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MHuoxkecTBa, (PyHKINN, OTHOIIEHNS

Mmnootcecmso — cosokynrocms, Habop, cobparue HEKOMOPHLT 00BEKMOE, HA3BIEAEMBLT INEMEHMAMU
MHOIHCECTMEA.

Banuck a € A o3HaYaeT, 9TO @ NPUHAITEIKUT MHOKECTBY A.

ITpu 3a1aHMM MHOKECTB O0BIYHO TIPUMEHAIOT JIBA MOAX0/1A;

1) nepeuncienune snemenros (nampumep, A = {a,b,c});

2) yKazaHHe XapaKTepPUCTHIECKOTO CBOMCTBA, KOTOPHIM OBJIAIAI0T Te U TOJIBKO Te 00beKThI, KOTOPbIe
SIBJISTIOTCSL 9JIEMEHTAMHU JJAHHOTO MHOYKeCTBa (Hampumep, A cOCTOUT U3 mepBHIX TPEX GYKB JATHHCKOTO
asaBuTa); NP 3aJaHUH MHOZXKECTBA YePe3 XapaKTePHCTHIECKOe CBOHCTBO 4acTo Oy/IeM HCIOIb30BaATh
CJIeIYIONLY 10 (POPMY 3ATIUCH:

A = {a: xapakTepucTHIECKOEe CBOWCTBO}.

Kakum 6b1 criocoboM HE OBLIO 3a1aHO MHOXKECTBO A M KakoB Obl HYM OBLI JAHHBIA OOBEKT a, JTOJZKHO
OBITH BEPHO TOJIBKO OJHO U3 yTBepkKAeHuit a € A nin a ¢ A.

ITapamokc Paccena

Onpejeum MHOKecTBO M XapaKTepUCTHIECKHUM CBOMCTBOM: 3TO HAabDOp BCEX TeX M TOJBKO Tex
MHOKECTB, KOTOPBIE He cofiepzKaT cebs B KadecTse djieMeHTa. (BoobIie roBopsi, 0HO MHOXKECTBO MOZKET
cojJlepxKaTh JIPyroe B KadecTse aeMenta, Hanpumep, {1,2} € {1,{1,2}}.) TIposepum, comepxkut u M
cebsd B KAYeCTBE JIEMEHTA.

Ecnu M gamasercss cBOMM 371€MEHTOM, TO TO omnpejesennto M OHO He TOJKHO COJeprKaTh cebs B
KadecTBe djeMenTa. [IporuBopeune. Eciu M mHe gBisieTcs CBOMM 3JIEMEHTOM, TO OHO YIOBJIETBOPSAET
XapaKTePUCTUIECKOMY CBOMCTBY, KOTOPBIM 33aIaH0 MHOXKecTBO M , M 1oJ1zKHO mpuHaaiexkars M. Oudarb
OPUILIA K TPOTUBOpeunio. Tak, MbI He MOXKeM HPOBEPUTD, sABJsAeTCsS Ju M CBOUM JIEeMEHTOM N
HEeT.

Jpyrasg ¢opma 3TOT0 MapajioKca Ha3bIBAeTCs «IapaoKcoM Opagodpesy. Komanmgup nekoropoii da-
cTi TpuKasas Gpajgobpero (coamary IToil Ke 9acTH) OPUTH TeX W TOJBKO TeX COJJIAT, KOTOPHIE He
operoTcsd camu. Bpanobpeit He cMOr TOHSTH, YTO JieJaTh ¢ caMuM coboit. Eciu on Oyner 6puth cebs,
TO OKazKeTcs, 4To Opaaobpeil OpeeTcs caM M HapylIaeT MpHKa3 KomManaupa. Ecan 6pagobpeit He 6peer
cebst, TO OH SIBJISIETCSI COJIIATOM, KOTOPBIH He OpeeTcs: caM, U OUsITh HAPYIIAET IPUKA3.

Kak u B npeapiaymieii cutyarnuu, mpodjemMa COCTOUT B TOM, 4TO Opajodpeil He MOXKET HPOBEPUTD,
SIBJISTIETCSI JTH OH JIEMEHTOM MHOYKECTBA, KOTOPOe OTIpe 1e/ 1T KoMau up. JIJIst ycTpaHeHnst mapa 0KcaIb-
HBIX CHTYAIMH TaKoro BUja ObLIa CO3/aHA AKCHOMATHKA TEOPUH MHOXKeCTB (cucTeMa akcuoM llepme-
10— Openrens ZF win ZFC), o6cyKaeHne KoTOpoii BEIXOJUT 38 PAMKH HACTOSMIEro Kypca. OrMeTum,
9TO BCE JICHCTBUS U CIIOCOOBI ONPEIEICHIST MHOXKECTB B HAIIEM KypCe COIVIACYIOTCS € aKCHOMATHKOIL
TEeOpUun MHOZKECTB.



IlogHOoXKecTBa, YyIBEpKIeHNS, TAPhI

MHuozkecTBo A siBisierca nodmmoscecmeom MuoxkectBa B (utyr A C B), ecm u3 1010, 9T0 @ € A,
caeayer, ato a € B. Ormerum, uto A C A n u3 Bmouennit A C B u B C C caenyer, uto A C C.
Toopsr, uro muoxkecTBa A u B pashu (umyr A = B), ecau Bepubl BKodenuss A C B u B C A.

