIhIM, MOYKHO CIUTATh, 9TO HA [, BHITIOIHSETCS HEPABEHCTBO |%(x)] =
[1—qf'(z)| < 1/2, nosromy |Gy(z) — Gy(2)| < 3|z — z|. Temeps ocranocs caenars TaK, IToOb 3HAMCHU
Gy nexanu B I,. 3amernm, uto Gy, (o) = xo. Umeem

1 1
|Gy(2) = 20| < |Gy(@) = Gy(@o)| + [Gy(20) = Gyo (o)l < Sl — @0l + lally — wol < S+ lalB.
Bribepem § crosb masibiM, 4o |q|f < /4. Urax, met Be1Opau [, u I, rak, aro Gy : I, — I, sBiasercs
CXKEMAIOIUM oTobpazkenneM mjist Bearoro y € I, Bomee toro, Gy (I;) C (vo — 3o /4520 + 3 /4) C
(xo — a;x9 + o). Tlo Teopeme Banaxa cymecrsyer equHcTBeHHOE Takoe = € [, urto Gy(x) = x. Ioso-
wuM V(yo) = I, u U(zo) = f7(V(yo)) N (z0 — 3a/4; x0 + 3a/4). Torna U(xg) u V(yg) — OTKpBITHIE
MHOYKECTBA, COJIEPKAIINe Lo U Yo COOTBETCTBEHHO. 7151 Besikoro y € V(yo) CyIIecTByeT e InmHCTBeHHbII
rakoit © € U(xg), uro Gy(x) = z u, 3nauur, y = f(x). Crenosaresnsno, f: U(zg) = V(yo) — Ouexuus,
u cymectByer obparuas dbynkuus f1: V(yy) — U(zg). Onuako em@ na0 060CHOBATH HENPEPbIBHOCTD
u muddepernupyeMocTh obparHoil pynKknmm 1.
IIpeamoxenne 30. [Iycmov (X, p) — noanoe mempuneckoe npocmparcmeo u Fy, Fy: X — X — corcu-

marougue omobpastcenus ¢ koaduyuenmom cocamua A € (0;1). ITo meopeme Banaxa cywecmsyrom
eduncmsennole Henodsuscrole mouku r1 = Fi(xq) u 9 = Fy(xs). Toeda umeem mecmo ouenka

p(x1,12) < (1= N) "' p(Fi(21), Fa(a)).

> JIOCTATOYHO 3aMEeTUTh, YTO CHPABEITHBO HEPABEHCTBO
p(x1,2) = p(Fi(21), Fa(z2)) < p(F1(z1), Faz1)) + Ap(z1, 22). <
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[lycts y1,y2 € V(yo). lockombky
|Gy, (2) = G ()] = lallyr — w2l

JUISl COOTBETCTBYIOIMX HENOABHKHBIX ToueK T1 = [~ (y1) u 2o = f~!(y2) BBIIOIHACTCS OllEHKA
1

o1 = 2] < (1= N) Mallys — el vae A= .

Taxum obpazom, obpaTHast (PYHKIUS SIBJISIETCS HE MPOCTO HEMPEPBIBHOI, a Jazke junmruienoii. Ocra-
JIOCh TIOKa3aTh, YTO oOparTHasi byHKIMs guddepeHnupyemMa, HO 3TO CJAeAyeT W3 JIOKA3aHHOW BhITIIe
TeopeMbl 0 juddepennupyeMocT 00paTHON (DYHKIIHH.

JlauubIit MeTOJ MoCTpoeHust 0OpATHON (PYHKIIUK MPAKTUIECKU Oe3 H3MeHeHU! TepeHOCHT S Ha, MHO-
TOMEPHBIN Cay4Jai.

Teopema 25 (06 obparnoit dbyukuuu). [lyemv omobpascenue f: R™ — R" nenpepwisno dugde-
penyupyemo 6 okpecmmuocmu mouky To u Yo = f(xo). Ecau mampuya Hdwobu Ji(xo) obpamuma, mo
cywecmeyrom makue oxpecmmocmu U(xzg) u V(yo) mouex xo u Yo coomeememsenno, 4mo omobpastce-
nue f: V(yo) — Ulxg) obpamumo u obpammoe omobpascenue [~ nenpepwuero duddepenyupyemo 6
Kaotcdot mowke okpecmmuocmu U(xg).

> Bynem jaeiicTBoBaTH Tak ¥Ke, KaK W BbIle. PaccMoTpum orobpazkenue

Gy(z) =2+ Qy— f(z)), e Q= Jp(zo) "
IlocTpomm Takme mapsl By (7o) = {z: ||z — 20|| < a} m Bs(yo) = {y: ||y — w0l < B}, uT0 A5 BesAKoTO
y € Bs(yo) orobpaxenue G, : By (xg) — Ba(To) ABIsIeTCS CKUMAIONUM, IPUIEM

Gy (Ba(mo)) C {x: ||o — 20| < 30/4}.
Bribepem Takoe o > 0, 4To Ha mape By, (Zo) BBIIOIHIETCS HEPABEHCTBO H%(m)“ < 1/2. Crenosa-
TEJILHO, JUIF BCeX T, 2 € By (1) moydaem

1
I1Gy(2) = Gy ()]l < Flle = 2]

Teneps cuesaem Tax, arobsl G, IpHHEMAIO 3HAYeHnud B mape {x: ||z — x| < 3a/4}. Toraa
1 1
1Gy(2) = @oll < S llw = ol + [ QUlly = voll < G+ Q5.
Bribepem 3 > 0 Tak, uro ||Q||f < a/4. Ilpumennm teopemy Banaxa: mis Beskoro y € Bg(yg) cymiecTBy-
er eJUHCTBeHHbIH Takoil © € B, (), aro Gy(r) = = u, 3uauur, y = f(x). Boaee Toro, nenoxsuxuas
TouKa r npuHamiekut mapy {r: ||z — xo|| < 3a/4}. Tlomoxkum

V(yo) = Bs(yo) m Ulzo) = f(V(yo)) N {z: ||z — o]l < 3a/4}.

Kaxk u BblIe, MOXKHO 1OKa3aTh, 9T0 f: U(xg) — V(yo) aBisgercs 6uexiueit u 4ro obpaTHas byHKIUSI
HeIpepbIBHO JHuddepeHIupyema. <

Bzanmuo onHO3HAUHOE HEMPEPHIBHO T depeHimpyeMoe 0ToOparKeHne, KOTOpoe NMeeT HelpPePhiB-
Ho juddepennupyeMoe obpaTHoe, Ha3bIiBaeTcs dugdpeomoppusmom. Ecam 3aman auddeomopduszm
f: U — V, To 3agana HOBas cucteMa KoopawHat. [leficTBuTe/bHO, Besikoit Touke x € U 0aHO3HAYHO
conocrassisiercss iy € V', u naobopor. Kpome Toro, mepexos K HOBBIM KOOPJIUHATAM COXPAHSIET CBOHCTBO
HenpepbiBHOM audpepennupyemMocTu: ecam Ha MHOzKecTBe U ompesesieHa HenpepbiBHO gud epeHiim-
pyemas dbyHkuug g, To Ha V eif coorercTByet HenpepbipHo muddepentupyemas bynxuusa g(f 1 (y)).
Bri6upas moaxoagmiyo cucTeMy KOOPJAMHAT 9aCcTO MOYKHO 3HAYUTETBHO YIPOCTUTD PENIaeMyIo 3a7a9y.

Caencrsue 8 (Teopema o HesiBHOI yHKINM). [[yems omobpascenue F: R? xRy — R™ nenpepoiero
duppepernyupyemo 6 oxpecmuocmu mouwku (g, Yo), F(xo,y0) = 0 u mampuya Hrobu omobpasicenus
y — F(xg,y) obpamuma 6 mouke yo. Tozda cywecmeyrom makue oxpecmuocmu U(xg) u V(yo) u
nenpepuiero duddepenyupyemoe omobpascenue f: U(xg) — V(yo), wmo na U(xo) X V(yo)

F(z,y)=0ey=f(z).
> Paccmorpum orobpazkenne H: R*™™™ — R nepepossiiee nepeMentbie (,y) B nepeMenubie (u, v)
CJIeIYIONTUM 00pasoM: u; = T; Ipu ¢ = 1,2,... , nuv; = Fi="(z,y) npu j = n+1,...,n+m. SameTnm,
410 TOUKa (T, Yo) HEPEXoAuT B TOUKY (Xg,0), n marpuna Akodbu orobparkenuss H umeer Bu/y

E 0
x DyF )~
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Marpuna D, F(xg,yo) obparuma, nosromy u mMarpuna fxobu orobpaxkenus H B Touke (zg,Yy) 0bpa-
tuma. [lo Teopeme 06 obpartHoit dynknuu cymecTByior Takue okpecraoctu W ((xo,yo)) u Q((zo,0)),
aro H: W — @ asiserca quddeomopdusmonm. [ycrs orkpeirsie mapst B(zg) u B(yo) BbiOpaHbl Tak,

aro B(zg) X B(yy) € W. Honoxum U(zg) = {x: (2,0) € H(B(zo) X B(y))} u V(yo) = B(wo)-

Orobpaxenne H orobpazkaer muoxecrBo {(z,y) € U(xg) X V(yo): F(z,y) = 0} ma MHOXKECTBO
{(u,0): u € U(xg)}. O6parHoe oToGpazkeHne uMeer BUJL x; = u; upu ¢ = 1,2,...,nu y; = ¢/(u,v) upu
j=n+1,...m. Honoxum f(x) = g(x,0) mpu x € U(zy). Torna f: U(zg) = V(yo) n ua U(xo) X V(yo)
pasenctBo F(z,y) = 0 paBHOocuibHO paBencTBy y = f(x). <

Wcnonb3yeMblit B TeopeMe o HesgBHOM dyHKIMN guddeomopdusm H 3HaYUTEIHHO YIIPOIIAET OTOO-
paxenue F. B woBbix koopjunarax (u,v) dynknus F umeer sug F(z(u,v),y(u,v)) = v. Chbopmy-
JIIPyeM B KadecTBe eIé OJHOTO CJIe/ICTBUs TeopeMmbl 06 obparTHONl (DYHKIMU YACTHBIH Cayd4ail 3Toro
HaOJTIOIEHSI.

Caeacreue 9. I[Tycmo dynxuyus f: R™ — R nenpepwieno dupdepenyupyema 6 okpecmuocmu Hyai.
FEeau f(0) =0 u Vf(0) # 0, mo cywecmeytom makue okpecmuocmu U(0) u V(0) u dugddeomoppusm
z = x(v), omobpascarowut V(0) — U(0), wmo f(x(v)) = v,.

d
Harhl). Mckombrii nndpdbeomopdnsm 3a1aérest paBeHCTBAMI

> Ilycro 87];(()) # 0 (ecom mHAYe, TO cAenaeM JHHEHOE Tpeobpa3oBaHue, MepecTaBIIsIONee KOOPIH-

VI =21, ..., Upol = Tpoy, U = f(2). <

Taxum obpaszoMm, i1t BCAKON HelpepblBHO i depeniiupyemoil (pyHKIMM B HEKOTOPOR OKPECTHOCTH

TOYKH, B KOTOPO#l I'paJiMeHT (PYHKIUN OTJIUYEH OT HYJId, MOXKHO BBECTH TAKYIO CHUCTEMY KOODJIMHAT, B

KOTOpOit (byHKIMs cTaner npocreiimeit uneitnoit win adgpdunnoit pyuknueit. [Ipu uzydennn dpynkimn
HECKOJTbKUX TePEMEHHBIX CYIIECTBEHHYIO POJIb UTPAIOT MHOHCECTBA YPOSHA

{z: f(x) = const},

n300pakeHne KOTOPBIX $SBJILIETCHd aHAJOIOM MOCTpOeHUd Tpadura (PyHKIMU B OJHOMEPHOM CJIydae.
Eciu rpaguent GyHKIUN OTJIMYEH OT HYJd, TO JOKAJbHO B MOJXOJMAIIEH cUcTeMe KOOPAUHAT (PyHK-
nust umeer Bug f(v) = v, + const U eé MHOXKeCTBa yPOBHS — MUIEPILIOCKOCTH. Teopema 0 HesBHOI
GYHKIINN yTBEPKIAET, YTO B MCXOAHBIX KOODJWHATAX MHOYKECTBO YPOBHS TaKOi (DYHKIIMH SBJIAETCS
rpadukom byHKnuu. o oco3HaHns NIYOUHBI STUX YTBEPXKICHUN MOJIE3HO UMETHh B BHUY, YTO MHO-
JKECTBOM yPOBHS HENPepbIBHO JuddepeHiupyemMoil (pyHKIHH MOXKeT ObITh HPOU3BOJIBHOE 3aMKHYTOE
MHOKECTBO.

IIpennoxenne 31. Jis ccarxozo samknymozo muoscecmea A C R™ cywecmeyem makas nenpepvle-
no dugppepenyupyeman pynryua f: R" — R, wmo A = {x: f(z) = 0}.

> Jlomonnenne K A ABASETCS OTKPBITHIM MHOKECTBOM U MIPEJICTABISAECTCS B BUIe 00beTNHEHHST He 6oree

deM CcIETHOr0 Habopa OTKPBITHIX Mapos B, (a;). Ilycrs dynkmus ¢ nenpepoisro muddepennupyema,

CTPOTO TOJIOZKHUTENbHA Ha OTKpLITOM mape By (0) n pasua myso Bue By (0). B kauecrse Takoit Gynkiun

Mozkno B3ath () = e~V npu || < 1 meb(z) = 0 mpu || > 0. Homomum ¢, (x) = cib((x—aj;)/r;),

riie ¢; BRIOpaHbl Tak, uro |¢;| + || V|| < 1/27. @yukiusa f(z) = Y ¢;(x) uckomas. HeiicrBuresnsho,
j

N A

JIAHHBI PST U PSIIBI U3 TPOW3BOTHBIX 2 5z CXOJSATCS PABHOMEPHO, 103TOMY (DY HKILHsI f HEmpepbIBHO
j

nuddepennupyema. Ocraérest 3aMeTHTb, 9TO JJIsi BCAKOTO * U3 jonojneHus K A xors Obl onHa u3

bynkuuit ¢;(z) n f(r) nomoxnrensna, a s Besaxoro x u3 A see () =0un f(z) = 0. <

C Teopemoit 0 HesBHOIT (DYHKIHMEH TECHO CBSI3aH BayKHBIH MeOMETPHIECKHIT OObEKT — IJIajKas I10-
BEPXHOCTb.

I'nagkas TOBEPXHOCTH U KacaTeJIbHOE MTPOCTPAHCTBO.

Ob6eymmM cHavaIa JBYMepHBIe TTOBepXHOCTH B R? ¥ HAUHEM ¢ HECKOJBKIX IPOCTHIX MTPUMEPOB.

1. I'pagux gynryuu. Iyers f: R? — R. Torma rpaduk dpynkmun z = f(z,y) eCTeCTBEHHO HA3BATH
JBYMEPHO# 10BepxHOCTHIO. C 0HON ¢TOPOHBI, rpaduk sBjsgercs MHOXKecTBOM Touek (z,y, f(x,y)),
3a/IAHHBIX TMAPAMETPUYECKH C HMOMOIIBIO JIBYX ITApaMeTpoB & W Y, a C JAPYTroil CTOPOHBI, rpaduk —
MHOKECTBO DellieHuii oaHoro ypapuenns z — f(x,y) = 0.

2. Jlsymepraa naockocms. IlycTh 3ajaHbl 1Ba JHHEHHO HE3ABHCHMbIX BeKTOpa a = (a1, as,as) u
b = (by, bs,b3). Torma mrockocTh, HATAHYTAS HA 9T BEKTOPBI U MPOXOJLAIIAS de€pe3 TOUKY (To, Yo, 20),
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3a1a8TCs TapaMeTPHYECKH TaK:
z(s,t) =xo+a1s + bit, y(s,t) = yo + azs+ bot, 2(s,t) = 29 + ags + bst,
e (s,1) € R2. MoxKHO 3Ty Ke CaMylo IIOCKOCTh 3a/1aTh ypaBHeHHeM
A(r —x0) + B(y — yo) + C(z — 20) = 0,
rie BekTop (A, B, C) aABIg€TCa BEKTOPHBIM IMTPOU3BEIEHUEM BEKTOPOB @ U b.

3. Jdeymepras cepa edununnozo paduyca. TO MHOKECTBO 3a1aéTcs ypaBHenueM x2 + 32 + 22 = 1.
Cdepy MOKHO 3a7aTh TapaMeTPHICCKH:

z(p,¢) = cospcosth, y(p,¥) =sinpcosty, z(p,1) = sin,

e TOYKHU (, 1)) TPUHAIEKAT TPAMOYTOTBHUKY [—; 71| X [—7/2; 7 /2] (oT™MeTnM, 9To Ta napaMeTpu-
3alMsl HE sIBJISIETCS B3AMMHO-OJHO3HAYHBIM COOTBETCTBUEM MEZK/y TOUYKAME LPAMOYIOJbHUKA U Che-
phI).

4. Jleymepnnd mop. Iycts 0 < r < R u (p,9) € [0;27] x [0;27]. Torga Top — MOBEPXHOCTH,
3a/laBaeMasl MapaMeTPHICCKH TaK:

x(p, ) = (R4 rcosy)cosp, y(p,) = (R+rcosy)sing, z(p, ) = rsiny.

Kaxk u cdepy, TOp MOKHO 33aTh ypaBHEHHEM (CM. 3a71ady 7).

EcrecTBenno onpene s IBYMEPHYIO TOBEPXHOCTH KAK MHOXKECTBO, KOTOPO€ B OKPECTHOCTHU BCS-
KOIl cBOell TOUKHM 3aJaéTCs MapaMeTPUIECKU ¢ IOMOIIBIO IBYX IapaMeTpOB. DTH IHapaMeTphl SBISIOTC
KOOpJMHATAMHU Ha MOBEPXHOCTH, T.€. IO 3HAYEHHUIO MAPaMETPOB OJHO3HAYHO OIPEIEIAeTCs TOYKA I10-
BEPXHOCTU U HAOOOPOT.

CkaskeM, 9T0 MHOKeCTBO My apaserca deymeproti noseprrocmoio B R3, ecan auis Beakoil Toukn p €
M, cymectBytoT Takue okpectHocTh U(p), oTkpbiToe MHOKecTBO V' C R? M HHLEKTHBHOE HEeNpPephiBHO
muddepennupyemoe orobpazkenue f: V — U(p), aro My (U(p) = f(V) u paur marpunst fkobu J;
paBeH 2 B KaxJ0it Touke Muoxkectsa V. Ecim f 3agano dyuknusvu x = x(vy,v2),y = y(vi,v2),2 =
2(v1, V), TO MPEAMOIATACTCS, UTO ITU (DYHKIINH HEMPEPBHIBHO aud GepeHnupyeMbl, TpuIém

ox Oy 0
e g ) -2

Oovy  Ovy  Ovy

Ob6cynuMm nocaeanee yeaoBue moapodnee. [Ipeamnonokum, 9To B TOUKE P

Oz Oy

0 0
WG| A0
8’02 81)2

ITo Teopeme o HesiBHOU hyHKINE (MK J1azke O TeopeMe 06 06paTHON (hYHKIINN) B HEKOTOPOI OKpecT-
HOCTH TOYKH P MOXKHO BBIDA3UTH U] U Vs U€pe3 T U Y, T.e. v = vi(z,y) u vy = vo(x,y). Torma
z = z(v1,v9) = z(v1(x,y), va(x,y)) = g(x,y) u noBepxHoCTL siBjisiercst rpadukom Gyukiuu z = g(z,y).

O6061as noHaTHe ABYMEPHOI HOBEPXHOCTH, MOXKHO JATh CACAYIONee ONpene/IeHue.

Muoxxecto M), B R™ HasbiBaeTcsa 24a0k00 k-mepHotl No6EPTHOCMBIO, €CIH JIJIsT BCIKOH TOUKH P €
M, cymecTByIOT Takue okKpecTHOCTh U(p) Toukn p B R", oTKpeITOe HemycToe MHOMKecTBo V. C RF 1
HenpepbiBHO Juddepenimpyemoe unsermusnoe orobpaxkenue f: V — R uro f(V) = M (U(p) u
paur marpunst fkobu Jr(u) B Kaxaoi rouke v € V pasen k.

IIpennoxenne 32. Caedyrowue ymesepotcdenus pasHOCUALHDL:
(i) My — enadkan k-mepnas noseprrnocms 6 R™;

(i) daa ecakolt mouku p € My, cywecmeyrom oxpecmuocms U(p) u makroe nenpepuisno dudide-
penyupyemoe omobpascenue F: R™ — R wymo pane mampuuyw, Skobu Jp(p) pasen (n — k) u M,
cosnadaem ¢ mroscecmeom F(x) =0 6 U(p).