BazkHBII mpHMep MHOMKECTBA — NYCMOE MHOHCECTNEO &, PO KOTOPOe MOYKHO YTBEPXKIATh, ITO
HU OJIMH OO'BEKT HE SABJIACTCS ero djeMeHTOM. [lycroe MHOXKECTBO & sBJISIETCS IOJAMHOXKECTBOM BCsI-
KOI'0 MHOYKECTBA, MOCKOJBKY HEBO3MOYKHO YKA3aTh 3JIEMEHT, KOTODPBIHl €CTh B MyCTOM MHOYKECTBE, HO
OTCYTCTBYET B KAKOM-TO JIPYTOM.

OCHOBHBIE YTBEpPZK/IEHUS HACTOAIIEr0 Kypca uMetoT Buj «ecau P, to (Q» (Kparkas 3amuck: «P =
()») u «P Torga m ToiBKO Torma, Korma (» (kparko: «P < (»), tae P u () — HEKOTOpbIE BBICKA-
3BIBAHNS, HA3BIBAEMBIE NOCLLAKOU U 3aKA0UEHUEM COOTBETCTBEHHO. EC/IM CIpaBelInBO yTBEPIKICHIE
«P = @», 10 roBOpAT Tak¥Ke, U4TO «(Q) Heobxrodumo st Py u «(Q) amaserca ceoticmeom Py, a «P
docmamouro miist (Q» u «P gamaserca npusnakom (Q». Eciu cupapenmmBo yreepxjaenne «P < @y,
TO TOBOPAT, 4T0 «P Heobxrodumo u docmamouwno g (J», a caMO yTBep:KIeHHe HA3BIBAIOT Kpurme-
puem. YTOOBI ONPOBEPIHYTH YTBEpKIAeHNE BHAA «P = (J», IOCTATOYHO HPEIbABUTDH KOHMPNPUMED,
Ipd KOTOPOM BepHA MOCBLIKA P m HeBepHO 3akiouenne (). /loka3aresbCTBO TOTO, YTO KOHTPIIPHMED
HE CYIIECTBYeT (CM. PACCYZK/EHHE BBIIIE O MYCTOM MHOXKECTBE), PABHOCUIBHO JIOKA3ATEJIbCTBY CAMOIO
YTBEPKICHHUS.

Heynopadouennoti napod 371eMEeHTOB T W Yy HA3BIBAETCsI MHOXKeCTBO {x,y}. Ynopadouennol napod
9JIEMEHTOB X U Y, B KOTOPOH T ABJISIETCS MEePBBIM JIEMEHTOM, & i — BTOPBIM 3JIEMEHTOM, HA3BIBAETCS
muokectBo {x,{z,y}}. Hanee ynopsimouennyio napy Oymem obosnadarh uepes (x,y). Jexapmosvim
npouseedenuem muoxecrs X u Y naspiBaercs MuokectBo X X Y = {(z,y):x € X ny € Y}

DyHKIMY W onepaIn

Qynryued [ uz muokecrBa X B MHOKecTBO Y (nanee mumem f: X — Y) Ha3bIBAETCS 3aBUCH-
MOCTBH (IIPABHJIO, 3aKOH), COMOCTABJISIIONIAs KayKJIOMy 3JeMeHTYy T € X DOBHO OJMH 3JeMeHT y € Y,
obozHavaemblil yepes y = f(z) (takxe mumyT f: 2 > y) U Ha3bIBaEMBbI sHaueHuem DyHKIUN f HA
apeymernme T (WA 6 Mouke T).

MuoxkectBo X HazbiBaeTcs obaacmbvio onpedescrus GYHKIUA f, a MOIMHOXKECTBO MHOXKeCTBa, Y,
COCTOsIIIee U3 BCeX 3HadeHuil (GbyHKIUM f Ha apryMeHTax, mpoOeralonnx MHOXKECTBO X, HA3BIBACTCS
obaacmuvro anavenut Gyakun f.

I'pagpurom byarnum [ HA3BIBAETCS MHOXKECTBO

Ff = {(IL‘,y)Z Yy = f(‘T)v S X}
Taxum obpasom, I'y C X x Y. Obparno, noamuozxecrso I' C X X Y gpidercda rpadpukoM HEKOTOPOi
dbyukmun u3 X B Y TOrjga m TOJIBKO TOTHA, KOIJIA JJIS BCSIKOTO JjieMeHTa x € X HalaéTcs Takoin
sseMent y, uto (x,y) € I, npuuém ecin (x,y) €T u (z,2) €T, 1o y = 2.

Ncnonb3ys rpaduk, MOXKHO OIpegaeuTh (PYHKIUIO Ha g3bIKe TEOPpUH MHOXKecTB. ['oBOpAT, 4TO 3a-
nana Gyukmnus u3 X B Y, ecan 3aaaH0 Takoe noaMHaOKecTBO [' C X X Y, 910 /)1 BCSIKOTO 3/1eMEHTa,
r € X maiinérca takoit saement y, uro (z,y) € I' m ecn (z,y) € I'u (x,2) € ', To y = 2. Haa
BCsIKOI mapel (x,y) € G aaeMenT y obosHadaoT depe3 f(x). Muoxkecrso Beex dbyukmuii f: X — Y
obo3HaUaeTCsS Tepe3 Y X,

Komnosuyuet byaxmmit f: X — Y u g: Z — X naswiBaerca dyukiusa fog: Z — Y, 3agannas
coorrorerneM fog(z) = f(g(z)). Conocrasnenne nape dbyukuuii f u g Hooit byHKIHHU f0g HABKIBAIOT
onepayuets KoMno3uyuL.

Teopema 1. Onepayus KOMNO3UYUL ACCOUUAGMUBHA:
fo(goh)=(fog)oh.

> [lo onpesesieHuIo cipaBe/InBbl PABEHCTBA

folgoh)(z) = flgoh(x)) = flg(h(x))) = fog(h(z)) = (fog)oh(x) <

[loBopgr, aTo Ha MHOXKecTBe X 3ajlaHa ajredpandecKas olepalus o, eciau 3ajgana GyHKius o: X X

X — X. Onepanust o HaA3BIBACTCS ACCOUUAGMUGHOT, €CI 7T Beex a, b, ¢ € X BepHO paBencTsBo (aob)o

= ao (boc). Onepaius o HA3BIBACTCST KOMMYMAMUGHOTU, €Clu 7T BeeX a,b € X BepHO PaBEHCTBO
aob="boa.



Hampumep, Ha MHO:KecTBe X~ ompeseseHa acCOIUATHBHAS ONEpalns — KOMIIO3HINS, MPHIEM B
00ITeM CIydae 3Ta onepalus He OyIeT KOMMYTaTUBHO.

B HekoTopbIX cirydasx ya00HO 33/1aBaTh ONEPAIIO ¢ IIOMOIIBI0 Mabauybt Kaau, KOTOpast COAePAKUT
pPe3yJbTaThbl IDUMEHEHUA Ollepallun K Ka)KZLOfI Imape 3JIEMEHTOB MHOXKECTBaA. HaHpHMep, Ha MHOZKECTBE
{0,1} onpenenum onepanun G u © Tak:

©(0]1 ©10]1
0101 01010
11110 1101

Torma omepanunm @ U © acCOMUATHBHBI M KOMMYTATHBHBI. KpoMe TOro, BBITTOJHSIETCS CBOWCTBO 0UC-
mpubymusnocmu: a ® (bdc) = (a®b) B (a ® ).

buexmynu

Oyuxmusa f: X — Y HaspiBaercs unsexyued, ecan u3 pasencrsa f(xr) = f(z) cmemyer, uro x = 2.

Oyukmug f: X — Y naspiBaercd clopsexyuedi, ecau Jjs BCIKoro y € Y naiinércs xors Obl 01uH
Takoil aement x € X, uro y = f(z).

Oyuknug f: X — Y HaspiBaercd Ouekyuel, ecid [ OTHOBPEMEHHO HHBEKIUS U CIOPbEKIIHs.

Teopema 2. (i) FEcau f: X — Y uw g: Y — Z asaasromea buekyuamu, mo Komnosuyus g o f
asaaemces buexyuets X — Z.

(i) Ecau pynwuua f: X — Y saeasemes Guexyuet, mo onpedeaena dymnryus [~ Y — X, cono-
cmaeaaouan kacdomy aaemenmy y maxot aaemenm x, wmo f(x) = y. Boaee mozo, f~' asasemca
bueryuer.

> O6ocuyem nyHKT (i). [Tockonbky g n f uabekTuBHble byHKIwT, paercrso g( f(x)) = g(f(z)) Baeuér
paserctBo f(z) = f(2), OTKyIa, B CBOIO 04Yepejib, moaydaeM x = z. CiegoBareabHO, KOMIO3UIH g o f
sABJIsIeTCsl MHbekImeit. [lockoabKy g u f clopbeKTuBHBIE (DYHKIUY, JIJIsI BCAKOTO 2 € Z HalIETCs TaKoil
sseMenT y € Y, 410 z = ¢(y), a Jyid 9TOr0 Yy HailnéTcsa Takoil snement x, uro y = f(x) u z = g(f(x)).
Cu1e10BaTeIbHO, KOMIIO3UIM § O f ABJIACTCH CIOPbHEKIUeii.

O6ocuyem nyHukT (ii). [Tockonbky f sBageTcs clopbeknueil, 1as BeAkoro y € Y Haiigércs takoi

r € X, uro f(zr) = y, a Tak Kak f sBIASETCS WHDbEKIHWei, Takoi = Haiinércs popHO oxmH. Takmwm
00pa30M, CONMOCTABIEHHE KasKIOMY ¥ TAKOTO X, uTo f(x) = ¥y, aBagerca dpynkmmeil. Buekrusnocrs f~!
cJaeyeT U3 TOro, 9ro f spiagerca OYHKIHE. <

®Oynknuio f! HaspiBaloT obpammnoti dyrryuet K Gynknuu f.

MuoxkectBo GG ¢ 3a7jaHHOI Ha HEM oTlepalyieil o Ha3bIBaeTCs 2pynnot, eciau

1) omeparust o0 acCONUATHBHA;

2) cymecTByer TaKoi 3JeMeHT e (eIUHHIA TPYIIIbL), 9TO 71 BCIKOro g € (G BBIIOJIHEHO PABEHCTBO
goe=e€eog=yg;

3) g Begaxoro g € G cymecTByeT Takoil (06paTHBIN) 31eMeHT g~ ', uto gog ' =g log=ce.