> YTBepkKIeHue CJaeIyeT U3 TeOpeMbl O HesIBHOH (DYHKIINH. <

OrmeruM, 910 (ii) MOXKHO HepedOPMYJIHPOBATH CJIEAYIONMM 06pPA30M: B HEKOTOPOH OKPECTHOCTH
U(p) xaxmoit Touku p € My MOXKHO TAK BBECTH KOODJUHATHI, YTO B HOBBIX KOODIMHATAX MHOMKECTBO
M, NU(p) 3anaércsa ypaBaenusamu Ty = 0,..., 2, = 0, T. €. IOBEPXHOCTb B STUX KOOPJUHATAX SBJIsI-
€TCs JaCThI0 MHIEPILIOCKOCTH, COOTBETCTBYIONIEl KOOPANHATAM L1, . .., L. DTH KOOPAUHATHI U MOZKHO
B34Th B Ka4eCTBe MapaMeTpPOB, NapaMeTPU3yIOINX MOBEPXHOCTh M), B OKPECTHOCTH TOYKH P.
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Orobpaxenue v: (—1;1) — R" naspiBaercs 2aadkoti kpueod, ecau Y(t) = (x1(t),. .., x,(t)), Tae
x;(t) —uenpepsiBno auddepentupyembie dhyaknun #a (—1;1). Ilyers M) —rragkas k-mepras mo-
BepxHOCTh B R™ 1 v — rakas riaajkas kpupasi, aro y(t) € My mias Besikoro t u y(0) = p. Ormerum, 9ro
eCJTM B OKPECTHOCTH TOYKH P MOBEPXHOCTH M), 3amana orobpaxkenuem f : V — R™, rge panr mMarpuisr
Akobu orobpazkenusi f paBeH k, T0 MOXKHO cuuTarh, 4t0 Y(t) = f(u(t)), rme u(t) —raagkas Kpupas
B V. Bekrop ckopoctu §(0) HASBIBAETCS KACAMEALHbIM GEKMOPOM K TTOBEPXHOCTH M) B TOUKe p.

MMpenmoxenne 33. Muoowcecmeo kacamesvhvix 6exkmopos ¥ 2nadxot k-meproti noseprrnocmu My,
8 MOYKe P ABAACNCA k-MEPHBIM AUHETHDIM TPOCTIPAHCITEOM.

> Tlycts moBepxHOCTH M), B OKPECTHOCTH TOYKH D 3ajaHa oTobpaxkenusmu x; = f;(uy, ..., ux). Torga
Besikas Kpusas y(t) Ha My 3amaéres tak: x;(t) = fi(ui(t), ..., ux(t)). Haiigém 4(0):
. . af . of
0) =u1(0)=——(0) + ... 0)——(0).
5(0) = 11(0) 55-(0) + ..+ 1 (0) 5-(0)

Takum obpaszoM, BeaKHil KacaTebHBIH BEKTOpP SIBJISIETCS JIMHEHHONH KoMOMHAIMEeHl JTHHEHHO He3aBUCH-
MBIX KaCaTeAbHBIX BEKTOPOB

of  of of

ouy” Ouy’ 7 Oup
MozKHO IOKa3aTh, YTO BCAKAsS JUHeHHad KOMOMHAINA 3TUX BEKTOPOB SBJIAETCH KaCATeJbHBIM BEKTO-
pOM. <

JInHeliHOe IPOCTPAHCTBO KAacAaTeJIbHBIX BEKTOPOB B TOUKE P HA3BIBACTCS KACAMEALHBIM NPOCMPAH-
cmeom XK M, B Touke p u obosnadaerca depes 1, M.

IIpeamoxenne 34. [Tycmov das mouku p € My cywecmeyrom okpecmuocms U(p) u makoe wenpe-
poiero duddepernyupyemoe omobpasicenue F: R™ — R™* wymo pane mampuyw, Sxobu Jp(p) pascen
(n — k) u My cosnadaem ¢ muosicecmeom {x: F(x) =0} 6 U(p). Tozda

<VF17 U> = 07
’UGTpMk@ <VF2,U> :0,
<VFn_k,U> =0.

> HeobxoaumocTb 3rux yeiaoBuil Boirekaer u3 jguddepennuposanus pasencrs Fi(v(t)) = 0. Caenoba-
TEJILHO, KACATEJIBHOE TPOCTPAHCTEO SBJISETCA MOANPOCTPAHCTBOM PENIeHHI STOH OJHOPOIHOI CHCTEMBI.
Pa3MepHOCTh KacaTeJbHOTO MPOCTPAHCTBA PaBHA k W Pa3sMEPHOCTH MPOCTPAHCTBA PENICHW 3TOH CH-
cTeMbl paBHA k. 3HAYUT, STU IPOCTPAHCTBA COBIIAJIAIOT. <

B gacTHOCTH, €cM MOBEPXHOCTDH SIBJISIETCS MHOXKeCTBOM ypoBH#A {z: f(x) = const} mexoropoii
dyukmun f: R" — R, To eé KacareJbHOE IPOCTPAHCTBO OPTOTOHAJIBLHO BeKTOPY Irpajmenta V f. Takum
0bpa3oM, B TOUKE Ty IIOBEPXHOCTH YPOBHA (PYHKIHK [ KacaTeabHas IIOCKOCTH 33JaéTCs YpaBHEHHEM

(V[f(xo),z —x0) = 0.
Hanpumep, ecyim moBepxHOCTD sBJsgeTCs rpadUKOM HenpepbiBHO auddepennupyemoit pyHkmm z =
f(z,y) (v e. sunueit yposus F' = 0, e F(x,y,z) = z— f(z,y)), To ypaBHeHne KacaTebHOM IITOCKOCTH
B TOUKe (0, Yo, f(To,Yo)) EMeeT BHU
= Fo o) = 5 s o) (& = ) + 5,500~ ).

3amaun

1. TTocTpoiite mpumep MOTHOrO MeTpu4aeckoro npocrpanctsa (X, p) u takoit ynknnu f: X — X
aro p(f(x), f(y)) < p(x,y), HO ¥ [ HET HEMOABUKHON TOUYKH.

Cureyromue JBe 3a/1a491 MOCBSIEHbl OTIHIHOMY OT PACCMOTPEHHOTO BBIIIE TOKA3ATETBCTBY TEOpe-
MBI O HESIBHOH (DYHKIIHH.

2. Ilycts F(x,y) — nenpepwisaag dyuknua Ha R u F(zg, 1) = 0. [Ipeanono:kum, 9o Hailaércs
Takoil npstmoyroabHuk [1 = [xg—a; o+ X [yo—B; yo+ 5], aro st Besikoro x € [xg—a; o+ byakims
y — F(x,y) Bospacraer Ha [yo — 5; yo + []. Jlokaxkure, 94T0, yMEHBIAs TIPH HEOOXOIUMOCTH BEJTHIHHb!
a 1 3, MOXKHO CYUTaTh, 4TO Hepecedenue MHoxkectBa {(z,y): F(z,y) = 0} ¢ npsamoyroabaukom 1
sBJIsIeTCst TpadUKOM HEKOTOPO#t HempepbiBHON dbyukInu y = f(x).
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3. lokaxkuTe, 94TO ecju B yCJOBHUAX 3ama4un 2 PpyHKIud [ HenpepsiBHo auddepennupyema u
oF
— (g, > 0,
8y< 05 Y0)
TO, YMEHbINAsT MO HEOOXOIMMOCTH BEJIMUNHY (, MOKHO CYUTaTh, 9T0 GyHKINA y = f(x) HempephBHO
muddeperupyemMa Ha OTpesKe [Tg — ;o + ] u

) = @)
oy (2, [ ()
4. Tlpujaiire cMbIC/I PABEHCTBY
9z Or Oy
or 0Oy 0z

n obocHyiite ero.
5. Pacemorpum ypasaerne 1" + ¢,_ 12" 1 4+ ...+ cix + g = 0. Iyers U C R™ — MEOXKECTBO TaKIX

BEKTOPOB (Cp_1, - - ., Cp), 9TO YPABHEHNE MMeeT N Pa3IMIHbIX BEIECTBeHHBIX KopHeii. 113 Teopembr Buera
M3BECTHO, 9TO ¢, = ¢k (T1,Ta, ..., Ty), T T; — KOPHU ypaBHeHUs. JlOKaxKuTe, 4TO JJIsi KasKJI0H TOUKH
a € U naiiiércest OKpecTHOCTD, B KOTOPOit x; = x;(co, . .., C,), TPHIEM KOPHHU T; TVIAJKO 3ABHCSIT OT

k03 bunuenton c;. Hokaxkure, yro U siBjisiercsi OTKPbITHIM MHOXKeCTBOM B R™.

6. [lycts f1,..., fn — HenpepwiBHO guddepennupyembie pyarmnun n3 R” B R.

(i) TokazkuTe, 9TO €CJaM B OKPECTHOCTH TOYKH X JuHeiiHbe byHKmu dfy, . .., df,, nuHeiiHo He3a-
BHCHMBI, TO B HEKOTOPOI OKPECTHOCTH TOYKH Ty MOXKHO TaK BBECTH HOBBIE KOODIUHATHI Uy, . . . , Uy, ITO
B HOBBIX KoopauHatax fi(x(u)) = uy,. .., fm(z(u)) = tpy,.

(ii) /lokazkure, 9TO B OKPECTHOCTH TOYKH T bDYHKIHs df, ABAsSeTCs JUHEHHON KoMOMHAIUE
df,...,dfm—1, TOTDA W TOJHKO TOTJA, KOIJA CYIIECTBYeT TaKas HempepbiBHO AudepeHnupyemMast
dbyukuns g, aro f,(z) = g(fi(z),..., fm-1(x)) B HEKOTOPOI OKPECTHOCTH TOUKH Zj.

7. Brime ObLJ10 TPUBEJIEHO TTapaMeTpUUIecKoe 3aJaHue TOpa:

z(p, ) = (R+rcosy)cosy, ylp,) =(R+rcosty)sing, z(p,¥)=rsiny, 0<r<R.

Cocrasbre ypasnenue suna F(z,y,z) = 0, 3agatomee Top. Hanummre ypaBHeHne KacaTebHOIl m10C-
KOCTH K TOPY B JAHHOH €ro Touke (o, Yo, 20)-

IIpomsBoanpie BhicoKOTO Mopgaka. @opmyna Teiiopa. 9kcTpemym

[Iycrs f: R™ — R. Ipeanosoxum, ato y f B Kaxkmoil Touke HeKOTOpoi okpecrroctu U(a) ecrh

JacTHas MPON3BOIHAL 9 y dyHKIUA T —> %(z) B TOYKE @ MMeeT YacTHYI0 IPOM3BOJHYI0 1o ;. Toraa
1

ox;
BbIpazKeHHue
o /0f
5 (5 @)

HA3bIBAETCS 4aCcmHol TLpOUSGO()HOﬁ 6Mmopoeo nopﬂﬁm IO NEPpEMEHHBIM X'; U T'; U 0003HavaeTCA uepes3
B
(%cjaxi

AmnaJsiornano OIIPpEACNAI0TCA HacimHvie npoua’eodmwe 6blCOK020 TLOp.ﬂd%(lZ

axilajj f T, W) = ail (ai ( - (a(z;{m (@)))

Bosrukaer ecrecrBeHHblil BOIIPOC O 3aBUCHUMOCTH YaCTHBIX IIPOU3BO/JHBIX OT II0C/I€JOBATEJIbHOCTH ,ZLPI(b—

2 2
depennupoBanusg. B obiieM ciaydae mocjegoBaTeIbHOCTDh BaxKHA U, BOOOIIE TOBOPS, 6:51 afm #+ 852 afxl'

Teopema 26 (ILIsapn). Ecau y gynxyuu f: R? — R 6 nexomopoti oxpecmmocmu U(a) cywecmesyrom
CMEUAHHBLE HACTIHBLE TPOUIEOOHBLE 6TNOPO20 NOPADKA TO NEPEMEHHBIM T U Y, KOMOPHIE HENPEPHLEHDL G
mouke a, mo

r=a

r=a

o0 f
0xdy

0 f
Oyox

(a) = ().
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Teopema 27 (FOur). Ecau f: R? — R dudepenyupyema 6 oxpecmmocmu mouky a u €€ 4acmmuvie

NPOU3BOIHVIE % u g—i Jugpdepenyupyemo. 6 mouke a, Mo

0*f 0*f
L= —L
x0y yox
Jloxazarenncra TeopeM [lIBapma u FOHra BecbMa CX0XK¥, TOITOMY MBI OTPAHUYHUMCS TOJBKO JOKA-
3aTeTbCTBOM TeopeMbl FOHra.

> Bymem cunrars, uro a = (0,0). PaccmorpuMm BeIpazkenune, B ONpPeeIEHHOM CMbICTe TPUOIHIKAOIee
CMEITaHHYI0 YacTHYIO MTPOU3BOMHYI0 GYHKIUU f 1o * U ¥:

Bamernm, uTo 1o Teopeme Jlarpanzxa, npumenénnoit k Gynkunun g(u) = f(t,u) — f(0,u), mveem

Fit.t) = o(t) - 9(0) = g0t = (5 0.0) = 2L 0,0))1.

rie ¢ jgexxkur Mexay 0 u t. @yukuus 0 f0y muddepennupyema B Touke (0,0), a 3HAIHT,

of (x,y)  Of O*f o2 f s
oy 8y(0’0) + 6x8y(0’0)x+ ayQ(O,O)y—I-O(\/CE + y?).
CrenoBaTebHO,
af % 0 f

8_y(t’ c) — 8y(0,c) = axay(O’O)HO(t)'

Takum obpasom, umeem

F(t,t) = l (0,0)t* + o(t?)
’ Oxdy '
AH&HOI‘I/I‘IHO MOZKHO IIOJIYHYUTDHb PaBEHCTBO
02 f
F(t,t) = t? t2).
(t,1) ay@gﬂ(O,O) +o(t7)

IIpupaBHsieM IpaBble 9aCTH ABYX IIOCJIeHUX PABeHCTB M COKpaTHM Ha t2. Yerpemss t — 0, Hogydum
PaBEHCTBO
0*f 0.0) — 0*f
(‘hay( 0) = OyOx
[Ipeanonoxum, uro f nuddepennupyema B HeKOTOPO# okpectHocTd U(a) Touku a. Torga B 9T0i
OKPECTHOCTH OIpeJIe/IeHbl HOBbIe (DYHKINY (YacTHBIE TTPOU3BOHBIE (hYHKIUY f)
of
ox;
Ecnu Bce wactabie npousBoaubie pyukiun f auddepermupyeMbl B TOTKE 4, TO TOBOPST, ITO (DyHKITHSI
f dsaocdv, dudpdepernuupyema B TOUKE a.
[IycTh yke ompenenenHo, 9To Takoe m pa3 auddepenmupyemas dbyaknud. [Ipeamomroxum, dTo
dbyuknus f nuddepennupyema m pas B Kaxka0it Touke Heroropoit okpectnoctu U(a). Ecaum Bee eé
YACTHBIE TTPOU3BOHBIE 1M-T0 HOPSIIKA

(070)' <

x> (x), 1=1,2,...n.

o f
0x;, 0%y, ... 0x;,,
ABJISIOTC qudhepeHnupyeMbiMu DYHKIUAME B TOUKe a, TO (byuknust [ HazpIBaeTcs duggeperuupye-
moti (m+ 1) pas B TOUKE @.
N3 Teopemsr IOHTa motydaem caeayoniee yTBEPK IeHTE.

CuenctBue 10. Ecau dynrxuyua f duddepenyupyema m paz 6 mouke a, mo 3HAYEHUE YACTTVHBLEL
NPOU3BOIHVLT

oF f
Go . On @ ks
Liy - - O,
He 3a8UCUM 0 NOPAIKA 11, . . ., 1.

[TycTs Tenmeps ¢pyuknus f aBaxkael quddepennupyemMa B ToUke a. [1o ompeseennio 570 03HATAET,
9TO B HEKOTOPO# OKpecTHOCTH U (@) CyIecTBYIOT Bee YacTHBIE IPON3BOJHBIE TEPBOTO MOPSIIKA, KOTOPHIE
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enié u aupdepeHIupyeMsl B Touke a. B qacTHOCTH, 1171 BCIKOTO h DYHKIUS

0] 0
x> df(z,h) = a—xfl(a:)hl +...+ a—i(m)hn
nucdepentupyema B Touke a. Haitaém ;mcbcbepeﬂuﬂaﬂ aToll (pyHKIIN:
=B
d(df (z, h)) Z 8:62 axj a)hyv; = B(h,v).

Orobpazkenne (h,v) — B(h,v) sBiagerca 6I/LHI/IHeI/IHOI/I dbopmoit. Hacro nmenno sty Gumuneiinyio Gopmy
Ha3bIBalOT BTOPHIM jauddepennmanom Gyuknuu f B Touke a. Onnako B cuiy Teopembl FOura B(h,v)
cumMeTpuvHas OumuHeliHas dbopma, T.e. B(h,v) = B(v,h), a cumMmerpudHas GuinHeliHas (hopMa oj-
HO3HAYHO OTPEJIEIAeTCsl COOTBETCTBYIONMEH KBaapaTnanoit dpopmoit h — B(h, h). UMmenno a1y kBaj-
paTndnyo Gopmy MbI OyaeM Ha3biBaTh BTOpbiM auddepeniuansom. rak, emopom duddepenyuanom
neakabl auddepennupyemoit pyHkIun f B TOYKe ¢ HA3BIBAETCS KBaAPATHIHAA (HOPMA:

Z 83:1895]

Ecim dyukimusa f auddepeniupyemMa m pa3 B TOUKe a, TO €& duddeperuuarom m-20 nopaoka
HaspiBaetcst byuknus h — d™ f(a, h), 3apannas Gopmy.Ioii:
amf
f( ’ ) Z axilﬁxiQ...ﬁxim( ) e "

1<y ig, . im<n

[Mockonbky dxy(h) = hy, nuddepernuan d™ f 9acTo 3aMUCHIBAIOT B CJIEIYIONEM BHJIE:

af= ) o"f de; dzy, ... dr;, .

1<i1 doim<n 8@-18:@2 Ce 8$im

Jlajee MBI IPOSICHUM POJIb T DepeHITnaIoB BHICOKOTO TOPSTIKA.
®opmyana Teitmopa

Mpennoxenue 35. [Tycmv gyrryus f dupdepenyupyema m pa3 6 oxpecmmuocmu movwku a. Tozda
ons ecarozo sexmopa h gynryus o(t) = f(a+th) duddepenyupyema m pasz 6 nexomopot oxpecmmocmu
HYAA U

P (t) = d™ f(a +th, h).
> Ilycts m = 1. Torma no npaBuiy auddepeHIupoBaHus CJI0KHON (DyHKIHE TOTyIaeM

0 0
o'(t) = %(a +th)hy + ...+ 6xf (a +th)h, = df(a + th, h).

1

[Ipeanosioxkum, 9To JjIst M YTBEPKIEHUE JTOKA3AHO, U JOoKaxeM ero jjasd m + 1. Umeem

S (f) = j(dmf(athh h) dt( Z axlf—gm(athh)hil...him).

ITo npaBuy auddepeHnupoBaHus CJI0KHOIN (byHKLLHI/I 7 110 OIpPeJieIEHUI0 YaCTHBIX ITPOU3BOJIHBIX I10-
JIydaeMm

n

am+1f
P ( ke R = Mt
zz Zj:ax] —(a+ th)hi, -+ i, - hy = d™ f(a+ th,h). <
1s--5tm
Caenyioniee yTBep:K/ICHHE sBISETCS 0606meHI/IeM U TIPSAMBIM CJIEJICTBHEM OTHOMEPHO#H (hopMyJIbl
Teitnopa ¢ octaTounHbIM WwieHOM B dopme Jlarpam:ka.

Teopema 28. IIycmov dynruyua [ duddepenyupyema (m + 1) paz 6 omxpwmom wape B,(a). Tozda
das ecakozo eexmopa h, ||h|| < r, cywecmsyem maroe wucao ¢ € (0;1), wmo eepro pasencmeo
d*f(a,h) d™f(a,h)  d™f(a+ ch,h)
a+h)= fla)+df(a,h) + ——+ ... + : :
flath) = fla) +df(a, ) + 5 - o
> Jlocrarouno 3anucarhb popmy.y Teitjiopa ¢ octarounbiM djieHoM B popMme Jlarpanzka st PyHKIHN
©(t) = f(a+th) B Touke t = 0 u mojcTaBuTh t = 1. <

Caeacrsue 11. ITycmo wacmuvie npoussoduuvie gyrkyuu f nopadka (m+1) nenpepuishs, 6 mouke a.
Tozda
d*f(a, h) d"f(a,h) ~d™f(a,h)
—_— 4+ ...+
21 m)! (m+1)!
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> 3aMeTuM, 4TO ”};Li” <lmu
am—i—lf

8:61-1 Ce Gximﬂ

am+1f

81‘1»1 Ce 3.7;%“

(a)

(a+ch)—0 upu h—0.

CrenoBaTebHO,
A" flat ch, ) —d™ fla, ) = (47 fa+ o, B[R] — & fGa b0 ) [BI7 0. <

B kauectse npumenenus dpopmy.bl Teitiopa paccMOTpUM 3a/ia4y HOUCKA JIOKAJIbHBIX YKCTPEMYMOB.

JIokanbHBIN 3KCTPEMYM

[Tycrs f: R™ — R. Ecan cymecrByer Takas okpectHOCTh U(a) ToUKM a, 910 f Omnpenesena B TOii
okpecraocta u f(z) < f(a) (f(x) < f(a)) mas Beaxoro z € U(a) \ {a}, To Touka a HazbBaeTcst mowkot
AOKAABHO20 MAKCUMYMA (CMP0O2020 A0KAALH020 Makcumyma) DYHKIUA f. AHATOTHIHO ONMpeIesIseTcst
TOYKA JIOKAJIBHOIO MUHEMYMa (CTPOrOro JIOKaIbHOIO MUHUMYMA).