Ecau onepanusi KOMMYTATHBHA, TO TPYINA HA3BIBAETCA KOMMYMamushol (Mad abeaesoll).

LHodzpynnoti rpyunsl G ¢ onepanueii o Ha3bIBaeTCa HOAMHOKecTBO H C (G, KOTOpOe caMo SIBJIsIeTcs
rpymnnoii ¢ onepamnueii o. ['pynma G ¢ omepamueit o u rpynna F ¢ onepanueil * u3omopdvi, eciau
cymectByer Takas oueknns f: G — F, aro f(goh) = f(g) * f(h).

MuozxkecrBo G(X) 6ueknuit X — X ¢ oneparueii KOMIO3UIUN SIBISETCS IPYIIO, B KOTOPOH PoJib
e/IMHUIIBI UTDAeT sBIgeTCst GueKnus e(x) = = (TOXKIeCTBeHHOe 0TOOpaXKeHHe).

1

Teopema 3. Beaxasa epynna X c¢ onepayued * usomopdra nexomopot nodepynne 2pynno, 6uexyudl
G(X).
> M3oMopdU3MOM sIBIISIETCST COMOCTABIEHNE BCSIKOMY 371eMeHTy z € X Gueknnu f,(r) = z * . <

Jlnst Besgkoro MuozKecTBa X 0003HAYIM MHOXKECTBO BCEX ero noamMuoxkects depes 27X . TTokazkem, 4To
cymecrsyer Guexnus mexk iy 2% u {0, 1}X. TeiicTBurenbHo, uckoMast GUEKIHsT COMOCTAB/IAET BCAKOMY

noaMHOKecTBY A C X DyHKIHIO
(@) = 1, ze€A,
AR = 0, z=¢A,

KOTOPYIO HA3BIBAIOT UHJUKGMOPOM MHOZKeCTBA A.



Onepanyum ¢ MHOXKECTBAMU
Iepecevenuem MEHOXKeCTB A 1 B Ha3bIBaeTCsI MHOKECTBO
ANB={z:2x€ Aunzx € B}
Obsedunernuem MHOXKeCTB A 1 B Ha3bIBaeTCs MHOYKECTBO
AUB ={x:x € Anm z € B}.
Pasnocmuvio muO)KecTB A 1 B Ha3BIBAETCS MHOYKECTBO
A\B={xz:x€ Auz ¢ B}.
Bcerma moxkno mnpeamnosaraTh, 9TO pacCMaTpUBaEMble MHOXKECTBA SIBJISIOTCS TOIAMHOXKECTBAMHU
HEKOTOPOro (PUKCHPOBAHHOIO MHOxKecTBa X. TakuMm o6pa3oM, Ha MHOKecTBe 2% BCex 110JMHOMKECTB

muO)KecTBa X 3azanbl oneparuu N, U u \. Bosee Toro, sTu oneparun CBsi3aHbl ¢ YMHOKEHHEM H
CJIOYKeHneM WHINKATOPOB:

Tnap =140 1p, Iaup=1a@Ip® ({4 ®Ip), Inng =14 (1D Ip)
(omeparuun @ u © GbLIN ONPEJIEIEHbBI BhIIIIE).
Teopema 4. J[as 410065 MHONHCECTNE CNPAGEOAUEHL CACIYIOULUE PAGEHCTNEA.
i) AnB=BNA, ANn(BNC)=(AnB)NnC.
(i) AUB=BUA, AU(BUC)=(AUB)UC.
(iii) AN(BUC)=(ANB)U(ANC(C),
AU(BNC)=(AuB)N(AUCQC).
(iv) (@opmynsr Moprana) A\ (BNC)=(A\B)U(A\ B),
A\ (BUC)=(A\B)n(A\ B).
> JloKa3aTesbCTBO BCEX MYHKTOB MPOBOJLATCS [0 OJIHOM CXeMe: MOKazKeM, YTO HHINKATOPH MHOKECTB,

CTOATIAX CIOPaBa M CJIEBA B PACCMATPUBAEMBIX PABEHCTBAX, paBHBI. OrpaHuYnMcst 0O0OCHOBAHUEM JIBYX
paserctB. /TokazxkeMm nepsoe paBeHcTBO U3 (iii):

Tanue) =14 @ Ipue =14 © (Ip® Ic ® (Ip © 1)) =
=wolp)eiol)® (Iaelp) e (10l =
= Ian @ Ianc ® (Lans © Lanc) = IanB)uanc)-
Jokazkem neppoe paBeHcTBO 13 (iv):

Ingroy=1a0 (1@ Ipc)=Ia0 1l 0(1als)=Ia01al) o (lio(1dl)) =
=1 © Iac = [(aBua\p). <
IlycTh MaH TPOM3BOJIBHBIN HAOOP MHOXKECTB (KOHEUHDbIH nian Geckomednsiii). Obsedunenuem TaH-
HOTO HAOOpa MHOXKECTB HA3BIBAETCS MHOXKECTBO, COCTOSIIEE U3 TeX U TOJIHKO TeX JIEMEHTOB, KOTOPBIE
HNPUHAJIEZKAT XOTS Obl OJIHOMY U3 MHOYKECTB, BXOJAIIUX B HAOOp. [lepeceuenuem Jannoro nabopa MHO-
JKECTB HA3bIBAETCS MHOXKECTBO, COCTOSINEE M3 TeX W TOJBKO TeX 3JEMEHTOB, KOTOPbIe MPUHAIeKAT
BCEM MHOXKECTBAM, BXOJAIINM B HAOOD.
PaceMOTpuM HECKOJIBKO MHOM O CTHITIO (HO He 110 COJePYKAHUI0) CIOCO0 JI0KA3ATEIbCTBA PABEHCTB
J1sT MHOXKecTB. JloKazkeM, UTo BepHBI obobmiatoriue (popmyasl Moprana paBeHCTBa:

seS sesS seS sesS
He#icTBUTEIBHO,

reA\UBserxeAnxé¢ |J Bs.

seS SES

Bamernm, uto x ¢ |J Bs < © ¢ B 11 Bekoro s € S.
ses
Iostomy v € A\ U Bs; & v € Aux ¢ B, 11 Beskoro s € S,
s€S
a 910 o3madaet, 9o x € [ (A \ By).
s€S
B 9TOM paccyKaeHnu Mbl GaKTHICCKH TOJMEHSIEM OIIePAITUA ¢ MHOYKECTBAMHU TPABUIAMH JOTUKH, B

TO BpeM4 KaK B JOKa3aTeJILCTBE TeOPEeMbl MbI ITIOJMEHUJIN OIlepaluil ¢ MHOXKEeCTBaMU apI/I(bMeTI/I‘IeCKI/IMI/I
onepanudaMmn ¢ HHAXKATOPpaMH.



OTHOIIEHN

Besikoe nonmuoxkectBo R jiekaproBa npoussesenns X X Y Ha3biBaeTcs omuouwieruem. ' paduk
by X — Y Ha3bIBACTCA GYHKUUOHANDHBIM OMHOULEHUEM.

Henycroe mogmuozkectBo R C X X X Ha3BIBAIOT 0MHOUEHUEM IKEUBAACHIMHOCTIU, €CITH [T BCTKAX
z,y,z € X BHINOTHSIOTCS YCIOBHS:

1) (z,2) € R (pedaercusnocmo);

2) ecnu (z,y) € R, 0 (y,2) € R (cummempuunocms);

3) eciu (z,y) € Ru (y,2) € R, 10 (,2) € R (mpansumuenocmy).

Hasee Bmecto (x,y) € R nuiieM x ~ y W TOBOPUM, UTO & SKBHBAJICHTEH Y.

MuozxkectBo R(a) = {z € X: x ~ a} Ha3BIBACTCS KAACCOM IKBUBAAECHMHOCTIY € TIPEJCTABUTEIEM .
B cuty cBoiictBa 3) Bee smeMenTsl R(a) SKBHBAJEHTHBI JIPYT JIPYTY.

TeopeMa 5. Fcau xaaccul 9%68U8AAEHMHOCTIU nepecexarnmca no HEKormopomy 3AEMEHTITY, TIO 31U
KAGCCH coenadarom.

> Ilpennosoxkum, ato ¢ € R(a) N R(b). Torma z ~ ¢ u ¢ ~ b ans Besikoro x € R(a). 3uauut, © ~ b u
xr € R(b), m.e. R(a) C R(b). Anasoruuno nokasbiBaercs, aro R(b) C R(a). <

Takum oOpazom, MHOXKeCTBO X dBJsgeTcd 00beJUHEHNEM TTONAPHO HellepeceKaroMuXcd KIaCCOB K-
BUBAJIEHTHOCTH. MHOXKeCTBO BeeX KJIACCOB IKBUBAJIEHTHOCTH HA3BIBAIOT (haKmop-MHOHCECTNEOM TIO TaH-
HOMY OTHOIIEHUIO SKBUBAJECHTHOCTH M 0003HAUAIOT depe3 X/ ~.

ToBopsrt, uro 3a1aH0 pasbuerue { X} e MHOKeCTBaA X, €CJIU 3a1aH TAKOH HAOOD HEIYCTHIX HOMAPHO
HEMEPECEKAIOIINXC MHOXKECTB X, 9TO

X =|JX.

SES
CupaBeI/IiBO CJAEAYIONIEe YTBEPIKICHHE.

Teopema 6. [lycmov 3adano Hexomopoe pazbuerue muooicecmea X. Omuowenue R, cocmoausee u3
nap (x,y), 6 KOMOPHLT IAEMEHMVL T U Y NPUHAOAEHCA, O0HOMY U TMOMY HCE MHONCECMEY PA3OUCHUA,
ABAAENCHA OMHOWEHUEM IKEUBAAEHITIHOCTIY.