Teopema 29. Ecau ¢dynkuua [ duddepenyupyema 6 mouke c60e20 A0KAADHOZ0 IKCIMPEMYMA, MO
6 amoti mouke df = 0.

> IlycTh a — Touka JoKaabHOro 3KkcTpemyMa pyuknuu f. Torma s kKaxkaoro k pyHKIUS OIHOM 1e-
pemennoit xy — f(ai,...,ax_1, Tk, Qi1 - --,0Ay) B TOUKE Q) UMEET JIOKATBHBIH 9KcTpemyM. [lo Teopeme

" . of —
Pepma mpousBojiHasd 310l (DYHKIUU B ITON TOYKE PaBHA HYJIIO, T. €. BEDHO PABEHCTBO %(a) =0. <

Ecmu B caydae nuddepennupyemoii pyHKIUN OMHON mepeMeHHOU JId T0Ka3aTeThCTBA TOTO, YTO
HEKOTOPAasl TOYKA $IBJISIETCH TOUYKON JIOKAJIbHOI'O 3KCTPEMYMa, JOCTATOYHO HUCCJIe]0BaTh 3HAK 1LIepBOi
HPOU3BOIHON, TO B cydae (DYHKIIUUA HECKOJIHKUX MEPEMEHHBIX Y7Ke CYIIECTBEHHYIO POJIb UTPAIOT IPO-
W3BOJHBIE BTOPOTO TIOPSIIKA.

Teopema 30. [Tycmo [ deastcovs dudpdepervyupyema 6 oKpecmHOCIU MOYKU A U YGCMHBLE NPOU3-
sodHvle 6MOP020 NOPAJKA HEnpepwuieHb, 6 mouke a. IIpednososcum, wmo df (a,h) = 0 daa ecarozo h.
Tozda

(i) ecau d*f(a,h) > 0 daa ecaxozo h # 0, mo a — mouxa cMPo2020 AOKAALHOZ0 MUHUMYMA;
(i) ecau d*f(a,h) < 0 daa ecaxoeo h # 0, mo a — mouka cmMpPo2020 AOKANLHOZO MAKCUMYMA;
(ili)  ecau cywecmeyrom maxue u,v, wmo d>f(a,u) > 0, d*f(a,v) < 0, mo mouxa a ne A6asemcs
MouKkol AOKANLHO20 IKCMPEMYMa PynryuL f.
> Ilo bopmyste Teitmopa
fla+h) = fla) = (27 d*f(a, h/|IR]]) = a(B)) D], lim a(h) = 0.

Oyukiusa h — d?f(a, h) wenpepbiBra, a equnununas cdepa B R™ KOMIIaKTHA, MOITOMY [0 TeopeMe
Beitepmrpacca 3ta dyHKnug JocTuraer Ha cdepe CBOEro HAMOOJIBIIEIO M HAMMEHDLIIEro 3HAYCHHS.
Ilycrs m = minyy = d*f(a, h) > 0. Haiigém takyio okpecrrocrs U(0), uaro |a(h)| < m/4 mns Beex
h e U(0)\ {0}. Torma ms Beex h € U(0) \ {0} Bepro nepaserctso f(a + h) — f(a) > 0. Anasornamo
pazbupaercsa ciyuaii, korga M = max d?f(a,h) < 0. Ilycrb Tenepb CymecTBYIOT TakKue U U U, 4TO

lAll=1
d*f(a,u) > 0 u d*f(a,v) < 0. @yuxuus p(t) = f(a + tu) yjoBIeTrBOpsger CJEAYIOUEM YCJIOBHIM:
©'(0) = 0u ¢"(0) = d*f(a,u) > 0. Cnegosarenbno, y 3roii dynknuu Touka ( ABIAETCS TOUKOl

CTPOTOTO JIOKAJBHOTO MUHHMYMa. B To ke camoe Bpemst dyukius ¢(t) = f(a + tv) umeer B TOUKe
0 cTporuii JOKAJIbHBIH MAKCHMyM. 3HATHUT, B JIIOOOW OKPECTHOCTH TOYKH ¢ BCTPEYAOTCS TOYKH (HA
NPAMOit a + tu), B KOTOPBIX 3HAUEHUE CTPOTO GoJibine f(a), n BCTpedaloTcst TOUKH (Ha MpsaMoii a + tv),
B KOTODBIX 3HadeHune crporo Menbiie f(a). Takum 06pazom, ToUKa @ He sIBISETCS TOYKOl JIOKAJIBHOIO
sKcTpemyma hyHKIun f. <

3agaun

1. Iokaxkure, 9T0 Yy HYHKIIUA
2 2

flay) =y g s mn (5y)# 0,0, f(0,0)=0,

CYIIECTBYIOT YaCTHBIE TPOU3BOJIHBIE %(O, 0) u (,;9:—8];
2. [lyers f(x,y) = Ree'/?, 2 = x+iy, u f(0,0) = 0. Joxaxkute, 9To f MMEET YACTHBIC TPOM3BOIHEIC

JIIOOOTO TOPSJIKA, HO ABJIAECTCSA Pa3PbIBHON (hyHKIHEi.
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3. Ilycte g: R™ — R™ — asaxasl quddepennupyemoe orobpaxenue (1.e. g = (g1,...,gm) U g —
asaxk el quddepennupyembie dbyaknun 3 R” B R). Ilyers f: R™ — R — asax sl quddepennupy-
emast Gyukuus. Haiiqure d?(f o g). 3anumure npu n = 3 oneparop Jlamwaca Af = % +...+ 227;
B chepHUecKkoii cucremMe KOOpANHAT. ' "

4. Cpemaiite B oneparope Jlamraca Au 3aMeHy mepeMeHHON © — ﬁ, r € R3.

5. [Mocrpoiite mpumep byHKIMK IBYX epeMeHHbIX f(T,y), IMeomeil HelpepbIBHbIe YaCTHbIE MPO-
H3BOJIHBIE JIOOOTO MOPsIKa, 1isi KoTopoii Touka (0,0) He gBJSETCsI TOYKON JIOKATBHOIO IKCTPEMYMA,
HO [T BCAKOTO BekTopa (vi,v2) # (0,0) dbynkuusa ¢t — f(tvy,tvy) umeer B Touke t = 0 cTporuii
JIOKAJIbHBbIH MUHUMYM.

6. Bynem ropoputh, uro dyaknus f Beinykiaa Ha R, ecan f(ar+ (1 —a)y) < af(z) + (1 —a)f(y)
JUIst Beex T,y u Beex « € [0;1].

(a) Ilycrs f— nudpdepennupyemast dbyuknus. JJoKaxKuTe, 4T0 BBIIYKJIOCTh (GYHKIUYU f pPaBHO-
cuIbHA BhITOHEHUIO HepaBencTBa (gradf(x) — gradf(y), x — y) > 0 mas Beex x,y € R™.

(b) Tlycrb dyukius f nMmeer HenpepbIBHBIE YaCTHBIE IPOU3BOHBIE BTOPOTO TOpsAIKa. JJokazxkure,
4TO BBINYKJIOCTH (DYHKIUU f PABHOCH/IBHA BBITIOJIHeHHIO HepasencTra d2 f(h) = 0.

7 (Meron rpaauentroro cmycka). Ilycrs dynkuus [ aazkibl HempepbiBHO duddepeHnupyema u
m||h|? < d®f(h) < M||h||?, tae m, M > 0. Ilyctb 2,01 = x, — 7 - gradf(x,), tne 0 < v < 2/M.
Jlokazkure, 9T0 1MOC/IeI0BATEIbHOCTD Ty CXOAUTCH K TOYKe MUHUMYMa (DYHKIMHA f, U OIEHUTE CKOPOCTH
CXOUMOCTH.

YCJI0OBHBII 3KCTPEMYM

IMycts M — rnagkast k-mepuas nmoBepxaocth B R” n f: R" — R — menpepwiBao quddepernupy-
emas bynknug. Touka p € My Ha3BIBACTCI MOUKOU AOKAALHOZ0 YCAOBHO20 MaKCUMYMaA (cmpozozo
AOKAADHOZ0 YCAOBHO20 MAKCUMYMG) DYHKIME f, €CIn CyIecTByeT Takas OKpecTHOCTH U(p) TOUKH p,
aro mas Beex x € U(p) [ My Bepuo uepasenctso f(z) < f(p) (f(z) < f(p) mpu x # p). Anamornano
OIPeIeNISIeTCsT TOYKA JIOKATBHOIO YCJIOBHOTO MEHIMYMa (CTPOrOro JIOKAJBLHOTO YCJIOBHOIO MUHUMYMA).

Teopema 31 (He06X0EMOE YCIOBHE JTOKATBLHOTO YCIOBHOTO IKCTPEMYMA). Ecau p AGAACMCA MOUKOU
A0KAABbH020 Ycaoenozo axempemyma, mo V f(p) L T,M. Boaee mozo, ecau V f # 0, mo 6 mouxe p so-
KaAbH020 YCa08H020 akempemyma | kacamenvroe npocmpancmeso T,My, aseasemca nodnpocmparncmeom
Kacameavrozo npocmparcemea k noseprrocmu {x: f(x) = f(p)} 6 mouxe p.
> Ilycrs v € T,Mj,. Torma cymecrsyer Takas kpusasg vy #a My, 1o v(0) = p u 4(0) = v. Oyuxius
f(y(t)) nmeer B Touke t = 0 JoKaIbHBI SKCcTpeMyM. Cieq0BaTEILHO,

0= S0 _ = (V). 5(0) = (VF(), 0. =

[Tycrs My, 3amano ypasuenusivu Fy = 0,..., F,_; = 0. Bekropst VFi(p), VFy(p),...,VF, x(p)
COCTABJIAIOT GA3UC OPTOTOHAIBHOTO JIONOJHEHUs K IPOCTPAHCTBY 1), M}, mosTOMY

Vfip) = MVEFi(p)+ NVE((p) +...+ XMk VE, k(p),

NpuYIeM \; ONpejie/IeHbl e IMHCTBEHHBIM 00Pa30M.

D10 HAOJOIeHNEe HA3BIBAIOT NPABUAOM MHOHcumened Jlazpanosca: IJst TIONCKA TOYEK SKCTPEMYMa
dbyukiuu f npu yeaosuu Fy =0, ..., F,_, = 0 cocraisior ¢gpyuknuio Jlarpanxa

L(z,\) = f(x) = MFi(x) — ... — ANk Fri()

U IPHPABHUBAIOT K HY/MIO €€ JacTHbIe IIPOU3BOIHBIE IO T; U \j.

Ternepw obcyanM 10CTATOTHOE YCIOBHE.

Teopema 32. [lycmv 6 mouke p 8uNOAHAEMCA HEOOTOOUMOE YCA0BUE AOKGADHOZ0 YCAOBHO20 IKC-
mpemyma v L(x) = L(x, X). Tozda

(1) ecau d2L(p,h) > 0 das ecakozo h # 0 u h € T,My, mo p —mouka cmpozozo A0KAALHOZO
YCAOBH020 MUHUMYMA,

(ii) ecau d2L(p,h) < 0 daa ecaxoeo h # 0 u h € T,My, mo p —mouka cmpo202o A0KAALHO20
YCAOBHO20 MAKCUMYMA;
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(iii) ecau cywecmeyrom marue h,v € T,My, wmo d2L(p,h) > 0 u d2L(p,v) < 0, mo mouxa p He
ABAACTNCA MOYKOT NOKAALHOZ0 YCAOBHO20 IKCTPEMYMG.

> 3amernm, uto f(z) = L(z) npu x € My. Ilycts x; = g;(tq, . .., tx) 3872107 M), B OKPECTHOCTH TOYKH
p. Boraucnum Bropoii nuddepennuan GbyHKInm H(t) = L(g(t)):
dg; 0y
d*H L 29T It U
;L 8%8% ot, Oty

3aMeTnM, 9TO cIaraeMbIX, CO/IePKANINX YaCTHbIE MPOU3BOIHbIE L TepBOro MOpSAIKa, HET, TAK KaK MBI
paccMaTpuBaeM TOUKY, B KOTOPO 9TW MPOU3BOIHBIE B CHJTY HEOOXOJIUMOTO YCIOBUS paBHBI HYIO. VTaK,
d*H(0,u) = d*L(p, h), tae BeKTOp

dg dg

h=_-~u+...+ - -u

oty Oty
ABJIeTCd KacaTedbHBIM K M) B TOUKe p. Temepb JOCTATOYHO 3aMETUTh, UYTO YCJIOBHBIN IKCTPEMYM JIJTs
f aBnsieTcst OOBITHBIM JIOKATBHBIM IKCTpeMyMoM it H (t) 1 MOYKHO HPUMEHUTDH TOCTATOTHbBIE YCIOBHUS
JOKAJIBHOTO 3KCTPEMYyMa. <

Bo MHOrux ciaydasix IpHXOIHMTCSI PACCMATPHBATHL Gojiee OOIIYIO 331a9y Ha YCJIOBHBIH 3KCTPEMYM.
[Iycts Ha R™ 3amanbl HenpepbiBHO auddepennupyembie byukmun f, Fy, ..., F, u G1,...,G. Tpedy-
eTCs UCCAEI0BATD HA SKCTPeMyM (pyHKIHIO f Ha MHOXKECTBE, 3aJaHHOM CJI€IYIOIMHUMHA PABEHCTBAMHI U
HEPABEHCTBAMIU:

Fi(x)=0, ..., Fo(r) =0, Gi(z) <0, ..., Gu(z) <0.
Oka3bIBaeTCs1, MOYKHO JeHCTBOBAThL TaK 7K€, Kak U Bbime. Bomumem dysxmuio Jlarpanxka:
Lz, A\ pu) = Xof(z) = MFi(z) — ... — A Fp(x) — nGh(z) — ... — Gi(2).

IIpennoxenne 36. Ecau mouka p AGAAELMCA AOKANDHUM IKCTPEMYMOM GyrKuuy [ npu 6vinoame-
nuu yeaosut, sadannur gynxyuamu F; u G, mo natidymes makxue \; 4 [Lj, He 6ce PAGHbLE HYANO, 4MO
guinoanenv. yeaosus Kyna — Taxxkepa:

Vel(p, Ap) =0, mGi(p) =0, ..., mGi(p) =0
> Ecmau G;(p) < 0, To pt; mosaraemM paBHBIM HYJIIO U Jajee Takue (G; He paccmarpusaeM. Ilycrs Teneps
Fi(p) = 0 u Gj(p) = 0 st Beex ¢ un j. Ecam rpaguenrst dynkuuit VE;, VG, B Touke p juueii-
HO 3aBHCHMBI, TO YTBEPXK/JeHNEe BBIIOTHEHO ¢ A\g = 0 m A;, p; — Koadpdummentamn cooTBeTcTBYyIOMET
TPUBHATBLHON JauHeHoi KomOnnarun. Ecan rpaguentsr dynknuit VE;, VG, B Touke p amHeitno Hesa-
BucuMBbI, TO paseHcTBa [; = 0, G; = 0 B OKpeCTHOCTH TOYKH P 3aJal0T IJIAJIKYI0O HOBEPXHOCTDb, Ha
KOTOPOU TOYKa p SIBJIAETCS TOYKOH YCIOBHOTO JIOKAJTBHOTO IKcTpemyMa dyukmuu f. B aTom ciaydae
VTBEPK/ICHUE CJIeIyeT U3 yKe JOKA3aHHOTO BHIIIE. <

B cay4qae seinykiabix dbynknuit f, F;, G; nociennee yTBepzKIeHHe MOXKHO 3HaYUTEJbHO 0000OIIUTH
(em. 3amaun 5, 6 u 7).

3amgaun

1. B jeTHeM KuHOTeaTpe CKaMeWKH PaCIoJIOKeHbl Ha OIHOM YPOBHE, HUKHUI Kpail SKpaHa HaXO-
JIUTCS Ha BBICOTE h HaJI YpOBHEM CKaMeeK, a BbICOTa dKpaHa paBHa H. Ha kakoM paccTosgHuu oT SKpaHa
HAJI0 CHUJETH, YTOOBI yroJ 0630pa ObLIT MAKCUMAILHBIM?

2. Ilycth OycuHKa €IMHUYIHON MacCChl CKOJB3UT 0e3 TPeHus M0 HUTKE <Y, 3aJaHHOW ypaBHEHHSIMHU
Fi(z,y,z) = 0 u Fy(x,y,z) = 0, nmox gefictBueM HOTEHIMAIBHON cuiibl ¢ morennuanom —U(x,y, z).
Jlokazkute, 94T0 ecju KOOpAMHATH OycHHKY 3a1anbl dyukmuamu x(t), y(t), z(t), To

%(3’3(02 +y(t)? + 73(1%)2) + U(2(t), y(t), 2(t)) = const .

[TokaxkuTe, 9T0 TOYKA ycaoBHOro MuHUMYMA (hyHKIU U Ha 7 dBiIdeTcd TOYKON paBHOBECHS, & PABEH-
CTBO HYJIIO CYMMBI CUJI B 9TOI TOUKe — MPaBUJIO MHOXKUTe el Jlarpanxka.

3. IlpuBeauTe mpuMep, KOrJa TOYKA YCJIOBHOTO KCTpeMyMa (hyHKIUU f He dBJIdeTCS TOYKON IKC-
TpemyMa pynknun Jlarpanzxa.

4. Tlycrb A m B cuvmerpuanbie Marpunsi, npuaéM (Bz,x) > 0 npu x # 0. Haiiaure ycaoBHbrii
skcrpemyM dbyukinun f(x) = (Azx, x) upu yeaosun (Bx,z) = 1.

Caenyioniue 3aa4u MocBsAmensl TeopeMe Kyna — Takkepa.
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5 (Teopema Xana — Banaxa). Muoxkectso A C R™ Ha3bIBaeTCs 6uinYyKAbIM, CCITH BMECTE C JIIOOBIMA
JIBYMsI CBOUMH TOYKAMH OHO COJIEPYKUT OTPE30K, UX coeauHsiontuii. Jlokaxkure, 9T0 A1 BCAKOTO BbI-
MYKJIOT0 MHOYXKeCTBa A, He COMepIKAIero Hy/ib, CYIECTBYeT Takoi jumHeitabiiil pyukmuonas [ R” — R,
aro [(x) > 0 npu & € A. Teomerpruaecku 370 O3HAYAET, YTO CYIIECTBYET MHIIEPIIIOCKOCTh, PA3IeIsIONIast
IPOCTPAHCTBO HA JIBE YACTHU, B OJIHON U3 KOTOPBIX JIEZKUT MHOXKECTBO A.

Ilycts f, Fy, ..., F,, — BBIOyK/Ible (DYHKIIMH, OIIPeIeIEHHBIE Ha BHIIYKJIOM MHO:KecTBe A. Mccemy-
eTcsd 3aja4a O moucke MuHEMyMa byHKIUH [ Ha MHOXKecTBe A MpH OrpaHWYeHUsIX B BUJIE HEPABEHCTB
F1 <0,...,F, <0. CocraBum ¢dyukiuio Jlarpamnzxka

Lz, A\) = Xof(x) + MFi(z) + ...+ A Fn(2).
Ilycts Touka p gBisieTcs permenneM 3Toit 3ajaqu. lasee qys mpoctotsl cautaem, ato f(p) = 0.
6. okaxkure, 9TO
(i) wmmoxkecTBO V' TakKUX BEKTOPOB (ag, ..., a;), 9T0 cucrema HepaBeHcTB fo(z) < ag, Fi(x) < ay,
., Fn(2) < a,, umeer perierne, BASETCS BBIMYKIBIM W HE COIEPKAT HYJIb;

(ii) cymecTBYIOT TaKHe HEOTPHUIATEIBHDIC GUCTA N}, UTO Ajag+. . .+ N5 ay, = 0 1Uist Bcex BEKTOPOB
(ag,...,am) €V u X Fi(p) = 0;

(iii) p—rouka murnMmyma o x € A dbyukmun Jlarpanxka L(xz, \*).

7. JlokazkuTe, 4TO €CJU CYNECTBYIOT HEOTPHUIATEIbHBIE YHCIa Aj, YAOBIETBOPAIONINE yCIOBAAM:
Ay > 0, MFi(p) = 0 u p—rouka munumyma 1o ¢ € A dbyuxnun Jlarpamxa L(z, \*), To p—Touka
VCIIOBHOT'O JIOKAJIBHOTO 3KcTpeMyMa dbyuknunu f. [lokazkute, 9To \j > 0 Ipn ycJ0BHR CyIIeCTBOBAHUS
Toukn x € A, B Kotopoit Fj(x) < 0 mansa Beex i = 1,2, .

Heomnpeienénnpiii maTErpast

Ilycts f: (a;b) — R. @yakmus F: (a;b) — R nassBaerca nepsoobpasnoti dbyukuun f, ecau F
nuddepentupyema Ha (a;b) u F' = f.

IIpenmoxenune 37. Jlobwe dse nepsoobpasnve Fy u Fy dynkuyuu f na unmepsase (a;b) omauua-
0MCA HA KOHCTNAHMY.
> Ilomoxxum F' = F} — F5. llockombKy

F'(z) = (Fy — Fy)'(z) = f(z) — f(z) =0 1pnm Beex x € (a;b),

no teopeme Jlarpanzka nomydaem F(x1) — F(zg) = F'(c)(x1 — x2) = 0, a 3naunt, dbyukuus F na
unTepsase (a;b) ABIAETCH KOHCTAHTOM. <

COBOKYITHOCTH BCEX MEPBOOOPA3HBIX (byHKI_[I/IfI dbyukmun f(x) HA TAHHOM WHTEpBaJe HA3bIBAETCS
neonpedeaénnom unmezpasom ot Gyakmu f(x). Dra COBOKYMHOCTH 06O3HATAETCS Yepe3

/f ) dzx.