Urax, BcsiKOe OTHOIIEHHE 9KBHBAJIEHTHOCTH 3a/1a€T pa3bueHne MHOXKECTBA, & BCSIKOe pa3OHeHne MHO-
JKECTBA 3aa6T OTHOIIEHNE SKBUBAJEHTHOCTH. OOBITHO OTHOIIEHNE SKBUBAJEHTHOCTH HCHOIB3YIOT s
OTOXK/IECTBJICHNs KAKUX-TO 3JIEMEHTOB MHOXKecTBa. Hanpumep, 9robbl U3 OTPe3Ka HOIYyYUTh OKDPY K-
HOCTb, MOKHO OTOZK/IECTBUTH €r0 KOHIIBI, T. €. 33/[aTh OTHOIIEHHe SKBUBAJEHTHOCTH: BCSIKAsT OTINIHAST
OT KOHI[A OTPe3Ka TOYKa SKBUBATEHTHA TOJIHKO cebe caMoil, a KOHIIBI OTPe3Ka ellé 1 SKBHBAJEHTHBI JIPYT
Japyry. B aroMm ciydae oKpyKHOCTD — (haKTOP-MHOZKECTBO 110 JIAHHOMY OTHOUIEHHIO SKBHBAJIEHTHOCTH.

Hemnycroe mopmuozxkectBo R C X X X Ha3bIBAIOT OMHOWEHUEM YACTNUYHOZO NOPAJKG, €CTH s
BCSKUX T, Y, 2 € X BBIIOJHSIOTCS YCJIOBUSI:

1) (z,z) € R;

2) ecim (z,y) € Rw (y,x) € R, 10 x = y;

3) econ (x,y) € Ru (y,2) € R, 10 (1,2) € R.

Hasee Bmecto (x,y) € R numrem = < y.

B kauecTBe mpuMepa 3aJa UM Ha MHOXKecTBe 2% orHomenne cpaphenus: A < B Torga # TOJBKO
rorja, korma A C B. 3aMeTuM, 4To He BCE MOJAMHOKECTBA CDABHHMBI JIPYT € JAPYTOM.

Ecan ornomenue yactuauoro mopsaka R takoso, uro (z,y) € R wm (y,x) € R 115 Bcex 3J1eMeHTOB
x 7 Yy MHOKecTBa X, TO OTHOIIIeHHe R HAa3BIBAIOT OMHOUEHUEM NUHETH020 NOPAJKa Ha MHOXKeCTBe X .



MHoxXecTBO HAaTypaJIbHbIX umces. MHayKims

OCHOBBIBasACH Ha CUCTEME aKCHOM TEOpUH MHOXKECTB, MOKHO ITOCTPOUTDH 3HaKOMO€ CO HIKOJIbI MHO-
2KE€CTBO HaTypaJIbHbIX YUCEJI

N={1,2,3,..}.

Mpb1 He OyeM 00CcyKIaTh 3/1eCh TaKOe IOCTPOEHUE, 8 BBEJIEM €0 aKCHOMATHYECKH.

Axkcuomsr Ileano
MuoxecTBo N HA3BIBAETCS MHONCECTMBOM HATYPAALHBLL YUCEA, €CTIH OHO YIOBJIETBOPIET CIeIyIO-
MM aKCHOMAaM:
1) st kazkmoro smementa n € N cyecTByer eMHCTBEHHBII 3JIeMEHT, HA3bIBAEMBIH CJIETYIOIUM 1
obo3HavaeMblil yepe3 n + 1;

2) CYIIEeCTBYEeT e IMHCTBEHHBIN 3JIeMeHT 1, Ha3bIBaeMblil eJIMHNTIEN, KOTOPBIM He ABJISETCS CJIeIyI0-
MM HU JJIsl KAKOrO 3JIeMEHTa 3T0r0 MHOXKECTBA;

3) BCAKUAN OTJUYHBIA OT €JIUHUIBI 3JEMEHT dBJAeTCd CJIEAYIONIUM POBHO [Jisd OJHOT'O 3JIEMEHTA
MHOKecTBa, N;

4) (axcuoma undyryuu) ecau noamuokectBo M C N comepkur 1 u BMecTe ¢O BCIKAM CBOUM 3Je-
MEHTOM 7 COJAEPKHUT cJieaytonuii ssaement n + 1, to M = N.

Yerpépras akcnoma (PakTHIeCKH yTBEPZAK/IAET, 9TO B OIPEICIEHHOM CMBIC/IE MHOKECTBO HATYPAJIb-
HBIX YHCesl — HAMMEHBITIee 3 MHOYKECTB, YI0BJIETBOPSIONX akcioMam 1), 2), 3).

Oyurmua f: N — A nazsiBaercs nocaedosamenvrocmoio saemenmos muoxkectsa A. Bmectro f(n)
najee MUIeM a,, A, u T.1I.

IIpuaIITT MaTeMaTMYeCcKOil WH LY KITHI

Hycmv umeemea npoudsoavras nocaedosamenvrocms ymeeporcdenut Ay, As, ..., Ay, ... FEeau
ymeeporcdenue Ay ucmunno u 0as 6carozo n eepno caedemeue A, = A1, mo ece ymeeporcdenus
A, ucmunmbl.