B cwry mokaszannoro, ecium F'— HeKoTopasi nmepBoobpas3nas (hyHKIuu [ Ha HHTepBaJje, COBOKYIHOCTh
BCEX MTePBOOOPA3HBIX dABJsgeTCsS MHOXKecTBOM byuknuit Bujga F + C, rae C' — mpou3BoJibHAsT KOHCTaHTA,
YTO KPATKO BbIpazKa€TCd B BUJC PABCHCTBaA

/f(x)dm:F+C.

OrmeTnM, 9TO JaJjee MPH BHIMOJHEHUH ONEPAInii ¢ HeonpeaeéHHbIMI nHTerpatamu (audddeperupo-
BaHWe, CJIOKEHNE W T.11.) ONePAINs BHITOIHIETCS ¢ KaxK0i mepBooOGpa3HOil Mo OTAEIHHOCTH, & Pe3yJib-
TaT 3aMUCHIBAETCS € TIOMOIIBIO HEONPeIeIEHHBIX HHTETPAJIOB U MOHUMAaeTCs KaK COBIaJIeHuEe MHOYKECTB.
Cireytomue paBeHCTBA UTIOCTPUPYIOT TAHHOE BBITIIE ONpe/leSIeHUe U MO TI€PKUBAIOT, UTO OMePalui
jupdepeHnupoBaHus U HAXOXK/IEHUS 11ePBOOOPA3HOI SABJILIOTCSH «B3aUMHO OOPATHBIMU Y :

d(/f(:c)dx) = f(z) dz, /F’(x) de = F + C.

O6cyaum 3t paBeHcTBa. [lepBoe n3 HuX o3Ha4aer, 9To Auddepenmnuan 000 mepBooOPa3HOil (phyHK-
uun [ pasen f(x)dz. Bropoe paBeHcTBO 03Havaet, uro ecan dynkunsa F anddepennupyema, To Bee
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neppoobpasuble Gyukmuu F’ umeror sug [+ C. B 3ToM ciydae HOABIHTErPAJIBHOE BHIPAKEHUE MME-
er Bun F'(x)dx u coBmamaer ¢ auddepentuaniom GyHKmn F, M03TOMY BTOpOe PaBEHCTBO MOYKHO
CUMBOJIMYECKH 3allUCATh B BHUJE f dFF=F +C.

Haiitn nepooOpasnble HEKOTOPBIX 3JIEMEHTAPHBIX (DYHKIUH MOZKHO, IIPOCTO MTPOYUTAB CIIPaBa Ha-
JiIeBO TabuIy npou3BOAHBIX. CJieIyiolie HHTErPaJIbl HA3bIBAIOT 1M a0AUYHDLMU:

a+1
1)/:5 daj—x+ +C, a#—1,; 6)/cosxd$:sinx+0;

d
/— ln|x|+C’ 7)/ f =tgx + C
cos? x
dz
/ “dr = ln 8)/ s— = —ctgax + C;
4)/ *d *+C 9)/ do arcsinz + C
e“dr=e ; ——— = arcsinx ;
V1 —a?

sin“ x
5)/' d osz + C 10)/ L ——
SINT Ar = — COST N = ar xr .
: T g

Bce nepedmnciiennbie paBeHCTBA UMEIOT MECTO Ha JIOOOM IMPOMEXKYTKe u3 obactu audpdepeHiupy-
€MOCTH MPaBOi JaCTH.

CroiicTBa HEONPEIETEHHOTO HHTEIPAJIA MOJIYUIAIOTCS yTéM repedopMy/InpoBanus CBOCTB omepa-
nuu qudepeHnupoBaHs Ha I3bIKe HHTETPAJIOB.

1. (JTunetinocms) Tlycts Ha naTepBade (a; b) 3amansl quddepennnpyembie dyukinun F u G, npudém

= fu G’ = g. CBOICTBO JTUHEHHOCTH IS IPOM3BOJIHBIX UMEET BHUJL

(aF + BG) = aF + BG" = af + By,

1. e. pyarnusa aF + G aBaserca mepBoodbpas3noit hyukimn o f + g, 9TO B TEpMIHAX HEONPEIETEHHOTO
HHTEr'paJia BbhIPpazKaeTCd PaBEHCTBOM

/(Oéf()Jrﬁg x—a/f d:c+ﬁ/

(paBEHCTBO BEPHO, €CJIU XOTs Obl OJHO W3 YHCeT «, (3 OTIUYHO OT HYJsl; ecid 06a YUCTa PABHBI HY-
JIIO, TO B TPaBO#l YacTH PaBEHCTBA MCUYE3AeT MPOU3BOJIbHAS MOCTOSHHAS, & BBIPAXKEHHWE CTAHOBHTCH
TOXKJIECTBEHHO PaBHBIM HYJIIO, 1103ToMy 1pu o = (3 = 0 B npaBoil 4actu J0JzKHA OBITH JONUCAHA
koucranta C').

2. (Popmyaa unmeepuposarus no wacmam) Iycrs va narepBate (a; b) 3amansl quddeperiupyemble
dbyurmun f u g, npuaém byuknus f'g umeer nmepoobpasuyio. [Ipapuio Jleiibuuna umeer BuI

(f9)' = fg+ 14,
CJIeJIOBATEbHO, COBOKYITHOCTH NepBoobpasubix dyukimuu f g+ fg' cocront n3z dyukumii Buna fg+ C.

B cuy nuHeiHOCTH HeOUpe e IEHHOTO WHTerpaja W3 CyIecTBOBaHUs neppoobpasHoil dyHkIimu f'g
cJTeJlyeT CyIecTBOBaHUe mepBoobpa3noit byHKnuu f¢' U BBHIIOIHIETCS PABEHCTBO

f(2)g(z) + C = / f(@)g(x) de + / f(2)d (z) de

HOCﬂe,ZLHee PaBE€HCTBO OOBIYHO 3alHUCHIBAIOT B BHJE COOTHOUICHUA

[ t@g @ o= faigta) - [ 7@l

KOTOPOE HA3bIBAIOT HOpMYA0T unmezpuposanus no wacmsam. Ilockosbky ¢ (x) dx = dg u f'(x) dx = df,
5Ty (POPMY/Iy 4aCTO CUMBOJIUYICCKH 3aIMCHLIBAIOT B BH/JIE

/fdg—fg /gdf-

3. (Popmysa zamenv. nepemennotds) Iycrs dyuxmus F anddepenumpyema wva narepsase (a;b) u

= f. Ilycrb Takxke ¢: (a; B) — (a;b) — nudpdepennupyemas dyuknust. [lo reopeme o guddepen-
IUPOBAHUY CJIOKHON dbyuKmnn Kommosunus F(p(t)) nuddepernupyema u

Fo(t) = F'(o@)e'(t) = fot)g'(t).
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SamnuceBasg 9TO PaBEHCTBO C IIOMOIIBIO UHTEI'DAJIOB, IIOJIY1aeM ¢OpMy./Ly 3AMEHDL nepemeﬁnoa:

e = [ f@da

Ha »roit (hopmysie ocHOBaH OIMH U3 KIIOUEBBIX TPUEMOB HAXO0XKI€HUS IIEPBOOOPA3HOI TPON3Be IeHHS
dyuKIMIE — nodeederue nod snar Judgepenyuara: ecam OTMH W3 MHOKUTEEHl ABISIeTCS ITPOU3BOIHOM
HEKOTOPO#H (DYHKIMHU (0, & JAPYroil MHOKUTEIb UMeET BHJL f 0 o, TO (DYHKIHUIO ¢ Nnodsodam MO 3HAK
gucddepeniuaia u UMY T

/ﬂwmwwﬁzjfwmmwm
/e MOYKHO pacCMaTpUBATDh (¢ KaK HOBYIO mepemennyio. Hanpuwmep,
1
/singtcostdt = /singtdsint = Esinlot + C.

Boobiie, ocHoBHas uest BHIYUCAEHTSA TEPBOOOPA3HBIX COCTOUT B NMPUMEHEHUN YKa3aHHBIX ITPABUJI
UHTEIPUPOBAHUSA U CBEJCHUU HCXOJHOTO HMHTerpasia K TabjudHOMYy. B HEKOTOPBIX Caydasdx OTbICKa-
HHe 11epBOOOPA3HBIX AJITOPUTMU3NPOBaHO. Hanpumep, 1718 oTBICKaHUS IepBOOOPA3HON paIlHOHAJIBHON
GYHKIUH pacKIaIbIBAIOT 3TY (DYHKIHIO B CYMMY HIPOCTEHIUX Apobeil U 3aTeM BBIYUCISIIOT HHTErpas
OT/IEJIBHO OT KarkKJIOI'0 CJIaraeMoro, a 9TH HHTErpaJibl MaJo OTJHYAIOTCH OT TabJMYHbIX. B HEKOTOpPBIX
JIPYTUX CUTYAIUIX TOAX0IAIIeil 3aMeHOi mepeMeHHON oIbIHTeI PaJIbHOE BhIParKeHHe MOYKHO Tpeobpa-
30BaTh K paluoHaJbHOW QyHKImA. OTHAKO B OOIIEM CIydae BBIYHCJIEHWE MEePBOOOPA3HBIX SBISETCS
CJIOXKHOI 3ajadeil. BoJiee Toro, J10BOJILHO YacTO BCTPEYAIOTCs IePBOOOpPa3HbIE, KOTOPhIe He BhIparKa-
I0TCA B 9JIEMEHTapHBIX (DYHKIUAX: TAKOBA, HAIPUMED, epBoobpa3Has (pyHKIHH €~

3amaun

1. PackyaapiBas Ha npocreiimne 1pobu, OIUIIHTE aJCOPUTM HHTEIPHUPOBAHUS IIPOU3BOALHON paliu-
dx

14 a2t

2. [Ipu Kakux 3HAYCHUAX HAPAMETPOB a, b, ¢ MHTErpaJ

/ ax® + bx + ¢
z3(x —1)2

ona ibHOI (byuknuu. Haiiure /

dx

SIBJISIETCS PAIMOHAIBHON (DyHKIHEH?!

[Tycrb g(x,y) — HenmpuBoanMbIii MHOTOUYTeH. KpuBasi, 3aqannast ypaBaenneMm g(x,y) = 0, Ha3bIBa-
eTCsl PAUUOHAALHOT, €CITH CYIIECTBYET TaKas mapa palMoHATbHBIX dyHKIMA © = z(t) u y = y(t), aro
g(x(t),y(t)) = 0 a1 Bcex ¢ KpoOMe KOHEUHOTO UHCJIA, U /I BCEX TOUEK KPUBOi (o, Yo) KPOMe KOHEU-
HOIO umcJjia cymecrByer to, jjist koroporo x(ty) = xo u y(tg) = yo. Dra napa dbyukuuit x = x(t) u
y = y(t) HA3BIBAETCS PAUUOHAALHOT NAPAMEMPUIAUUET KPUBOIL.

3. Haiiiure Kakyio-1ub0 paruoHaJIbHYIO TapaMeTPU3aInio KPUBBIX

$2+y2:17 $2—y2:1, $3+y3—xy=0, x3+y3—$220.

[Ipepioxutre ciiocod HaliTu nepBoodpa3HbIe:
[RevT=Pde, [ ReVFTDde [ ReVTER [ B VT d,

rjae R — npoun3BojibHasi parmuoHaaibHas PyHKIUS.
4. Jlokaxute, uro kKpuBasa x" + y" = 1 npu n > 3 He gdBJdETCS PAIUOHATHHOIA.

5. llycrs G = [ g(y)dy u F = /f(:l:) dx wa (a;b). Hokaxure, uro suddepenuupyemas GyHk-

unst y(x) ynosnaersopsier ypasuenuio ¢(y)y = f(x) ma nurepsase (a;b) Torma m TOIBKO TOTIA, KOLIA

G(y(z)) = F(z) + C nasg seex © € (a;b) u nekoroporo C. Permure ypapuenue 3y’ = \y.

6. (OctpiBanue gaiinuka) VIcxo/st U3 TOro, 94T0 CKOPOCTh OCTHIBAHUS YaiiHUKA MPOTOPIHOHATHHA
PA3HOCTH €0 TeMIEPATYPbl U TeMIEePATyPbl BO3/lyXa, BbIBEJIUTE 3aBUCUMOCTb TEMIIEPATYPbl YallHUKA,
OT BpE€MEHH N OIICHHUTE BpeMd €ro OCThIBaHuA 0 KOMHATHON TeMIepaTyphbl.

7. (Bomstabie gackr) V13BecTHO, 9TO CKOPOCTH MCTEUEHUsT BOJALI W3 HEOOIBITOTO OTBEPCTHST HA JIHE
cOCy/Ia JIOCTATOIHO TOYHO MOZKeT ObITh Bhramcsena mo dbopmyae 0,61/2gH, tae g — yCKODEHHWE CHJIbI
TsizkecTH, a H — BbIcoTa YypOBHs BOjbl HaJ oTBepcTueM. Kakywo ¢bopMy [I0JI7KeH UMeTh cOCyl, sIBJISIO-
IUiCS TeJIOM BPAIIEHUs, ITOOBI IPU CTEYEHHH U3 HErO BOJBI YPOBEHDb BOJBI MOHMKAICSI PABHOMEDHO?
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MNarerpan Pumana

Beime 6110 TTpeIsIOKEHO HAXOAUTH TEePBOOOpPA3HbIe, MPeodpa3ys MOABIHTEerPATbHOE BbIDAXKEHUE
¢ HOMOIIIBIO aJiredpanvecKux 1npeodpa30BaHuii, 3aMeHbl IEPEMEHHONW U MHTEI'PUPOBAHUS 110 HaCTIM K
dgyukIusaM, abu mepBoobpasHbie n3BecTHH. OTHAKO TAKOH CIOCOD MaéT OTBET JIUIIh JJIsi BEChMa, Y3KOTO
KJIACCa OTHOCUTEJILHO TPOCTHIX (byHKIMit. PaccMorpum Jipyroft crocob moctpoenus mepBoOOpa3HOil.
[IpeamonoxuM, uro Ha uHTepBajie (a; ) 3anana GyHKIUA [ U MBI XOTUM HalTH Takyio ¢yHKmuo F,
aro F' = f ma stom unrepsase. [lyers zg € («; 5). IlockoabpKy MBI HieM mepBooOPA3HYIO ¢ TOTHOCTHIO
JT0 KOHCTAHTBI, MOXKHO CIUTATh, 9T0 F'(1g) = 0. Ilycts x > 9. B cuty onpemenemnust mpon3BoIHOi

F(x) = f(xo)(x = w0) + o(z — o),
T.e., Hecrporo rosops, F(z) ~ f(z)(x — zp), ecau BeqmuwHa x — o Maja. llycTh Temepb x —

HEeJTb3sl CUUTATh MaJIOH BeauduHoi. Torma pazobbeM O0TPe3oK [xo; x| HA MaJeHbKHE OTPE3KH TOYKAMH
To <21 <...< Ty =T TaK, YTO Ha KAXKJIOM M3 HUX

F(@pt1) — F(zp) = f@e-1)(@r — 25-1).
Torna

Yerpemisiss N K GeCKOHETHOCTH ¥ JIJTHHY OTPE3KOB [T)_1; )| K HYJIO, 9BPUCTUUICCKH TOJTYYaeM, 9TO

F(z) = limz f(@r—1) (e — zp-1).
k=1

Koneuno, rakue HedopMaIbHbIE PACCYZKIEHUS OCTAB/ISIOT MHOTO BOIIPOCOB. [logeMmy morpemnocTsb,
BOBHUKAIOIas pu 3aMeHe F(xpyq1) — F(xg) Ha f(xp_1)(Tp — Tg_1), He HAKAITHBAETCS IPH CYMMEUPO-
Banuu! B KakoMm cMmbIcIe caeayeT MOHHMATD Mpejaes B mocaenaaeM papeHcTe? s kakux dbyuknmii f
Takoil npegen cymecrByer? KakoB reoMerpudecKuii ¢MbICa 3TOro mpegena’ OTBeTy Ha 3TU BOIPOCHI
MMOCBAIIEHBI JIAHHBIA U CJAEAYIONNNA pa3aesbl.

[Tycrb dbyukius f onpeesena Ha oTpeske [a; b].

e Pasbuenuem T orpeska [a;b] HazpiBaeTCs HabOpP TOUEK

a=x)g <1 <Tp<...<x, =0

Orpesku A; = [x;-1;x;], e ¢ = 1,2,. .., n, HA3BIBAIOTCS 0MPE3KAMU PA3OUCHUA.

Hucno A(T) = max |z; — ;1| HA3BIBAETCS NAPAMEMPOM Pa3OUEHUA WA MACULMAOOM.
1<i<n

o Ommenennvim pasbuenuem (T,E) orpeska [a;b] nassiBaercsa pasomenue T orpeska [a;b] ¢ orme-
qeHHbIMI TouKaMu £ = (&1, &s, ..., &), Tae & € [Tr_1; xk).

e Pumanoeoti unmezparvroli cymmoti GyHKIHU f, COOTBETCTBYIOMEH OTMEYEHHOMY Pa30HeHUIO
(T, &) orpeska |a; b], Ha3BIBaETCS BBIpAYKEHHE

o(f.T,8) =) f(&)(ar — o).
k=1

Oyukuus f uwmezpupyema no Pumany wa orpeske [a;b] u anciao I gBiasercs eé WHTErpajoM, ec-
o s Begkoro € > 0 madigércs takoe 6 > 0, 9To s Besakoro ormevennoro pasbuenus (T,E) ¢
napamerpom pasouerust A\(T) < 0 BBIIOTHSIETCS HEPABEHCTBO

‘0(f7T7€>_I| <Eé&.

b
/ f(x)dx
a
U HA3BIBAIOT uHnmezpasom Pumana.
WNurerpan Pumana MoXKHO IOHHMATh Kak mpejaea mo Oaze. Hamomuum, uro ecau X — HemycToe
MHOZKECTBO, TO 0G301 HA3bIBAETCs HEMYCTOH HAOOP B ero noJMHOXKECTB, YI0BACTBOPSIONIHNA YCIOBUSIM:
1) @ ¢ B u 2) naga seskux U,V € B cymecrByer rakoe W € B, aro W Cc UNV. Ilyers f: X — R.

Yucno I oboznauaior depes
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Yuciao A HasbiBaeTcss mpedesom byHKnuum f mo 6ase B, ecam s Beakoro € > 0 Haiiaércs Takoif
ssement 6aspl U € B, uro |f(z) — A| < e npu x € U. O6o3uagaior ducao A depes lim f.
B

[Tycrb Temepb X — Bce BO3MOXKHBIE OTMeUeHHBIE pa30uennst orpeska [a;b|, a 6a3a B — nabop MHO-
KecTB By, cocrosiux u3 orMmedennbix pasouenuii (T, £) ¢ napamerpom pasbuenust A(T) < §, rie § > 0.
Torna npuBeAEHHOE BBIIIE OIPEIETICHAEC B TOYHOCTH O3HATAET, 9TO

b
/ flz)dx = lilrsna(f,"]l‘,g).

Koneuno, MHOTrHe CBOHCTBA HHTErpaJjia MOKHO BBLIBECTH M3 CBONCTB mpejesa 1o 6aze, HO Mbl IIPOBEIEM
npsMbIe PACCY2KICHH, He ONMPAIOIIecs Ha HOHATHe Ipejena 1mo 6ase.

PaceMOTpPHM HECKOIBKO IIPAMEPOB.

1. Ilycte f = 1 ma [a;b]. Torma pjist BCIKOTO OTMEYEHHOTO pa3bUEHHs PUMAHOBA MHTEIPATbHAS
cymma dyukiuu f pasaa duciy (b — a). CiegoBareibHO, 10 ONPEJEJICHHIO M0JIyYaeM

b
/ lde =b—a.

2. Ilycrh A —ipomeskyTOK ¢ KoHIamu ¢ < d B orpeske [a;b]. Unaukarop Ia(x) =1 npu x € A n
In(z) = 0 npu x ¢ A, uarerpupyem 1o Pumany u

b
/ In(z)de =d—c.
PacnuiieM puMaHOBY CyMMY:

o(Ia,T,8) = Y Ia@lAdl+ D [Al
k: cunudely k: ApC(c,d)
[Iycts A(T) < §. Torma
(d—c¢)—20 < o(In, T,&) <46+ (d— ).
st Besikoro € > 0 BozbMméM 0 < €/4. Torga anst Besaroro ormedennoro pasouenust (T, &) ¢ macmrabom
pazbuenust A\(T) < § BepHO HEpPaBEHCTBO
lo(Ia, T,&) — (d—c)| < e.
3. ®ynuknua Jupuxie D(x) = 1 upu 2 € Q u D(z) = 0 npu & ¢ Q He unTerpupyema no Pumany
HH Ha KakKOM orpeske [a;b]. JleficTBUTEIbHO, BEIGODOM OTMEUYEHHBIX TOYEK PUMAHOBY CYMMY MOYKHO
cJieIaTh PaBHOM HYJIIO WM paBHOR b — a 1pu J1060M MaciTabe pasOueHus.
[Ipexxme yem 06Cy:KaaTh CBOMCTBa HHTerpaJa PuMana u BHISICHATD, KaKne yKe (PYHKIUKE HHTETPHPY-
embl, (popMasin3yeM pacCcyzK/IeHus U3 HAYaJIa ITOr0 pa3/esia u MoKaxKeM, Kak uarerpai Pumana cssizan
¢ epBOOOPA3HOIA.