[MosichuM paBHOCHIBLHOCTH AKCMOMBI MHIYKIUY W IIPWHIAIIA, MaTeMAaTHIecKoil muayKmmn. O003Ha-
quM depe3 M MHOXKECTBO BCEX TaKUX HOMEPOB n, 9To yTBepzxaenne A, ucrtunno. Torma 3ammcs 1 € M
pPaBHOCHJIbHA TOMY, 9TO A; — HCTUHHO, & CJIeJICTBUE

neM= (n+1)eM

paBHOCHIBHO TOMY, 9t0 A, = A, ;. UcTtunnocts Bcex yrBepkKaenuii A, pPaBHOCHIHLHA PABEHCTBY
M = N. Takum 06pa30M, TPUHIMIT MATEMATHIECKON WHIYKITUU CJIElyeT U3 aKCUOMBI UHAyKiuu. [lycTh
Telepb BBINOJHEH MPUHIUN MaTeMaTudecKoil muaykmuu. ng Beakoro muoxkectBa M C N ompene-
JIUM MOCJIeIOBATEILHOCTD YTBEPAKICHUN A,,: «3JeMEeHT n TPUHAIEKUT MHOKecTBY M ». Kax u Boitire,
sanuch 1 € M paBHOCU/IbHA UCTUHHOCTH yTBepKienus Aj, ciaejncrsue n € M = (n+ 1) € M pasuo-
cuabHO ciencTeuio A, = A, .1, a ICTHHHOCTH BCexX yTBep:xkaenuit A, pasHocuibaa pasenctsy M = N.
Taxum 06pa3oM, aKCHOMA WHIYKITUU CJIeyeT W3 MPUHITUIA MATeMATHIECKON WHIYKIIHH.

PaccMoTpuM HeCKOJBKO TPUMEPOB MPUMeEHEeHHs IIPWHITAIIA MaTeMAaTHIeCKON MHAYKIINT — JT0Ka3a-
TEJIbCTBO YTBEPKIEHHIH MEeTOAOM MaTeMaTUIeCKOH WHIYKIINN.

Teopema 7 (nepasenctso Beprysun). Jas ecex x > —1 un € N ewnoaneno nepasercmeo
(I1+2)" 21+ nz.
> Tlpu n = 1 mepasencrso Bepuo: (1 +x)! > 1+ 1.z (ono obpamaercsa B paBencrso). [lycrs s
HekoToporo n € N HepaBeHCTBO yiKe J0Ka3aHo; nokazkeM ero ms n + 1. TTockoabky > —1 n 22 > 0,
nonyaaem (1 + )" = (1+z)(1+2)" > 1+2)1+nz)=14+n+Dr+nz?> > 1+ (n+1)z. <

Teopema 8 (6unom Hurorona). ITycmo n € N. Jlaa 400vx a,b 66inoinaemes paseHcmeo

(a+b)" =) Cra*v"* Ch=

k=0

n!
El(n — k)!
(cvumaem, wmo a® =1 daa ecex a).
> JlokazbiBaeM mo wHAyKIuu. [Ipu n = 1 yTBep)aeHue BepHO:

(a+b)t=1-a+1-b=Ca"" + Cla"t’.
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[Tpeamomoxkum, 9T0 719 HeKOTOporo n € N HepaBeHCTBO y:Ke JOKa3aHO W JOKayKeM ero mjad n + 1.
3aMeTuM, 9TO IO MPEANOTOKEHNIO HHIYKIIUNA BBHIIIOJIHEHO PABEHCTBO

n
(a+ by = (a+ ) (Y Cramem).
m=0
Brimuiem ko3 pHIIeHT, KOTOPLIH 6yIeT cTOATh mepeJ caaraeMbiM a™b" ™! nocie packpbiTud cKo-
6ok. Takoe ciaraeMoe HOIYYAeTCss TOMBKO mpu ymuOzkenun ¢ 0" ("~ pa ¢ win opu yMHOKEHHH
a™b" ™™ wa b. CremoBaresibHO, UCKOMBIH KO3 DUImeHT paBeH cymMme COOTBETCTBYIOMUX KO3 unneH-
ToB C!"~! + C", koropas pasna CI" |. <

[Tomoxum B dpopmyse bunoma a =1, b=x un = «:

(o — 1)302

(1+x)°‘:1+ax+a

5] +m+a(a D), k!(a k+1)xk+

SamMerum, 9TO JJs HATYPAJbHBIX MTOKa3aTeaeil o 3Ty CYMMY MOXKHO CUATATH OECKOHEYHOH; B CAMOM
nene, npu k > o + 1 koapdpunmentsr npun x¥ obuyasmorca. OxasbiBaercs, uto npn |z < 1 Takas
dopmya ¢ OeCKOHEUHOI CyMMOiI BepHA He TOJIBKO JJIS HATYPAJbHBIX IOKA3aTeJeil, HO U JIs IeJIbIX,
pPAIMOHAJBHBIX M BOOOIIE JIOOBIX BEIIEeCTBEHHBIX HoKasareneil. Hampumep, mpu a = —1 moaydaem

CYMMY OECKOHEYHOI reoMeTprIecKoil Tporpeccuu
I+z)'=l—-a+2? -2+ . +(=1)"2"+...

B obmiem ciyqae jiokazaresbcTBO (GOPMYJIbl OMHOMA € IIPOM3BOJILHBIM IIOKa3aTejeM Oy/ieT HPUBEIeHO
B KOHIIE HAIIETr0 Kypca.

C IMOMOIIBIO AaKCUOMBI MHAYKIUHN MOXKHO JaBaTh MHAYKTUBHBIC OIIpEAC/JICHUA. PaCCMOTpI/IM, KaK 9TO
JieJlaeTcd Ha MpHMepe Olepalluu CJI0YKeHNs Ha MHOYKECTBE HATYPAIbHBIX UHCEI.