Teopema 33 (dbopmyna Heorona — Jleitouuna). [yems dynrwyus F duddepenyupyema na ompesre
[a; b] u eé npouseodnas F' unmeepupyema no Pumany na [a;b]. Tozda

/ Fl(z) dz = F(b) — F(a).

> Paccmorpum npoussosibaoe pasouenne T = {a = z9 < 1 < ... < x,, = b} orpe3ka [a; b]. Torma mo
teopeme Jlarpanxa F'(zg) — F(xg_1) = F'(§)|Ax|. CremoBaresbio, BEpHBI pABEHCTBA

N N
F(b) = F(a) =Y (Flay) = Fap1)) = > F'(&)]A].
k=1 k=1
Ocraéres 3ameruth, 910 upu A(T) — 0 npasas gacrb crpemutest K uarerpasy or F’ o [a; b]. <

DTa TeopeMa MO3BOJISIET IO ITPOU3BOIHON BOCCTAHOBUATH MEPBOOOPA3HY 0, OTHAKO TOJIBKO ITPH BBITIOI-
HEHUHU JIBYX YCJIOBUIL: 1) 3Ta MepBOOOpa3Has JAEHCTBUTEIHLHO CYIIECTBYET, U 2) IIPOU3BOIHAA UHTETPDU-
pyema o Pumany. BrosiHe MOXKeT CJIyYUThCS, 9TO HHTerpupyemas 1o Pumany (hpyHKIHUS He dBISeTCs
HUYbell ITPOM3BOIHOM, UK YTO IMPOU3BOIHAA He ABJsIeTcsd UHTerpupyeMoit ¢pyukiueit. Iloatomy masee
OCHOBHBIE YCUINA OYIyT IPUIOXKEHBI K OMUCAHUIO HHTEIPUPYEMBIX (DYHKIUN U BBIICICHUIO TeX U3 HUX,
y KOTOPBIX CYIIeCTByeT nepBooOpa3Hasi. Hauném co ciepyooIero mpocToro Hab o ieHus.

IIpennoxenne 38. Ecau ¢pyrxyus unmezpupyema no Pumany na ompeske, mo sma Gynkyua 02pa-
HUYEHHG HA 2MOM 0mpeskKe.
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> Eciau hyHKIEs He sBJIseTcss OPAaHUYEHHON, TO JjId BCAKOrO pas3bueHud HalgAETCs OTPe30K pa3du-
eHUsI, Ha KOTOPOM 3Ta (DYHKIINST TPUHUMAET CKOJb YTOIHO OOJbIIHE 10 MOIYII0 3HadeHus. CiaemgoBa-
TEJbHO, JIJI BCAKOrO pa3dueHus BbIOOPOM OTMEYEHHBIX TOYEK MHTErPAJIbHYIO CYMMY MOYKHO CJIE/IaTh
CKOJIb YTOJHO OOJIBINOMN, YTO TPOTUBOPEUUT OIPEJIe/IeHUIO nHTerpaaa Pumana. <

[Ipsimo u3 onpejiejieHns: BBIBOJAATCH TPU BarKHEUIUX CBOUCTBA MHTErpasia: JUHEHHOCTh, MOHOTOH-
HOCTH U QJJIUTHBHOCTD.

IIpeamoxkenne 39 (nuneitnocts wnTerpana). Ecau [ u g unmezpupyemv wa [a;b], mo Pynxyus
af + fg unmezpupyema wa [a;b] u sepro paserncmeo

/ab(af+ﬁg)dx:a/abfdx+ﬁ/abgdx.

olaf + B9, T, &) =ao(f,T,§) + folg,T,§).
Jlast Besikoro € > 0 cymecTByer Takoe § > 0, 910
b b
o119 [ fai < |oto - [ gdi] <z

st Beex (T, &) ¢ macmrabom pasbmenus A(T) < J. Torma s TakuX OTMEUEHHBIX Pa3OHEHUil BEPHO
HEPaBEHCTBO

> CrupaBeJuBO PaBEHCTBO

otas + 5910 ~a [ sae -5 [ o] < ol + 1) <

Caencrsue 12. ITycmo A4, ..., An — npoussoavroie npomescymru 6 ompeske [a;b]. Tozda dan ecsa-
wuz wucea ¢ € R gynwyua f(x) = cpla, (z) unmeepupyema na [a;b] u
k

b

a k
Dynryuu makxoz0 6uda 6Ydem Ha3v6aMb CMYNEHUAMBLMU.

> Bpimre 66110 M0Ka3ano, 910 GyuKims [, uaTerpupyema u eé narerpan pasen |Ag|. [lostomy Tpe-
oyeMoe yTBepKIeHNEe SIBJISETCS CJIeJICTBHEM JIMHEHHOCTH HHTErpaa. <

IIpeamoxenne 40 (MOHOTOHHOCTH HHTerpaia). Feau f u g unmeepupyemo, na [a;b] u f < g, mo

b b
/fdxé/gdx.

> B cuiy JuHERHOCTH WHTErpaja 9TO CBOHCTBO JOCTATOYHO JO0Ka3aTh B ciaydae f = 0, T.e. U3 HeOT-
PUIATEIBHOCTU ¢ BbIBECTU HeoTpuiare/ibHOCTh unrerpasia or g. Umeem o(g, T, &) > 0. s Besikoro
e > 0 cymecrByet 0 > 0, mpu KOTOPOM

b
/ gdx > o(g,T,§) —e > —¢.

Verpemiisig € K HYJIIO, 3aKAI09a€M, 9YTO UHTErpaJl OT ¢ HEOTPUIIATE/ICH. <

Caexcreue 13 (teopema o cpennem). I[lyemov f unmeepupyema wa [a;b], m = [mbﬁ f, M =supf.
@ [a;0]

Tozda natidémea maxoe wucao p € [m; M|, wmo

b
/ fdr = pu(b—a).
Boaee moeo, ecau [ nenpepuena, mo = f(c) das nexomopoeo ¢ € [a;b].

> J1oCcTaTo4YHO 3aMEeTHTh, YTO B CUJYy MOHOTOHHOCTH MHTerpaJa BepHO CJIeJCTBHE:
1 b
mgf(x)SMéméb—/fdng. <
—a ),

[Tostesnoe 0600IIEHNE STOrO CAEACTBHS JAHO B 3aaade 1 Ha c. H6.

Caenyiomas TeopeMa UMeeT BaykKHOe 3HaYeHHe B TEOPUH MHTerpaja PuMmaHa U mo3BoJIgeT JOKa3bI-
BaTh HHTEIPUPYEMOCTh U BBIYUCIATH HHTErPAJI, TPUOIHKAS TOIBIHTEPAJILHYI0 (DYHKIINIO HOCIEI0BA-
TEJBLHOCTBIO 60JIee MPOCTHIX (PYHKITHI.
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Teopema 34. Ecau nocaedosamensvnocmv unmezpupyemuis na [a;b] dynruyud f, pasromepro na
[a; 0] cxodumesa x f (m.e. sup|fn(x) — f(z)] = 0), mo Ppymwxyua f unmezpupyema na [a;b] u sepro

[a;b]

paseHcmeo

n—oo

b b
/fndx_/fmdx‘:|un,m||b_a|7

inf (/n(2) = (@) < pinm < SUD(fal2) = fn(2)-

[a;0]

lim fndx—/ fdz.

> Ilo Teopeme o cpegrem

rje

CrenoBaresbHo, |y m| < sup|fy — fml ¥ fimn — 0 mpu n,m — oo. Takum obpasom, dHCIOBAL

[asb]
b
/ Jndx

cxoauTcst K Hekoropomy umcay [. [lokazkem, aro dbyHKIuA f HHTerpupyema W e€é mHTerpas paseH [.
ITycrs (T, &) —ormedenHoe pasbuenne orpeska [a;b]. VIMeeT MeCTO HEPABEHCTBO:

b
o(F T~ 1< allf = £l 2O + ol T - [ s

[Iycts € > 0. Bribepem HOMep n cTOJMbL OOJIBIIAM, YTOOBI IEPBOE U TPETHE CJAaraeMble CTAJH MEHb-
me €. 3adukcupyem takoe n. Ternepsb BbiOepeM MaciTab paszdOHeHus Tak, YTOOBI I BCEX OTMEUEHHBIX
pasOueHnit ¢ TAKKMM MM MEHBIIIM MaCIITabOM BTOpOE cjaraemoe ObLI0 MeHbime €. [losydaeM omeHky

‘a(f,’ﬂ‘,g) —I)< 3¢,

KOTOpas 3aBepllaeT JI0Ka3aTe/1bCTBO. <

mocje10BaTe/JIbHOCTDL

dx—]’.

Caencreue 14. Fcau dynkuyua f nenpepwena na ompesxe [a;b], mo pynxyusa f unmezpupyema wa
[a; b].

> Paccmorpum pasbuenue orpeska [a;b], 3ajaHHOe TOUYKAMU Tf = a + =9 Oppenesmv dbynxmo
fn cremytomum obpazom: fr,(x) = > f(xg_1)Ia,, A6 Ap = [T4—1; ) TPU k: n—1uA, =z, 1,2,
k

Oyukrus f, uarerpupyema na [a; b]. [lockoabky f paBHOMepHO HenpepbiBHA Ha [a; b, mas Bestkoro € > 0
Haiiércs takoe N, uaro jisa Becex n > N Bepuo HepasenctBo |f(z) — f(xy)| < € npu x € [zy_1, 2.
Caenosarennno, sup | f(z) — fu(x)| < € mag Bcex n > N. Takum 00pazom, MOCTEAOBATENBLHOCTD [,
a;b
PaBHOMEPHO CXOMUTCA K [, a 3TO BICYET HHTEIPUPYEMOCTD f. <
Dynknust f HA3BIBACTCS KYCOwHO Henpepuenoll Ha orpeske [a;b], eciam ecth Takoe pasbuenue
a =2z < a1 < ... <z = b, uro GyHKIUA [ HempepbIBHA HA KaxkKJIOM uHTepBasie (r;_1;x;) U
CYNIECTBYIOT KOHEUHbIE TIpejesibl  lim . f(z)m lim . f(z) B kaxa0it Touke z;. Hesnaunreapno mMonn-
T—T;— T—Ti+

buupys paccyxKaeHus cJaegcTBus 14, MOXKHO JO0Ka3aTh, YTO BCAKas KYCOUHO HEIpepbIBHAA (DYHKITUS
HHTETPUpPyeMa.

Caencrsue 15. Ecau dyrxyus f monomonna wa |a;bl, mo f unmeepupyema wa [a;b].

> Ilycrs mast onpepenénnocrn dyuknus f neyosBaomas u f(a) < f(b) (cayuait f(a) = f(b) Tpusn-
ajieH, Tak kak torjga f = const). Pazobbem orpesok [f(a), f(b)] Toukamu y = f(a) + W, e
k=1,2,...,n Honoxum Ay = {z: yp—1 < f(z) <yptupu bk <n—1uw A, ={x: you1 < f(2) < yn}

Bamerum, yro Ay NA; = @ upu k # | u Jyis Kaxkaoro k MHOXKeCTBO A WM IYCTO, WJIH SIBJISIETCS
n

npomexkyTkoM. Ilyers f,(x) = > yr—11a, (). IlockoabKy s @ € Ay cupaseuBa ONEHKA
k=1

a(@) = F@)] = g — F()] < i — gy = 2O =@

n

nosyaem sup | f,,(z) — f(z)| — 0, mosromy f mmrerpupyema na [a; bl. <
[a;0]
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OtMmeTHuM, 4TO, pa3BuBas crocod nNpubauzKeHuss GYHKIUU f U3 TOCJIEIHETO CJIeICTBUS, MOXKHO I10-
CTPOUTH 3HAMEHUTHIH mHTerpaJs Jlebera. OmHaKo IJIg 9TOr0 HAIO YMETh U3MEPATh JJIHNHY IPooOpa3oB
HPOMEZKYTKOB, 4TO CaMO 10 cede ABJIAeTCs HeTPUBHAJIbHON 3aja4eil. B ciydae monoronnoit pyHkimn
Takue mpoodpPa3bl OKA3BIBAIOTCS MPOMEKYTKAMA U UX JIJIMHA — MPOCTO PA3HOCTH KOOPAMHAT KOHIIOB, a
B 00IIeM cJiydae mpoodpa3 MOXKeT ObITb YCTPOEH OYeHb CJIOXKHO.

WTak, mocTpoeH ecTeCTBEHHBIN KJIacC HHTErpUPYeMbIX 110 PuMany yHKIHK — MHOXKECTBO OI'PDAHH-
YEHHBIX (PYHKIUI, KOTOpbIe pABHOMEPHO NPUOINZKAIOTCS CTYIIEHYATBIMU (DYHKIUAMA. Takue hyHKIUN
00pa3yoT JIMHEHHOE IPOCTPAHCTBO, COAEPZKAIIEe KYCOTHO HEIIPEPhIBHbIE 1 MOHOTOHHBIE (hyHKIIH. O/1-
HAKO 9TOT KJIACC (DYHKIUI He COMEPKUT BCe WHTErpupyembie 110 Pumany (pyHKIUN, U s Oy 9€HUsT
KPUTEPUsT HHTErPUPYEMOCTH TTOTPeOyIOTCsT H0Jiee TOHKHIE PACCYIK/I€HNUsI, KOTOPhIE MBI BCKOPE TTPOBEIEM.

Hakomerr, obcyuMm TpeTbe CBOHCTBO HHTErpPaJa — aJINTUBHOCTD.

Ipemnoxenue 41 (agaurusHocTh HHTErpAaa). IIpednososcum, wmo dynryus f unmezpupyema no
Pumany na ompeske [a;b] u ompeskax [a;c] u [¢;b], 2de a < ¢ < b. Toeda eepro pasercmeo

/abfd:c:/acfder/cbfd:c.

> Ilo ycaoButo f marerpupyema Ha [a;b], [a;c] u [¢;b], mO3TOMY PHMAHOBBI CYMMBI CXOAATCSA K HH-
TerpajaM or f IO 3THM OTpe3KaM JJId JIOOBIX pas3bueHuit, MacmTad KOTOPBIX CTPEMHUTCS K HY.JIIO.
Ilyers (Ta;q; &lay) cocTORT U3 TOUCK 71 = a + (¢ — a)k/n, & = xp—1, 1 (Tiep), §je;p) COCTOUT U3 TOUEK
zp = c+ (b—co)k/n, & = xp_1. Obbeaunenne 3rux pasdUEHUl sIBJISETCS OTMEYEHHBIM Pa3OueHueM
T(a) oTpeska [a;b] n
o(f Tia), &) = 0(f Tia), &) + 0 ([, Tpewy; €)-

Ocraércsa 3aMeTuTh, 9TO NP N — OO JIeBast 4aCTh CTPEMHTCs K MHTerpajy no [a;b], a upasas dacTh
CTPEMUTCST K CyMMe HHTerpajioB 110 [a; c] u [c; b]. <

B aJIbHENIeM MBI IIOKazKeM, 4TO U3 MHTerpu €MOCTH 11O |a;C| U |(C; b CJIe €T MHTerpu €MOCTH

3 Y Y
110 [a; b] n, HAOGOPOT, N3 WHTEIPUPYEMOCTH TIO [a; b] cieyeT HHTerpHpyeMOCTh IO JTI0OOMY TOJ0TPE3KY.
Hasee y100HO HCHOIB30BATh CICLYIONIAE XOPOIIO COMIACYIONIHECs ¢ I IUTHBHOCTLIO COTIAIICHMUS:

[ raris=o. /baf(x)dxz—/abf(rc

B 3akmouenne 9T0r0 paszesia NpUBEIEM YTBEPKIEHNS, KOTOPbIe XOPOIIO HILTIOCTPUPYIOT JTOKA3AH-
HbI€ Bblllle CBOMCTBA MHTEIPaJia U JIAI0T OTBET HA BOIPOC O CYIIECTBOBAHUU 11€PBOOOPA3HbBIX Y HElpe-
PBIBHBIX (DYHKIHII.

Teopema 35. ITycms f nenpepwsna ta [a;b]. Tozda dymruus

/fdt

asanemes nepeoobpasnots dynkyuu f na [a;b], m. e. daa scex x € [a;b] sepno pasencmeo
Fl(z) = f().
Boaee mozo, daa ecaxoti nepsoobpasroti F pynruuu f ewnoanena gopmysa Hvromowna — Jletbnuya:
b
/ f(x)dz = F(b) — F(a).

> BanumeM ompeaeaeHne IPOU3BOIHONR U BOCIONB3YEMCH I TUTUBHOCTHIO HHTEIPAJIA:

z+h
F'(r) = lim Fleth) = Fla) :,133%%/ ' f(t) dt.

h—0 h

ITo Teopeme o cpejHeM CYIIECTBYET TaKOe ¢ U3 OTPE3Ka ¢ KOHIAMU & U = + h, 910

! / C ftyde = f(o).

[Tockonbky f— HenmpepbiBHas (yHKIus, moaydaeM, 910 f(c) crpemutes K f(x) mpu h — 0. IToceaee
YTBep:KIeHHe CJIeIyeT U3 TOTO, 9TO JI0bIe JBe IepBoOOpa3Hble OTJIHIAIOTCS Ha KOHCTAHTY. <
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Caeacreue 16 ((bopMyﬂa HHTerpUpOBaHusl 0 dactsiM). Ilyems f, g — nenpepueno duddepernyupy-
emovie na ompeske [a;b] gynryuu. Tozda

b
/ f(@)g(2) dx = F(D)g(b) — f(a)g(a) - / F(@)g(x) da

> JocraTouno 3ameTuThb, uTo 1o dopmysne Heiorona — Jleitonuia

b
/ (fg) dz = F(b)g(b) — f(a)g(a)

u npuMennThb npasuio Jleiibuuna (fg) = f'g + fq'. N

Caencrsue 17 (popmyra 3aMeHbl iepeMeHHbIX ). [Tycms [ — nenpepvishas na ompeske [a;b] Pyrix-
yusa u p: [a; Bl = [a;b] — HenpepueHo duppepenyupyeman dyrxyua. Tozda

[0( da:—/f

> Ilycts F'— nepsoobpasnast dyukimun f. Torga F(p(t)) — nepsoobpasnas f(o(t))¢'(t). Tpuvensis
dopmyay Heiorona — Jlefibruma, moaydaem

o(B) 8
/ fdx = F(o(B)) — F(p(a)) = / Fo(t)! (1) dt. <

(@)
Sagaun
1. Iyers f € C[0;1] u f > 0. TokaxKkute, 4To

. 1 ) 1/p 1 . 1/p .
Jim ([ 7740)" = @i (1 7ae)" = i, st

1
; p Ve _

p—0

hm / f da: exp( lnfdx).

2. [lycrs f — HenpepbiBHAs (DYHKIMS HA [
/ 70
Hoxkaxure, aro f <0

3. llycry f — nenpepoiBaast dbyukius Ha waTepBate (0;1). Jlokaxkure, uro dbynkuus f BBIIYKIA
na uaTeppase (0;1) Trorma m TOIRKO TOTJA, KOIJA JJisi BCAKOTO orpe3ka [a — §;a + §] C (0;1) BepHO

HEePaBEHCTBO
1 a+o

flo) < 55 [ flayds

4. Tlycrs ¢ — venpepbiBHO quddepernupyemas Boinykias dyukius #a [0; +00), [ — HenmpepbiBHAST
dbyuxmug u f > 0. lokaxkure nepasencmeo Uencena:

o[ 1)) < [ vt

5. llycte dbyukmus f wempepsiBHa Ha R u cymectByer Takoe wumcsio 1 > 0, uro mad Bcex a € R

CIPaBeIINBO PABEHCTBO
a+T T
/ f(x) de = / f(z) de
a 0
Bepuo s, uro dyukius f apiasercsa nepuoandeckoit ¢ nepuogom 17

10
1
6. Boruuciure / n:L‘2 dx.
10l +x

7. Ilycte f — menpepoiBaas Ha R yukmnus. /lokazars, 910 mMoc/ae10BaTeIbHOCTD HEITPEPHIBHO 1ud)-
depertupyeMbix HyHKINIT

z+1/n
fulz) =n / £(t) dt

CXOauTCsI K f paBHOMEPHO Ha BCIKOM OTPE3Ke.
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Kpurepuii /lapoy. MuoxkecTBa Mephl HyJb. KpuTepnii JIebera

Ob6cynum reoMeTpuyecKuil Moaxo K MocTpoennio uaTerpaia Pumana. 1o onpenenennio uaTerpan
Pumana or dyukiun f no orpesky [a; b] siBiasercst npe/iesloM PUMAHOBBIX CyMM

o(f, T, &) = ngk | Al.

ITycts dynkuua [ HeoTpHIATEIbHA. TOrma pEMaHOBA CyMMa B TOYHOCTH paBHA CyMMe ILIOIIAJIEi
IPSIMOYTOJIBHUKOB, KazKJIblil U3 KOTOPBIX uMeeT ocHoBaHue Ay u Bbicory f(&x). IHTYnTHBHO sICHO, 9TO
Py CTpeMJIeHHN MacmTaba K HyJII0 9Ta CyMMa, IJI0MAAeH MPAMOYTOILHIKOB NPUOIMZKAETCS K TLIONAIN
o rpadukom dyukiun y = f(z) Hag orpeskoMm [a; b] ocn aberuee. Takum o6pazom, narerpan Puvana
BBIDAZKAET ILIOMIA/Ib Mo rpadukoM DYHKINH, HO MOHATHe MIOMAMM (KAK U JJIHHBL, 1 00béMa) OUYeHb
HETPUBUAJBHO U BBIXOIUT 38 PAMKHU HACTOAMIETO Kypca. OIHAKO emIé cO IMKOJbI U3BECTEH CJIe Iy IOIINi
IOJIXOJ1 K ONPE/IEJICHHUTO IO GUrYDPbL. Y HEKOTOPBIX HPOCTHIX (buryp (HarmpuMep, COCTABICHHbIX U3
IPSMOYTOJTBHAKOB), IIONAAN U3BeCTHBL. [109TOMY /7151 OIIpe/ie/ieH st IIOTAAN JTAHHOH (DUTyPhI BOKPYT
Heé ONMMCHIBAIOT U B Heé BITMCHIBAIOT POCTHIE (DUTYPBI, CTPEMACH CAEJATh 3TO KaK MOXKHO To9Hee. Torma
IJIOINAIBI0 TAHHON (PUTYPHI €CTECTBEHHO HA3BATDH IIPEJesl IIOMAlel OIMCAHHBIX U BIUCAHHBIX (DUTYD,
eCJIM HTHU IpeJIesIbl CYIIECTBYIOT ¥ COBIAIAIOT. VIMEHHO 3TOT MOJAX0 BHIPAZKAIOT TAK HA3LIBAEMBIE CYMMbL
Lapoy.

[Tycrs f — orpanuyennas Ha orpeske [a;b] dynkuus u T — pasbuenue orpeska [a; b]. Boipazkerusi

s(f,T) =) inf f(x)|Al,  S(fT) Zsupf )| A
L k

HA3BIBAIOTCS HUCHEN U eeprreli cymmotli Japby coorBeTcTBeHHO. 31mech Ay = [T)_1; Tk

Jemma 2. Hmerom mecmo caedyouwue ymeepicoeHus.

(i) s ecarozo pasbuenus T sepro. Hepasercmea

s(LT) Sinfo(f,T,6) < o(f,T.8) < Supﬂ(f T,&) < S(f,T).

(i) Ecau pasbuenue T C T (206opam, wmo T asasemes usmeavueruem T), mo
s(f,T) < s(f,T), S(f,T)<S(f,T).

(i) Eeau Ty u Ty — pasbuenus ompeswa [a;b], mo s(f,T1) < S(f, Tq).

Huotcnum unmezpanom lapby dyuxiun f HazbiBaeTCs BEIUUNHA,

I =sups(f,T),
T

a seprrum unmezpanom Jlapby dyHKIUN [ Ha3BIBAETCS BEINYNHA,
= i%f S(f,T).

Jemma 3. Jlaa ecakozo € > 0 watioémes maxoe § > 0, wmo daa ecarozo pasbuenus T, A\(T) < 4,
BEPHO HEPABEHCEO

I—s(f,T)<e
Ananozuunoe ymeepocdenue svnoaneno oaa S(f,T).
> Ilyctb € > 0. Haiinérca takoe T,, aro
—s(f,T.) <e
ITycts T — npousBosibnoe pazdbuenue. Torma
[—s(f,T) = L= s(f,T.)+s(f,T.) = s(f,T) < e +s(f, T.UT) — 5(f,T).
Pacemorpum pasuocts s(f, T. UT) — s(f, T). Ilyctb a = g < 21 < ... < xy —T104Kkn pazomenns T,

A} — orpesku pasomenus T.UT, Ay, — orpesku pasbuenns T. Ecian z; ¢ A}, To A} coBmazaer ¢ oxHnM
u3 orpe3koB paszbuenus 1. CienoBaTesbHO,

s(LTUT) —s(f,T) = ), mfflAL = > inf f|A] < 4N sup [FIA(T).
k:xjeA) k k:xjely k lasb]

[Tycrb 6 > 0 croan mano, aro 4N sup | f| < e. Torma mag Besikoro T ¢ yeaosuem A(T) < § BoimonHsieTcst
[a;]
nepasenctso I — s(f,T) < e. <
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W3 mocieqaux ABYX JIeMM cJeyeT KpUTepuit HHTerpUPYeMOCTH.

Teopema 36 (kpurepuii Tapoy). Oepanuvennas dynrxuus f unmeepupyema no Pumany na ompesxe
[a; b] moeda u moavko mozda, Koeda Ha smom ompeske e€ HuscHull u eeprHul unmezpars, apby cosna-
darom. Boaee mozo, ecau f unmezpupyema, mo e€ seprHull u wuscHutl unmezpanvs Japby cosnadarom
¢ unmezparom Pumana.

> Ecam dyuknus f maTerpupyema mo Pumany, To m1sa Beskoro € > 0 mHaiinércsa takoe § > 0, 910 11
Beex orMedennnix pasbuenuit (T, ) BepHo nBoHOE HEPABEHCTBO

b b
/f(x)d$—5<0(f77f,§)</f(x)dx—|—5.

Iockomeky s(f,T) = infe o(f,T,&) u S(f,T) =supo(f,T,§), monysaem
3

b b
/f(x)dx—egs(fﬂl‘)<1<T<S(f,‘]1‘)</f(x)dx+5.

b

CrenoBarenbHo, nuTerpaJbl Jdapby oTaIndaoTcs oT / f(x) dr menbme, vem Ha €. B cumy mpou3ssosinb-

a
HOCTH € ToJIydaeM, 4To nHrerpasibl Jlapdy coBnasator ¢ nnrerpagom Pumana.

O6paTHO, MyCTh Ternepb U3BECTHO, aro unrerpais dapOy cosmajator. Jlokazxem, 4To dyHKIUA f
uarerpupyema 1o Pumany. Ilycts [ = [ = 1. Jljga Besakoro € > 0 cymiecrByer takoe 0 > 0, 94T0 Jjijis
Beex paszbuenuit T ¢ MacmTaboM MEHLITUM 0 BEpHLI HEPABEHCTBA

I—e<s(f,T)<S(f,T)<I+e.

Ocraérest 3aMeTuTh, 9TO s BeIkoro orMedennoro pasbuenus (T, &) ¢ macmrabom, MeHbITAM 0, BbI-
nosrenst Hepasencrsa S(f,T) < o(f,T,) < S(f,T) u |o(f, T,¢) —I| <e. <

Caeacreue 18. Ozpanunennasn dynkuyus f unmeepupyema no Pumany na ompeske [a;b] mozda u
moavko moezda, xKo2da daa ecakoeo € > 0 natidémes makoe pasbuenue T ompesxa |a; b, wmo

S(f,T)—s(f,T) <e.
3aMeTuM, 4TO
ST = s(f,T) = D _(sup f —inf f)IA.
ko Ok *

Pasnocts sup f — iglf f obosznagaior depe3 w(f, Ag) u HA3LIBAIOT Koaebanuem GyHKIUU f HA OTPE3Ke
Ay k
Ay,. Takum 006pa3oM, HHTEIPUPYEMOCTDb ONpaHuYeHHON DYHKIUK [ PABHOCU/IBHA TOMY, YTO JIJIsl BCIKOI'O

e > 0 naiinéres takoe pasbuenue T orpeska [a;b], 9To

> w(f Ap)Ay] <e.

k
ITpu BEIMaTesbHOM B3MUIsiIe Ha Bepaykenne » | w(f, Ap)|Ag| cTranosurcs sicno, 9T0 MaJIOCTH ITO CyM-
k

MBI 3aBHCHT OT MatocTh w( f, Ag) u or Mmanoctu |Ag|. ManocTs Kosiebanus (byHKIMA HA MAJIBIX OTPE3KAX
CBs3aHa C HEMPEPBIBHOCTBIO pyHKINU. CHPABUTHCS ¢ TOYKAMU PA3pbiBa (DYHKIIMH MOXKHO € TOMOTIHIO
ManocTu |Ag|, HO TAKMX TOYEK He JOJKHO OBITh CJIHIIKOM MHOI'O, WHAYe MAaJble JJIHHBI OTPE3KOB
pas3buenusi B cyMMe MOTYT JaTh y’Ke He OYeHb MAJIYIO BEJIUYUHY. TOYHOE ONHCAaHHe HENPEePBIBHOCTU
uHTerpupyeMoi pyHkiuu 1aét Kpurepuii Jledera.

MuoxkectBo FF C R HazpiBaeTcss mmoocecmeom mepovs Hyav no Jlebezy, ecou mis Begkoro € > 0

CYIIECTBYET TaKO# He GoJsiee 4eM CUETHBIN HAOOp mHTepBAIOB [), uro £ C | J I u Y |Ix| < €.
k k
PaccmoTpuM HECKOIBKO MTPUMEPOB.

1. Touka siBIsieTcss MHOXKECTBOM Mepbl HyJIb 10 Jlebery. [eiicTBurenbHo, st Besskoro € > (0 ata
TOYKA HAKPBIBAETCS HWHTEPBAJIOM C IEHTPOM B TO TOUKe U PAIUyCcoM /4.

2. Besikoe ne 6os1ee yeM CUETHOE MHOYKECTBO TOYEK SIBJISI€TCS MHOXKECTBOM Mepbl HYJIb 110 .Jlebery.
[Iyctsb xp — Toukm 3TOTO MHOKeCTBA. [lomoxum [ = (xp — e27k=2 1 + 62*’“*2). Torma unTepBaJIb I,
HAKPBIBAIOT MHOXKECTBO M CyMMa UX JIJIMH paBHA £/2.
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3. Orpe3ok [a;b], Toe a < b, He SABJIAETCSI MHOYKECTBOM MepPbI HYJb 10 Jlebery. Dto ciemyer u3
CJEIYIONIErO YTBEPKICHUS.

Jdemma 4. Ecau [a;b] C U, Ik, 2de {1} — ne Gonee wem cuémuas cucmema unmepsaros, mo b—a <

Ekilfk Nla; b]| < Ekilfkl-

> Orpesok [a; b] aBIgETCA KOMIIAKTOM, TTO9TOMY MOYXKHO CYHTATh, YTO OH TIOKPBIT KOHEYHBIM HAG0POM
unrepsaiaoB Iy, ..., Iy. Jlokaxkem TpebyeMoe HepaBeHncTBO uHaykmnueir mo N. Baza N = 1 odeBuana:
BKTIouenne [a;b] C (v;d) Braeuér [a;b]()(7;9) = [a; b]. [Ipeamonoxum, aro mas N yTBepXKaAeHEe TOKa-
3aHO, n jmokazkeM ero mias N + 1. Bes orpanmdenus obIHOCTH MOXKHO CUuTaTh, 9T0 b € x4 = (7;0).
Ecaun v < a, To yTBepK/IeHHe 0YeBUIHO BbITIOIHEHO. [IycTh Temeph a < 7. Toraa orpe3ok (mam ToUYKa)
[a; v] mokpeIT wHTepBaTamu Iy, ..., Iy, OCKOIBKY OH 3aBeJIOMO HE MEPECeKALTCs ¢ MHTEPBAIOM [y, 1.

N
ITo npennosnoxennio nugykuun ¥ — a <y, |Ix()]a;7]]. IIpomexyrox I ([a; ] aBasgercs mogmuokKe-
k=1

ctBOM mpomeRyTKa [ [[a; b], mosromy

N
v—a< 3 Lt
k=1

[TpubaBus K 0benm YacTsiM HepaBeHCTBa b—y u 3amedast, 4o | Iy [[a; b]| = b—y, noiy4aem Tpebyemoe
HepaBeHcTBO juta N + 1 unrepnaJa. <

Crenyromnue cBoiicTBa MHOYKECTB MepbI HYJIb UCIHOIB3YIOTCS HANbOIee JacTo.

IIpenmoxkenne 42. (i) B onpedesenuts MHOHCECTNEA MEPHL HYAL UHMEPEAADL MONCHO 3AMEHUMD
OMPe3RAMU, M. €. NPU MAKOT 3aMEHE NOAYUYUMCH IKEUBAAEHMHOE ONPEIEAEHUE.

(ii)  Ecau D — mmoorcecmeo mepo, nyav v E C D, mo E — mrosrcecmso mepv HYAb.

(iii) Ecau {E,} —ne 6oaee wem cuémmuod nabop mmuooicecms mepve wyav, mo |J E, asasemea
MHONHCECTNEOM MEPVL HYAD.

> Ob6ocayem myHKT (i). Ecjin MHOXKECTBO TIOKPBITO HHTEPBAJAMH, TO OHO TeM Gojiee MOKPHITO OT-
pe3KaMu, KOTOpble TMOTYYHINCh T00aBIeHneM K 3TUM WHTepBajgaM UX KOHIOB. (CJie0BATETBLHO, €CIH
MHO2KECTBO 4BJIACTCA MHOXKECTBOM MeEpPbI HYJIb 110 OIIpeACJICHHUIO C UHTEPBaJlaMi, TO OHO 4ABJIA€TCA MHO-
2KeCTBOM Mepbl HYJIb 11O OIIpede/IeHNI0 C OTPE3KaMH. HyCTb Tellepb HEKOTOPOE MHOZ2KECTBO IIOKPBLITO HE
GoJtee 4eM CYETHOI CHCTEeMOl OTPEe3KOB [ay; bg|, cymMMa IIMH KOTOpPHIX MeHbIe €. Torma 3m0 MHOXKe-
CTBO HOKPBITO HHTepBataMu (a, —e27F by +e27F), cymma ayun Koropbix Menbie 3e. Takum ob6paszowm,
€CJT MHOYKECTBO SIBJISIETCS MHOXKECTBOM MepBI HYJIb MO ONpeJeeHIIO ¢ OTPE3KAMH, TO OHO SBJISETCS
MHO2KECTBOM Me€pPbl HYJIb 110 OIIPpEACJICHUIO C HHTE€PBaJIaMU.

[Tyukr (ii) caemyer u3 ompeeseHns, a JOKa3aTeIbLCTBO MyHKTa (iil) JOCIOBHO HOBTOPSIET PACCY K-
JeHHSI U3 TIPUMeEpPa CO CIYETHBIM MHOXKECTBOM TOYEK. <

OTMeTuM, 9YTO MHOZKECTBO MePBI HYJIb MOXKeT ObITh KOHTHHYaTIbHBIM. Hampumep, mHOX)ecTBO Kan-
TOpa KOHTUHYAJILHO U UMEEeT Mepy HyJlb.

ECﬂI/I HEKOTOPBIM CBOMCTBOM O6JIa,ZLaIOT TOYKH MHOZKeCTBa, AOIIOJTHEHHUE K KOTOPOMY {ABJIAE€TCA MHO-
JKeCTBOM MephI HYJIb 10 JIebery, To TOBOPAT, 9TO CBOWCTBO MMeET MECTO NOYIMu 8CHdy.

Teopema 37 (xkpurepnii Jlebera). Pynryua [ unmezpupyema no Pumany na [a;b] mozda u moavko
moeda, kozda [ ozparunenna Ha [a;b] u noumu ecrody nenpepvisha Ha [a;b].

> IlockonbKy /st MHTErpUpyeMOCTH (DYHKIUN f HeoOXomuMa eé OrpaHuYeHHOCTD, Jlajiee OyaeM CUu-
Tathb, 910 (PyHKIHUsS f orpanndeHHa. [lokazkeMm, KaK W3 MHTEIPUPYEMOCTH CJIEJYET, 9TO MHOXKECTBO
TOYeK pa3pbiBa nMeeT Mepy HyJb 1o Jlebery. Hanomunm, uro komebaunne w(f, ) dynknun f B Touke
X ompejiengeTrcd Kak IIpejest (lsii]% w(f, Bs(x)), u HenpepblBHOCTh DYHKIMH [ B TOYKE T PABHOCHIHHA

paserctBy w(f,z) = 0. Takum 006pa30oM, MHOXKECTBO TOYEK DA3PhIBA SIBASETCS O0HEIMHEHHEM MHO-
xkectB B, = {z: w(f,z) = 1/n}, u 1ocTaToqHo J0Ka3aTh, 4TO KayKJI0€ U3 STUX MHOXKECTB ABJISETCSI
MHOZKECTBOM MepHhI HyJb. st Beskoro € > 0 cymecTByer takoe pasbuenne T, 910
> w(f Ap)A] <e.
k
[Tycts B TOUKe x Koebanue dbynknuu f e Menbine 1/n. Ecam x — BHYTpeHHsS ToUKa oTpeska Ay,
o wW(f,Ax) = 1/n. Ecau o aBasercsa obieit Toukoit orpeskoB A1 u Ay, 10 w(f,Ax—1) = 1/(3n)
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win w(f,Ax) = 1/(3n), umade w(f,z) < 2/(3n). Ilycrs J cocrouT u3 Beex TaKUX HOMEPOB k, 9TO
w(f,Ar) = 1/(3n). Torma E, C e, Ak Hockompry 1 < 3nw(f,Ay) ana k € J, nMeioT MecTo
HEPABEHCTBA

Z |Ag| < 3n2w(f, Ag)|Ag| < 3ne.

keJ keJ
B cuty npoussosbHOCTH € > () 3aK/II09a€M, 9TO F, SBIAETCI MHOKECTBOM MEDBI HYJIb.

IIycTh Temeph MHOXKECTBO F ToUeK pa3pbiBa orpanndennoil byHknun [ uMeeT Mepy Hy/Ib. JJoKazkeM,
aro f uarerpupyema. s Beskoro € > () cyrmecTByeT Takast He Gosiee ueM CUETHAsI CHCTeMa HHTEPBAJIOB
Iy, ato E C JIx u Y |Ix| < €. Ecom © ¢ E, 10 f HempepblBHA B TOYKE T U CYIIECTBYET TaKast

k

okpecTHOCTb Bj, (), ato w(f, Bs,(x)) < €. Oxpecrrocru By, /3(x) ans Bcex x ¢ E u unrepsasst I,
BMecTe 00pasyloT MOKpHTHe oTpeska [a;b]. CymmecTsyer Koneunoe moanokpuitue B; = By, j3(z;) u I,
rme i = 1,2,...,0lnj=12,...,m. llycrp § = min;J,,. Paccmorpum npousposbHoe pa361/1eHHe Tc
MacmTaboM, MeHbITUM J/3. I/IMeeM

dwlfA)Al = D W ADIAN D W Aw)|AK
k k: ApNU; B;#9 k: ApNU; B;=2

Ecan Aj, nepecekaercs ¢ HeKOTOPBIM B; = Bgmi/g(l'i), 10 A C B, (x;) mw(f, Ax) < €. CremoBaTesbHO,

nMeeT MeCTO OIleHKa
> w(f, Ap)| Akl < 5§ | Ak <e(b—a).
k: ApNU; B;#9
Teneps oreHnM CyMMy 1O TeM k, JJIs KOTOPBIX /\; He IepeceKaercs HH ¢ KakuM Bj. B sTom ciayuae

Ay C UL m | Ay <Z|Akﬁ]| HyCTbM—sup|f] Torna
jasb)

Y Wl AL < ZMZ(Z AN |) - QMZ(Z AN \) <2M Y |1] < 2Me.
k: ApNU; B;=9 j
Urak, Y w(f, Ap)|Ak| < (b—a+ 2M)5. Cornacao kpurepuio dapby dyuknusa f uarerpupyema. <
k

Caencrsue 19. (i) Ecau gynrkuyuu f u g unmezpupyemo, wa [a;b], mo ux npoussedenue fg makorce
unmezpupyemo na [a;b).

(ii) FEecau gynxyua f unwmezpupyema na [a;b] u 1p nenpepwena na [—inf f;sup f|, mo ¥(f) unme-
epupyema Ha [a;b].

Hanpumep, u3 uarerpupyemoctu dbyukiuun [ Ha [a; b] ciaeayer uarerpupyemocts |f| #a [a; b]. Bosee
TOTO, U3-3a MOHOTOHHOCTH MHTEIPAJIA BEPHA OICHKA

| / fla)da| < / 7 (@) da.

BaKHO UMeTh B BUJLY, YTO U3 MHTEIPUPYEMOCTH | f| He cliejyeT HHTerpupyeMocTsb f

Caencreue 20. (i) Feau dynxuyua f unmeepupyema na ompeske [a;b], mo f unmeepupyema wa
scarom nodompesre [c;d] C [a;b].

(ii) Ecau a < ¢ <bu gynryua [ unmeepupyema na [a;c] u [c;b], mo f unmeepupyema na [a;bl.

Caeacreue 21. [lyemov f unmeepupyema na [a;b] u f > 0. Toeda u3s pasencmea wyao unmezpana
om f no [a;b] caedyem, wmo pynryua [ pasna nyaro noumu ecrody wa [a;bl.

> Cornacuo kpurepuio JleGera 10cTaTOYHO T0KA3aTh, 9TO [ paBHA HYJIIO B KarKIOH TOYKE HEIIPEPBIB-

HOCTH, IIPUIEM JIOCTATOYHO PACCMOTPETb TOJBKO TOYKH HelpepbiBHOCTH u3 unrepsasa (a;b). Ecau f

HenpepbiBEA B TOUKe ¢ € (a;0) u f(c) > 0, To cymecrByer orpe3ok A C (a;b) ¢ MeHTPOM B TOUKE ¢, HA
f(o

koropom f(x) > f(c)/2. Torma f(x) > ==Ia(7) B B CITy MOHOTOHHOCTH HHTErDasa

/f(ft) dx > /@M(I) de = @\N > 0.

CrenoBaTeIbHO, U3 PABEHCTBA HYJIIO WHTErpaJia CJIeIyeT PABEHCTBO HYJIIO (DYHKIIMH BO BCEX TOUYKAX
HEIPEPHIBHOCTH U3 HHTEpBasa (a;b), T. €. DPABEHCTBO HYJIIO TIOYTH BCIOAY. <
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WHTerpas ¢ nepeMeHHbIM BEPXHUM ITPEIEIOM
[Tycts f mnrerpupyema na orpeske |a;b]. Oyuxnua F, 3ajanHas paBeHCTBOM

ﬂmzjjww,

HA3BIBAETCA UHMEZPANOM C NEPEMEHHBIM BEPTHUM npedesom. BbiTiie Mbl BUIEIN, 9TO JJIsT HEIIPEPHIB-
HOUl YHKIMHM [ WHTerpas ¢ mepeMeHHBIM BePXHUM IpeJiesoM sBJsgeTcs mepBoodpasHoit. bosee Toro,
ecJu HHTerpupyeMas (byHkmus f mMeeT KaKyo-TO IepBoobpasnyio F, To B cuiay opmyasl HbioTo-
na — Jleitbuuna (cm. reopemy 33) 9ra HepBooOpasHas OTJIMYACTCS JIMIIb HA KOHCTAHTY OT MHTErpaJia
C TIePEMEHHBIM BEPXHUM TIpejesioM. [03ToMy mpejcTaBiser WHTEpeC OMMCaHue CBOHCTB F B ciaydae
NPOW3BOIBHON WHTErpupyemoit pyHxnun f.

Ilpexnoxenne 43. Mmeem mecmo ouenka
[F(x) = F(y)| < Mz —y|, M =suplf],
6 wacmuocmu, pyrwkyus F nenpepuiena.

> Ilycts z > y. Torma B custy a/InTHBHOCTH MHTErPAJIa MOy daeM

Fla) - Fly) = [ f)ds

I/I7 CJIG,HOB&TGJIBHO, HpI/IXO,ZLI/IM K OHeHKe
\ﬂ@—Fwﬂé/UﬁwﬁéMu—M~ 4
Yy

Teopema 38. Ecau dynxuyusa f nenpepuena 6 mouke ¢ € [a;b], mo F dupdepenyupyema 6 mouxe c
u F'(c) = f(eo).
> HWcnonb3ys onpejenenne F, mosydaem
ct+h

Pt MNP0 po = [t - separ

¢

Takum ob6pasomM,
F(c+h)— F(c
( })L (©) — f(e)

rjae nmpaBasd 9aCTb B CUJIY HEIIPEPbIBHOCTHU f B TOYKE C CTPEMHUTCA K HYJIIO. <

< sup |f(t) — f(o)l,

[ic+h]

Ilo kpurepuio Jlebera murerpupyeMas (PyHKIHA HOYTH BCIOJY HEIIPEPBIBHA, IOYTOMY HHTErpas ¢
IepeMeHHBIM BEPXHUM TIpeIe oM mouTu Beoay auddepentupyem. rak, F' HenpepsiBHa Ha [a; b], mo-
9Ty BCIOAY AuddepeHnupyeMa 1 mo9TH BCIOLY €€ Hpou3BoaHas copuagaer ¢ f. Onxrako rakue hyHKIUH
y7Ke He Ha3bIBAIOT MepBOOOPasHbIMU (PYHKIUNA f. DTO CBI3aHO, B YaCTHOCTH, ¢ TEM, 9TO €CJIH IOIY-
CTUTHh TakKne PYHKIINU B KadecTBe MepBOOOpa3HBIX, TO y HYJIA 11epBO0Opa3HOil, KpOMe KOHCTAaHT, OyaeT
ABJIATBCA, HallpuMep, JiecTHulla KanTopa, KoTopas Ha KOHCTAHTY COBCEM HE ITOXO0KA.

Dopmysia 3aMEHBI MEPEMEHHOT

Boire Obia jokazana popmysia 3aMeHbl IEPEMEHHON JIjIsi HHTerPaJia OT HEeIIPEePbIBHON (DyHKIINH.
Paccvorpum Teneps ciaydait uarerpupyemoii pyukiun. Ham norpedyercs cieyioniee yrBepzK IeHue.

Jemma 5. Ecau ¢: [a;b] — R — aunwuuesa pynryus, mo iz ecarozo mmoscecmsa E C [a;b]
mepovr Hyav no Jlebezy ezo 06paz p(E) ABAAEMCA MHOHCECTIEOM MeEPbL HYAL 1o Jlebezy.

> Ilyers |p(x1) —@(xe)| < M|z — xs| auist Beex xq, X9 € [a;b]. Pacemorpum unrepsan I = (¢—J;¢+0).
Ecmu y € (1), To cymectByeT Takoii , uro |z —c| < 0 u y = ¢(z). Torma |p(x) — ¢(c)| < M|z —c| <
2M 6. Cnenmosarennho, ¢(I) comepxutcs B unrepsane (p(c) — 2M6;p(c) + 2M0). Ecnun mexkoropoe
MHOKecTBO E TOKpBITO He Gostee deM c4éTHOI cucTeMoil mHTEpBaIOB I = (¢ — Of; ¢ + Of), IpUUEM
CyMMa WX JIJTHH MEHbIITe MOJOKHTEJTBHOTO THCa £, To 00pa3 ¢(FE) mokpeit nHTepBanamu Ji = (p(cg) —
2M 65 p(cg) +2M 6y ), cymma muH KOTOpbIX MeHbiie 2M e. Ciie1oBaTesbHO, ecii F — MHOXKeCTBO Mephbl
HyJ1b, TO U @(FE) — MHOXKECTBO MEpBI HYJIb. <
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Teopema 39. ITycmo ¢: [« 5] [a; b] — dupeomopdusm u f: [a;b] = R — unmeepupyeman dymsx-

yua. Tozda gynruyua f(o(t))|e' (t)| unmeepupyema na [o; f] u
/ f(e) di = / Pl ()] dt.
> Wurerpupyemocts dyukmun f(@(t))|¢'(t)| cnenyer u3 semmbr u kpurepus JleGera. ITockonbky ¢

sieaistercst nndpdbeomopdusMoM, Ha BCEM oTpeske [« 8] mim BIOIHEHO HepaBeHCTBO ¢ > 0, WKW BbI-
noJiHeHo HepaBeHCTBO ¢ < 0. IlpoBemém mgokaszarenbcrBo s ciaydas ¢ > 0. Torga ¢(a) = a u
©(B) = b. Hns Besikoro pasbuenust orpeska [a; ] Toukamm o = tg < t1 < ... < ty = [ Touru ¢(ty)
obpazyior pasbuenue orpeska |a;b|. ITockoabky |o(tr) — ¢(tk—1)| < max|¢'| - [tg — tg—1|, cTpeMuIeHHE
maciraba pazbueHus oTpeska [«; 5] K HyJII0 BIeUéT cTpeMIeHIe K HYJII0 MACIITaba COOTBETCTBYOIIETrO
pazbuenus orpeska [a; b]. TTo reopeme Jlarpanxka mis kazxa0r0 k HaiinéTcs Takast Touka ¢ € (tx_1;tx),
970
e(tr) — p(ti-1) = ¢'(c) (te — te—1)-

Jnst orMedeHHOTO pasOuenus: orpeska [«; | Ha OTpe3Ku [t_1;tx] ¢ OTMEYEHHBIME TOYKAME C BEPHO
PaBEHCTBO

> fple)d ety — tir) = Y flelen)(p(tn) = @lti)).

Ocraércsa 3aMeruTh, 4T0 IIPU CTPEMJICEHUM MAacInTada pasOueHnst K HyJII0 JeBas 4acTh PABEHCTBA CTPe-
muTes K uarerpaty or f(p(t))¢'(t) (aro cosmamaer ¢ f(p(t))|¢'(t)]) mo [o; 8], a mpaBas gacrs crpe-
MuTCst K naTerpaity ot f(x) mo [a;b).

Ecau ke BbInoJHEHO HepaBeHCTBO ¢ < 0, T0o p(a) = b u ¢() = a u, JOCTOBHO MOBTODSssI TIPO-
BEJIEHHBIE PACCYZKIEHUs, HOJIYIUM TO K€ CaMOe MTOTOBOE PABEHCTBO, HO IPH CTPEMJIEHHH MacIITada
pa3bueHus K HYJTIO JeBast 9acTh OyAeT Mo-TpesKHeMy CTpeMuThcst K uarerpaiy ot f(p(t))¢'(t) mo [a; 5],
a mpaBasi 9acTh Oy/eT CTpeMuThCs K uHTerpany ot f(x) mo [a; b], B3sToMy co 3HAKOM «MHHYC». Takum
obpazom, JokaspiBaeMasi popmyJia CHOBa OyIeT UMeTh MECTO. <

Sagaum
1. IlpuBenute npumep nHTerpupyemoit mo Pumany yHKIUN, KOTOpas He sIBJISeTCS PABHOMEDHBIM
m
npeaesaoM crynendareix dynknui, T. . Gyukuunii Buga Y ¢;l A;> DA€ IA; — MHIMKATOP OrpAaHUYEHHOrO
j=1
npomexkyTka A;.

2. ITpuseuTe puMep uHTErpUpyeMoil mo Pumany Ha [0; 1] byHKIMH, y KOTOPO HET IepBOOGPA3HOM
HU Ha KaKOM HWHTepBaJe.

3. Ilycre dynknus F auddepennupyema na orpeske [0;1] u F’ orpanuuenna. Bepuo Jsu, aro I’
uHTerpupyema no Pumany Ha [0; 1]7

4. IlpuBeuTe npuMep TAKWX HHTErPpUPyeMoil (DyHKIWY [ 1 HEIPephIBHON (DyHKINHN ¢, ITO (DY HKITHS
f(@(t)) He aBasieTcs WHTErPUPYEMOI.

5. [IpuBeaute mpuMep uHTErpupyemMoit byHKIun f, A1 KOTOPOil €€ HHTerpaJ ¢ nepeMeHHBIM Bepx-
HUM TIpeIesIoM He UMeeT MPOU3BOAHON HA KOHTHHYAJIHLHOM MHOXKECTBE TOYEK.

6. IlpuBeaure nmpumep HenpepbuiBHON dyHKIUU, KOTOpas guddepeHnupyemMa mouTu BCIOILy, HO KO-
TOPYIO HEJb3d TPEBPATUTH BO BCIoy jupdepennupyeMyio (pyHKIMIO, M3MEHUB HA MHOYKECTBE MEpbI
HYJIb.

7. llpuBeaure mpumep romeomopdusma [ u Takoro MuoxKectBa E Mepnt mysinb 1o Jlebery, uto f(F)
He dBJISTeTCS] MHOYKECTBOM MepPBhl HYJIb.

IIpnnoxenns m 0000meHNs MATETpaia Puvana

®opmyaa Teitnopa. Jlemma Mopca.
C moMoIIbI0 MHTEIPUPOBAHUS TI0 YACTSIM MOYKHO BbhiBecTH (popMmysty Teiliopa ¢ OCTaTOYHBIM UIEHOM
B MHTerpaJibHOil dopme.

IIpennoxenue 44. Fcau dynryusa [ nenpepweno duddepenyupyema (m+ 1) pas na ompeske |a; x),
Mo 6EPHO PABEHCMBEO

fa) = £(0) + @) = @)+ 3@ = a4+ @) = 0+ [ e
ol



> Hmeem

f@) = fla)+ [ "y di = fla)+ / -y F () d =

—f@)+ e —a)— [ -0 Od = @)+ P -a) - [ 5(0-22) rod-..

1 1 1 [

—J(@ + F@)e = @)+ 3 @ = + ot e ="+ [ - dr

<

N3 ognomepnoit (popmystsl Teitaopa moaydaeM MHOTOMEpHYIO: ycTh dbyukiug f: R™ — R mempe-

peiBaO nuddepennupyema (m + 1) paz B B,.(a). Torma s Besgkoro Bekropa h ¢ ycaosuem ||h|| < r
BEPHO PABEHCTBO

1
fla+h) = f(a)+df(a,h)+...+ %dmf(a, h) + %/0 (1 —t)™d™" f(a +th, h) dt.

JeiicTBUTENBHO, J0CTATOUHO 3anucarsh dopmyrty Teitiopa B myse g dbyuaknuu ¢(t) = f(a + th) npu
t =1 (cMm. Teopemy 28 ma c. 33).

U3 muoromepHoit hopmysibl Teiliopa ¢ 0CTATOUHBIM WIEHOM B HHTErPaIbHOM (hopMe CIeIyoT 3amMe-
4aTe/JbHbIE YTBEPZKJIEHUS O TOM, KaK yCTPOEHbI (PYHKIIMU HECKOJbKUX MEPEMEHHbIX. Tak, CJIe/yloniee
YTBEPIKJICHHE SBJISETCSI AHAJIOPOM H3BECTHOI TeopeMbl Be3y /1/is MHOTOU/IeHOB: e MHOro4IeH P(x)
HMeeT KOPEHb o, TO OH mpejcraBuM B Buje P(z) = (x — z0)Q(x), tae Q(x) — HEKOTOPbIHi MHOTOYIEH,
B 9ACTHOCTH, ecau T = 0, To P(z) = zQ(z).

Caencrsue 22. [Ipednoaoscum, wmo f: R" — R nenpepueno dugipeperyupyema 6 B.(0) u f(0) = 0.
Toeda cywecmeyrom makue nenpepwsnve 6 B.(0) dynkyuu gy, ..., gn, wmo

f(l‘) :$191($)++l’n9n($), xGBr(O)
> BammmeMm dopmyay Teinopa 1ia m =0, a=0u h = x:

1 1 1
of of of of
x) = —(tz)x +...+—t:px>dt:x/—tx dt+...+x/ tx)dt.
f@) = [ (Gt + oot gttage, )t = [ e [ gt
HereprBHyIO 3aBUCHUMOCTDL MHTEI'paJiOB OT T MbI OCTaBJIdeM 0e3 J0Ka3aTeJILCTBa. BaMeTI/IM TOJBKO,
YTO ITO CJEAYET U3 HePEeCTAHOBOYHOCTH MHTErPaJa U PABHOMEPHOTO IIPeIea. <

Caencrsue 23. Ipednoaoosrcum, wmo f: R™ — R deascdu nenpepuero duddepenyupyema 6 B,.(0),
npuuém f(0) =0 u Vf(0) = 0. Tozda cywecmeyrom marue nenpepuenoe 6 B,.(0) dynkyuu g;;, wmo

f(x) = Zgij<$)$ixj-

> locratouno 3anucath dopmyry Teitnopa s m =1, a=0u h = x:

f(x) = Z(% /01(1 — t)zaj;ij (tz) dt) Ti%;. <

)

W3 mocneanero yTBep:KAeHHST BBHIBOIUTCS 3HaMeHHTass jgemMMa Mopca, KoTopas OODBSICHSIET, Kak
yCTpOeHbl (DYHKIIUH HECKOJIbKHX MEPEMEHHBIX B OKPECTHOCTH TOYKH, B KOTOPOH TI'pajueHT (hYHKIUN
paBeH HYJII0, HO MaTPUIA BTOPBIX MTPOU3BO/IHBIX HEBBIPOXKIeHHA. HamoMuum, 410 ecyiu rpaJinenT (pyHK-
WU OTJIMYEH OT HYJIS, TO MOXKHO BBECTH HOBBI€ KOOD/IMHATBI, B KOTOPBLIX (PYHKIUS OYJIeT UMETh BH]I
npocreitieit auneinol dbyukmun f(x) = x,. OKa3pBaLTCs, YTO B OKPECTHOCTH TOYKH, B KOTOPOil Ipa-
JUEeHT (PYHKIUU PaBeH HYJII0 U MAaTPHUIIA BTOPBIX MPOU3BOIHBIX HEBBLIPOXKIEHHA, MOYKHO BBECTH HOBBIE
KOODJIMHATHI, B KOTOPBIX (DYHKIUS UMEET BUJ KBAJAPATUIHON (POPMBI.

Teopema 40 (nemmva Mopca). Ipednoaosicum, wmo f: R™ — R mpu paza nenpepuisno duddeperivu-
pyema 6 oxpecmuocmu nysi, npuuém f(0) =0, Vf(0) = 0 u mampuya emopux npouseoduvs 6 nyie
nesupootcdenna. Tozda cywecmeyrom maxue okpecmmuocmu wyas U, V' u duddeomopdusm x = x(u),
omobpaxcarowut U Ha V', wmo

fle) =ui+.. . 4ul—uy—...—ul, ueUl.

> Kak J10Ka3aHo BBIIIE, CIIPABEIJINBO PABEHCTBO
flz) = § 9ij(T) 375
i
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1_0%f
2 0x;0x;

npuBectn kBagparnaayo dopmy Q(h) = > g;;(0)h;h; k BEAY

Nneem g;;(0) = (0). C momo1Ibio THHERHON 3aMEHBI KOODIUHAT ¢ HEKOTOPOil MaTputieil C' MOKHO

2 2 2
Qh)=hi+...+h; — hrJrl ...—h,.
ITepexoast or x kK Cz, GyaeMm jgajee cauTaTh, 9o (Q(h) WMeeT UMEHHO TAaKOW BUJ. BBIIEJIUM TOJHBIE
KBaIpaTHL:

2
> gij(@)miz; = <911(17)1/21’1 +gra(@)gn ()" Py o+ gln(f)gll(x)_l/2$n> + Y Giy(w)wiy,
rie
9i(r) = gii(w) — 91i($)2911($)_17 gij(r) = gij(w) — gli(m)glj(x)gll(x)_l
3amernm, uro g;;(0) = £1. CueslaeM 3aMeHy KOODJMHAT:
1/2

1/2 —-1/2
(51 :gn( ) LU1+912( )911(1‘) / l’g—i——i-gln(l’)gn(l’) / Tp, U2 = T2, ..., Up = Tp.
flkobuan 3amenbl B HyJe paBeH 1, u 1o TeopeMe 00 oOpaTHONH DYHKIUNA 3TO AEHCTBUTEIHLHO SIBJASIETCS
nanddeomopduaMoM B HEKOTOPOH OKPECTHOCTH HYyJIs. B HOBBIX KOOpamHAaTaX (DYHKIUS UMEeT BT
— 42 ~
fla(u) =ui+ > Giyle(w))uu,.
0,522
IloBTOpSIsT aHAJOrHYHBIE PACCYKICHUSI K si(x(uw))uu;, mojrygaeM TpeOyeMblii BI HKIun. <l
J o
1,722
Nnrterpan Crunarseca. Teopema Pucca.
Ha xoneunomepnom npocrpancrse R"™ jimneiinbie (pyHKIMOHABI YCTPOEHBI OY€Hb IIPOCTO:

I(h) =arhy + ...+ ayh, = {(a, h).

Baxxuoit 3amaudeit saBjsiercd omucanue JIHHey”IHbIX HENPEPBIBHBIX (DYHKIMOHAJIOB HA MPOCTPAHCTRBE
C'la; b]. Tlycrs dbyukuusa g uarerpupyema Ha [a; b]. MOKHO MOKa3aTh, 9T0 0TOOpaKeHUe

/f

SIBJISIETCA JIMHEHHBIM HenpepbiBHbIM dyHKnnonatoM ua Cla; b]. OnHako He Bee JuHEHbIE HeIPePbIBHbIE
dbyHKIHOHATBI MOTYT OBITH TakK 3ajanbl. Hampumep, dbyukiuonan ((f) = f(a) He MoxkeT ObITH 3a/1aH
B BHJE HHTErpasa oT fg HA 1Jd KaKOH mHTerpupyemoil pyHknuu ¢. eficTBUTeNbHO, IPeIIoJI0KIM,

= [ s@iteras

st Beex f € Cla;b]. Pacemorpum mocsenosatesnsrocts dyukiuit f,(x) = 0 opu ¢ > a + 1/n u
fulz) = % npu x < a + 1/n. Nmeem

1
1= fu(0 /fn \ﬁsup\g|—>0.

IIporuBopeune.

Jlns onucanust Beex HempepblBHBIX (yHKIMOHAIOB Ha Cla; b] ucmonb3yercst 06001eHIe HHTErpaa
Pumana.

[Tycrb Ha orpeske [a; b] onpenerens ape dbyukmun f u g. Kak panee, pasbuenuem T orpeska [a; bl
Oy/ieM HasbIBaTh HAOOD TOYEK a = To < T1 < Ty < ... < T, = b, a ommeuennum pasoueruem (T,E)
orpeska [a;b] —pasbuenune T orpeska [a;b] ¢ ormedennbiMu Toukamu & = (&1,&s,...,&,), tue & €
[)_1; x1]. s Besikoro ormedennoro pasouenust (T, €) unmeepasvrots cymmots Pumana — Cmuamoveca
Ha3bIBACTCsA BblpazKe€HUE

o(fdg,T,¢&) = Zf &) (g(on) — g(ar1)).

Ecmu g(z) = x, To noiaydaeMm OOBIYHYIO PUMAHOBY CYyMMY.

Yucno I mazwiBaercs unmezpasom Pumana — Cmusmveca dyaximun f mo GyHKIHH ¢ HA OTPE3Ke
[a; b], ecin qist Beskoro € > 0 cymecrByer Takoe 6 > 0, uro ayst Beex ormedenubix pasbuenuit (T, &)
¢ MacmTabOM MEHBITUM ) BEPHO HEPABEHCTBO

’0<fdgaT7€) - [| <E.
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WNurerpan Pumana — Ctuirrbeca I 06o3HavaioT yepes

/abfdg.

AHATOTHYIHO TOMY, KaK 9TO OBLIO CIEIaHO JIs nHTerpaga PuMana, MOXKHO MOKA3aTh, YTO HHTEIPAJT
Pumana — Crunrbeca inneen mo gyskiun f.
Bapuayueti dynknuu g : [a;b] — R HaspiBaercst BennanHa

Va(g) =sup 3 lg(ar) = glan)]

(TouHas BepXHsisl rpaHb Gepércs 1m0 BeceM pazbuenusim T orpeska [a; b] Toukamu a = xg < 11 < Ty <
. < Xy = b). Ecm VP(g) < 400, To roBopaT, uTo DYHKIHA § UMEET 02PAHUNMEHHYI0 GaAPUALUIO
Ha [a;b]. MoxHO TOKa3aTh, 9TO BCsiKast (hYHKINS, MOHOTOHHASI HA OTPE3Ke, MMeeT Ha STOM OTPe3Ke
OTPAHWYEHHYIO BapHUAIINIO.
CrpaBeIsIBO clenyIolee TOCTATOYHOE YCIOBHE CYIIeCTBOBaHUA WHTerpaia Pumana — Ctuiarheca.

Ipenmoxenue 45. [Ipednorooicum, wmo dynkyus [ wenpepwena wa |a;b] u dynruyua g umeem
ozparunentyo sapuayuto wa [a;b]. Toeda cywecmesyem unmeepan Pumana — Cmusmveca om [ no
g, NPUHEM

b
| 1dg] < Vi) maxl .

B wacmnocmu, unmezpan Pumana — Cmuamoveca no dynrkyuu ozparusentotl sapuayuu onpedeasem
aunetnod nenpepusnud dynryuonas na Cla;b).

> Paccmorpum jsa ormedennbix pasbuenusi (T,&) u (T',¢). s Besikoro orpeska Ap = [xp_1; 2]

gepe3 Ayg obosnaunm g(zi) — g(xk—1). Kpome Toro, gepes A;; obosmaunm mepecedennme A; u Aj.

Mozkno nokasarh, ato A;g = ZAijg n Al = Z A;;g. 31ech TPeanoIaraeTcs, 9To Jis mycToro A;;
J K3

Beanunna A, ;g pasia myao. Onenum pasnocrs uurerpaibusix cymm o(fdg, T, &) u o fdg, T, &'):
> A = D FENATY| < ST IFE) — €I Augl
i j ij

Ilycts A;j memycto. Bribepem touky &;; € A;;. Torma
£ (&) = FEN < 1f(&) — f(&p) + [ f(&s) — FIE] S w(f, ) +w(f, A)).

[Iycrs Teneps € > 0. Haiigém Takoe § > 0, uro kosebanue pyHKIUE f MEHbBINE € HA BCAKOM OTPE3KE,

anuHa Koroporo Menbine d. Jlns ormedennnix paszouenuii (T,&) u (T,£') ¢ macmrrabom, MeHbITIM 0,
I0JIy9aeM OIEHKY

|0(fdg, T,€) — o(fdg,T', )| < 2eV;(9).
Bo3bMEM TPOM3BOJIBHYIO [OCJEI0BATEIBHOCTh OTMedeHHbIX pasbuenuii (T", ™), MacmTabbl KOTOPBIX
CTPeMSATCd K HYyJII0. B cmily mosiyueHHON BBINIE OIMEHKH IOCJEI0BATEILHOCTh HHTETPAJTBHBIX CYMM
o(fdg, T™ £") byHmaMeHTaIbHA H, CJIEIOBATEIBHO, CXOIUTCSA K HEKOTOPOMY IucIy [. OmsarTh HCTOMb3YST
HOJIYI€HHYIO BBIIIE ONEHKY, 3aK/ai049aeM, aro I — unrerpan Pumana — Cruirbeca pyukiun f 1o g.
Tpebyemoe HepaBEHCTBO JIjig WHTErPAJIa MOIYyYaeM U3 HEPABEHCTBA JIJI HHTEIPAJIBHON CYyMMBbI:

o(/d. T.€)| < Y 1(@)l1dwal < (3 |Aual ) max| /| < VY(g)max| 7). <
k k ’

)

Caenyiomiag TeopeMa JaéT HOJTHOE ONUCAHIE HEIIPEPBIBHBIX JTUHEHHBIX (DYHKIIMOHAJIOB HA IIPOCTPAH-
CTBE HENPEePLIBHBIX (DYHKITHIA.

Teopema 41 (Pucc). /Jlaa ecarozo aunetinozo nenpepuerozo gynkyuonanra | na Cla;b] cywecmeyem
maKas GYHKUUA 02PAHUMEHHOT 8APUAGUUL ¢, YMO

I(f) = /bfdg

Boaee mozo, ||| = V2(g).

o4



JlokazaTesbcTBO 3TOI TeOpPeMbl BHIXOJIHUT 338 PAMKH Halero kypca. OTMeTnm TOIbKO, 9TO (DY HKITH-
ouan [(f) = f(a) 3amaércsa ¢ momompio naTerpata Pumana — Ctuntbeca mo dbyukmun g(x) = 1 npu
x> au g(a) = 0. JleficTBUTEIbHO, PACHHIIIEM HHTErpaIbHyo cymMmmy Pumana — Cruiarbeca:

U(fdg7T7€> - f(gl)’ 51 € [a;a:ﬂ.
st nenrpepoiBaoit dynkiun f 3uadenue f(&;) crpemurcs K f(a), ecaun macitad pa3dueHns CTPEMUTCS
K HYJIIO.

l'eomeTpudyeckue mpuaoXKeHud mHTEerpasa Pumana.

K reOMeTpu4IeCKuM IIPUJIOZKEeHUAM HHTErpaJia PI/IMaHa O6bILIHO OTHOCAT 3ada4Y¥ BbIYUCJACHHUA IIJIO-
majei miockux (puryp, o0ObEMOB TeJl BpallleHWsl, JJIWH KPUBBHIX W Jp. Kaxkmass W3 mepeducieHHbIX
33129 MoxKeT ObITh hopManuzoBana (cMm., Hampumep, |2, ti. VI| u |7, ra. 7). PassuBas ugen, o6y K-
JIaBIIMecss Tpu omnpegeseHun cymm /lapOy, MOXKHO JIaTh OolpejeeHre W YKa3aTh METOJ BbIUUCJICHUS
nom@a i Kpuposuneiinoit rpanenuun. Ilycrs dyuknus f onpegenena m HeoTpumaTebHa HA OTPE3KE
[a; b]. Kpusosunetinoti mpaneyuet] Ha30BEM MHOKECTBO

{(z,y) ;a<2z<b 0<y < f(a)}.

Torna Besikas HuKHsIA cymma JlapOy dyukuuu f Ha orpeske [a; b] mpeacrasiser coboii mioma s (hury-
pbl, coaepzKameicda B 310 KpuBoJIMHEHHONR Tpanenuu («BnﬂcaHHaH» (bHpra), a BepxHss cymma lapOy
paBHa muomaau bUrypbl, copeprKaiieil 3Ty KpUBOJIMHEHRHYIO Tpamernuio («onucanuasy durypa). Ou-
rypbl, cooTBeTcTByOIKEe cymMaMm JlapOy, dBIgi0TCA OObeJMHEHUSIMH TTPAMOYTOJIBHUKOB, & TMOHATHE
IJIONIA/IA ITPAMOYTOJIbHUKA MBI CUMTaeM U3BeCTHBIM. Eciu dynknug f unrerpupyema no Pumany Ha
orpeske [a;b], To cormacHo kpureputo Iapby eé MHTErpas mo ITOMY OTPE3KY SIBJISETCs OJTHOBPEMEHHO
TOYHOI BepxXHEil TPaHbIO IIOIIAIeH «BIUCAHHBIXY (DUTYP M TOUHON HUKHEH IpaHbIo ILIOMAAeil «Omn-
CaHHBIXy (GUryp e KpupojimHeiHoi Tpaneruu. [109TOMy €cTeCTBEHHO MOJIOKUTH 10 OPEAEIeHUIO, YTO
nAOWads KPUBOAUHETHOT MPaneyuy paBHA WHTEIPAJIY OT COOTBETCTBYIONEH (DYHKIUU MO TAHHOMY
OTPE3KY.

HecobcrBennnlii nuarerpan Pumasa.

[Tycts dyuknus f ompegenena na noayuaTepsase |a;b), rie gonyckaercs b = +oo. [lpeanonoxum,
qa10 131 Besakoro ¢ € (a;b) dyukmust f narerpupyema no Pumany na [a; ¢]. Torma onpesesnena dbyHakimst

F(c):/cf(m)d:c.

[penen lirgl F(c) obosnauaior yepes
c—b—

/b F(x) dz

U HA3BIBAIOT HecobcmeenHvim unmezparom Pumara. Ecau 3Tor npees cymecrByer u KOHEUYEH, TO T'O-
BOPAT, 9YTO HECOOCTBEHHBI HHTETPAJT CXOAUTCs, & (DYHKIHUS f WHTerpupyemMa B HeCOOCTBEHHOM CMBIC/IE.
V3 HenmpephIBHOCTH HHTErpaJia ¢ IepeMeHHBIM BEPXHUM IIPEJIe/IOM CJIeIyeT, 9T0 HHTerpupyemMad 1o Pu-
MaHy Ha [a;b] dyHKIUS uHTErpupyeMa Ha [a;b) B HECOOCTBEHHOM CMBIC]E M HECOOCTBEHHBIN MHTErpas
COBIIAJAET ¢ OOBIYHBIM. Vcmoab3ys cBoiicTBa mpemena GYHKIHH, MOXKHO IOKAa3aTh, YTO HECOOCTBEH-
HBI{l MHTErpaJs siBJseTCs JinHEeHHbIM 1 MOHOTOHHBIM 110 f. Ecim F — nepBoobpa3nas mHTErpupyeMoit
dbyuxmun [ Ha [a;b), To nmeer Mecto 0606meHne hopmyabl Heiorona — Jleiibaumna:

b
/f(m) dr = lim F(c) — F(a).
c—b—

a

AHanornaHpIM 06pa30M ONpesessieTcs HecoOCTBeHHBIN nHTerpast Ha (a; b] oT byHKIUN, MHTErpupy-
emoit mo Pumarny na Beskom orpeske [¢;b] C (a;b).

PaccmoTpuM cienyroriue IpuMepsl.

1) HecoberBennstit unrerpasi ot 1/xP 1o mpoMexkyTKy [1;4+00) CXOAUTCS TOT/IA W TOJBKO TOT/A,
Korjga p > 1.

2) HecoberBennbiit uarerpas or 1/xP o npomexyTky (0; 1] cxoaurest Torma u TOJIBKO TOrIa, KOTIA
p <1

%)



Sagaun
1. (Teopema o cpednem) Iycts f u g — HenpepbiBable dhyHKIUH Ha [a; b], npuuém g > 0. Jokaxkwure,
4TO I HEKOTOPOTro ¢ € (a;b) BEpHO paBEHCTBO

/bf(x)g(x) da = f(c)/bg(x) da.

Beienure u3 dopmyasr Teitiopa ¢ ocTaToYHBIM 4WieHOM B WHTerpajbHoM Buje dopmyrny Teittopa c
OCTATOYHBIM 4WieHOM B hopme Jlarpanzxa.

2. Muorune dpusznyeckue Moje/ i, HAITPUMED, JIBUZKEHAE MATePUaJIbHON TOYKHI MO, AefiCTBUEM TOTeH-
MUAJTBHON CUJIBI, OMMICHIBAIOTCS cucTeMoil TuddbepeHnnaIbHbIX YPaBHEHUI BUIA

G . 0
p= 8—qH(p, q), p= —a—pH(p, q).

Oynknus H HazbBaeTcsa 2amusvmonuarom. MoKHO okazarsk, ato kpusasg (p(t), ¢(t)), coorBeTcTByIO-
Iast PENeHnIo CUCTEMBI, JIEYKUT Ha JuHun ypoBHst H = const. Ocobblit mHTEpEC TPEICTABISIET JIBUKE-
HHe PSJIO0M CO CTallmOHapHOU TO4KOi#, B KoTopoi#t VH = (. HapucyiiTe, Kak BBINVIAIAT JUHAA YPOBHS
dbyukIuu H psagoM co cTallMOHAPHOM TOYKOM, B KOTOPOl MaTPHUIla BTOPHIX HPOU3BOIHLIX H HEBBIPOXK-
genna. Korma nosoxkenne papHopecust ycroiruubo? Ilpownstocrpupyiite 3Tu pesy/ibrarbl Ha HpUMepe
ramuibTroHnana H(p, q) = p?/2 + cos q, nosBasIONIEiicsA B cUCTeMe ypaBHEHHil, ONUCHIBAIOIHX Kojeba-
HHE MadTHHUKA.

3. Hokaxkute, 94T0 (PYHKIMS OrpAaHUICHHON BapHUalUdu MPEJICTABISIETCS B BUJIE PA3HOCTH JBYX MO-
HOTOHHBIX pyuknuit. [IpuBeanre npuMep HenmpepblBHOH (DYHKIHH, KOTOpasd He dABJsgeTcs (PYHKIUER
OTPAHUYEHHON BapuaIlUu.

4. MMycrs dyuknus [ wenpepsiBHa, a dbyHKIws h narerpupyema no Pumvany na [a;b]. Tlomoxum
x

g(x) = / h(t) dt. doxkaxkure, aro cymecrByer uarerpan Puvmana — Ctuiarbeca oT f M0 g U 9TO BEPHO

a
PaBEHCTBO
b b

/fdgz/fhdm.

a a
5. ITycrb dhyHKIUEM f W g HEMPEPHIBHBI U HMEIOT OFPAHHYCHHYIO Bapuanuio Ha [a;b]. {okazxure
GhOpMYIy HHTEIPUPOBAHUS IO YACTSIM:
b

/ fdg = F(B)g(b) — F(a)g(a) - / gdf.

6. [Iycrs f— nosoxkurenpuast 1 HenpepbiBaas Gynknus ua [0; +00). Bepuo sin, 4r0 u3 ¢XoquMocTu

HecoOcTBeHHOrO MHTerpata or f Ha [0; +00) caeayer pasencrso lim f(z) = 07
T—>—+00

7. Iycrs f 1 [1;400) — [0;4+00) — HeBo3pacraromas byukius. Jokaxure, aro ps y, f(n) cxo-
+o0 "
JINTCS TOTIA U TOJBLKO TOTA, KOTIAA CXOMUTCHA HHTETPAJT / f(z)dz. Nccnenyiite psn

1
1
; n?In’n

Ha CXOJMOCTD.
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YdaeOHUK TpecTaBIsgeT co00i 3aMuCh PeaJbHBIX JIEKIH, KOTOPble aBTOPhI MHOTHE TOJbI UYNTAJH
Ha MexaHuko-MaremarudeckoM pakysibrere MI'Y umenu M. B. JTomonocoBa, u orjin4aercs JIJAKOHUIHO-
CTHIO U OTTOYEHHOCTHIO N3JI0KeHnsA. KHura coepKuT HHTepecHblie MOMOJTHUTETbHBIE TEMbI, KOTOPbIE HE
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Kuura uzsectaoro dpaniry3ckoro maremaruka J1. [IIBapra MoxkeT ObITh peKOMEHI0BaHA KaK JIOOJI-
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DT0 KJIaccUUIecKuit cOOPHUK 3aja9 MO BCEM TeMaM Kypca MaTeMaTHIeCKOTO AHAIN3a, KOTOPBIi
VCIIENTHO WCMOIb3yeTcs [JIs MPOBeIeHNs MPAKTHIeCKAX 3aHATHI Ha MaTeMaTHIecKUX (DaKyIbTeTax
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TaK M CJIOJKHbIE IJIyOOKHE YTBEpKJIeHUS, JIOKA3aTeJbCTBA KOTOPBHIX TPeOyIoT yBEPEHHOI'O BJIAJI€HUs
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U pa3zdbopoM nmpuMepoB. laHHOe mocodbre MOXKeT OBITh PEKOMEHIOBAHO JIJIsI CAMOCTOSTETHHOIO OCBOEHUS
METOJIOB PENIeHUs 3371a9 0 MATEMATHICCKOMY AHATUZY.

8. Makapos B. M., Tonysuna M.T., Jlonkur A. A., Tlonkopsiros A. H. 136pannsie 3a1aun 1o Bere-
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[Tocobue comepkuT pazHoobpa3Hble 33a1U1, B OCHOBHOM — BBICOKOTO YPOBHS CJIOYKHOCTH, IOYTH IO
BCEM TeMaM MaTeMaTWdyecKoro anajgm3a. Cpefu 3a7ad BCTpedaeTcs P Ba)KHBIX TeopeM, TPUMEPOB
U KOHTPIPUMEPOB, 3HAHUE KOTOPBIX CYIIECTBEHHBIM 00PA30M JIOTIOIHIET CTAHJAPTHBIN Kype aHAII3a.
Kpowme Toro, npu pemiennu 3aja4 U3 JAHHOTO cOOPHUKA MOXKHO ITO3HAKOMHTHCH CO MHOIMME METOJIaMU
U IpUEeMaMi, MPAKTHYECKN He 00CYZKIaeMbIMU HA OOBIYHBIX 3aHATHAX 110 aHAJIU3Y.

9. JIbrorckuit C. M. Jlekmuu mo maremarndeckomy anaausy. — U3x. 2-e, ucrp. — M.: MITHMO,
2013.— 296 c.
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B xHuUTe mpe/icTaBIeHB 32MUCH CHEIHATBHOTO KyPCa MATEeMATHIECKOTO aHAJIN3a, IPOIUTAHHOTO aB-
TopoM B HezaBucumoM MOCKOBCKOM yHUBepcuTeTe. [aHHBIN Kypc MpeacTaBiasgeT coboit OpUTHHATHHOE
M3JI0’KeHNEe KAK CTAHIAPTHBIX JIJI AHAJIN3a T€M, TAK U BECbMa WHTEPECHBIX W TPY/IHBIX JIOMOJHUTEh-
HBIX Pa3/Ie/IOB, JIEXKAIINX Ha CThIKE reoMeTpun, JuddepeHIma bubX ypaBuennit u anaansa. [logpobuo
OIICaHa MPOTeIypa MOCTPOEHUS BEIECTBEHHBIX YNCes KaK KJIACCOB 9KBUBAJIEHTHOCTH (DYHIAMEHTATb-
HBIX TIOCJTIeOBATEJbHOCTEN PAIMOHATBHBIX UHCEN, PA30MPAIOTCs Iesble p-aJiuvecKue YhUCIa, BMeCTO
uHTerpasta Pumana paccmarpuBaercs ero dosee ciaabblil anaaor — uaTerpan Komm, obeyxkaaercs Teo-
pusi Mepbl u uHTErpaJ Jlebera, mokassiBaercs Teopema Capia n pa3dupaeTcs CJI0KHBIA npuMep Y UTHH,
00CYXKJIAIOTCS JIEMEHTH aHaJIM3a Ha MHOIr00Opa3usax. Kuura, HeCOMHEHHO, dBISETCS ITOI€3HBIM U yBJIe-
KaTeJbHBIM JIONOJTHEHNEM KJIACCUYECKOTO KypCa aHau3a.

10. IIpaconos B. B. D1ementsl kombunaropHoit u guddepennuaabaoit Tonosoruu. — Mz, 2-e, ucup.
u gom. — M.: MIHHMO, 2014. — 360 c.

Kuura sBisiercss BBejeHrEeM B COBPEMEHHBIE METO/bI KOMOMHATOPHOW Tomosoruu. M3y4aromemy
KYypPC MHOTOMEPHOT'0 aHa/in3a 0y1eT 04eHb [101€3H0 00PATUTh BHUMAHUE HA BTOPYIO IJIaBy KHUTH, MOCBS-
MEHHY O TOMOJIOTUU KOHETHOMEPHOTO €BKJIHI0BA ITPOCTPAHCTBA. 3/16Ch 00CY K TAI0TCSI BEChMA MOJIE3HBIE
YTBep:K/IeHns 0 (PYHKINUAX HECKOJbKHUX MepeMeHHBIX, B YaCTHOCTH, JeMMa ¥ pbicoHa U TeopeMa Tutie
O TPOJOJIZKEHUN HeNpephIBHOM pyHKINHN, uncyao Jlebera m Teopema Jlebera o pasMepHOCTH, TeOPEMBI
bpayspa n memma 2Kopaana.

OTMeTuM, UTO HAPSAY ¢ YKA3aHHBIMU BBITIIE TOMOHIYT U IPYTUe W3AaHUS MePeuncIeHHbX KHUT. Ko-
HEYHO, OXBATUTH BCIO JINTEPATYPY, KOTOPas MOXKET OBbITH M0J/Ie3Ha U3YYalolNUM KypPC MaTeMaTHuIeCKOTrO
aHaJIN3a, HE MTPEJCTABIACTCA BO3MOYKHBIM.
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