B cuny omnpenenenuss HaTypaabHBIX YHCEJ MBI yMeeM JI00aBJIATh 1 KO BeakoMy ducay n. IIpemamno-
JIO?KUM, UTO MBI y7Ke 3HaeM, UTO TaKoe 1 + m Jast HeKOToporo m. Torga mosaraeM Mo onpeie/IeHHIo

n+(m+1)=(n+m)+1.
Taxum 06pazom, Mbl yMeeM 100aB/IATh 1, 1 ecjin ymeem j100aBjsith m, 10 ymeem jobasjsatb (m—+1). Tlo

AKCHUOMEe MHIYKIIUH MBI yMeeM J00aB/jIaTh Npou3BosbHoe m. Creaytomiee yTeep:kaeHne popMajin3yer
9TH HECTPOTHE PACCYKIEHN.

IIpennoxenune 1. /lasa ecakozo n € N cywecmeyem eduncmeennan dynwkyua f,: N — N, das
komopot svnoanenv, ycaosus fr(1) =n+1u fo(m+1) = f,(m)+ 1.
> Ob6ocHyeM eanHCTBEHHOCTD. [lycTh aBe GyHKIWMYU [, U g, YAOBIETBOPSIOT YCIOBUAM YTBEPIKICHUS.
Torpa fn(1) = g,(1) u eciu f,,(m) = g,(m), T0

falm+1) = f,(m)+1=g,(m)+1=g,(m+1).
ITo akcuoMe WHIYKIMH MHOXKECTBO T€X M, JJisl KOTOPBIX BBIMOJIHEHO paBeHCTBO f,(m) = g,(m), cos-
nagaeT ¢ N,

Tenepp gokazkem cymecrBoBanue (yHknum f,. Bymem paccyxkaarb mo umuayknund. [logoxkum
fi(m) = m+1. Ilposepum croiicrsa: fi(1) = 1+1, fi(m+1) = (m+1)+1 = fi(m)+1. IIpexnomoxum,
9TO JIJIT HEKOTOPOro n Tpebyemast ¢pyuknus f, cymecrryet. [Tomoxknm

far1(m) = fn(m) + 1.
[IpoBepum cpoiictBa: f,11(1) = fu(1)+1=(n+1)+1,
fra(m+1) = fu(m+ 1) +1 = (fu(m) +1) + 1 = frpa(m) + 1.
[To akcrmoMe MHIYKIIMA MHOYKECTBO TeX 7, JIJIsi KOTOPLIX cymiecTByeT (hbyukKius f,, copnagaer ¢ N. <

Tenepb Mbl MOXKEM HOJIOXKHUTH 10 OIpeAeIeHuto: n+m = f,(m).

AnajorugabiM 00Pa30M MOYKHO OIPeIe/INTh YMHOKEHNE HATYPAJIbHBIX YUCE/ U ONATH YK€ M0 WH-
JIYKITUU MTOKA3aTh, YTO BBITTOJTHEHBI M3BECTHBIE CO TTKOJIBI CBOHCTBA OTIePAINil CJI0YKEHNS U YMHOKEHUS.

Ha MuoxkecTBe HATYPAJIBHBIX YHACET MOXKHO 33aTh JIMHEHHBIH TOPSIOK:

n<m & n=m wm m=n+k.

Hcnonb3ys cBolicTBa CJI0XKEHUSA U AKCUOMY UHIYKIINH, MOXKHO ITOKa3aTh, YTO 3TO JeHCTBUTEIHHO OTHO-
IeHne JUHERHOTO opsiKa. Kpome TOro, Ha MHOZKeCTBe HATYPAJTbHBIX YHCeN CYIIECTBYET € IMHCTBEHHOEe
OTHOITIeHNE JIMHEHHOTO TOPSAIKa, P KoTopoMm N < n + 1.
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WNHornma ynobHee UCMOTB30BATH NOAHYN UHOYKUUIO.

IIpunIun MOJIHOI MaTeMaTUIeCKOi WHIY KNI
Iycms dana nocaedosamenvhocmo ymeepacoerull

A, Ay A,
Ipednonooicum, wmo Ay UCMUHHO U OAA BCAKO20 M U3 UCTNUHHOCTIU SCex ymeepxcdenuti Ay ¢ Home-
i k
pamu k < n caedyem ucmunnocms ymeepotcdernus A, 1. Toeda ece ymeeporcdenusn Ay, Asg, ... Ay, ...

UCTNUHHDL.
B tepMunax MHOXKeCTB 3TOT MPUHIUAT (POPMYJIUPYETCS CaeyIonuM odpaszoMm: eciau 1 € M wu jis
Bcex n € N BepHO cjejcTBUe

{keN:kE<n}CM=n+1elM,

o M = N.
[TpunIUI TOJIHON MaTeMaTHIeCKO HHIYKIINN TaK»Ke PAaBHOCHIEH CPOPMYJTHPOBAHHOMN BBITIIE aKCHO-
me mHayKnun. [lokaxkem s1o. IlycTh mMeercs mociaenoBaTebHOCTh yTBep:KaeHnit Ai, Ao, ... A, ...,

PO KOTOPYIO M3BECTHO, 9TO A; MCTHHHO M [JisI BCAKOTO M W3 MCTHHHOCTH BCEX YTBEpKIAEHHH Aj
HoMepaMu k < m cleyeT UCTHHHOCTH yTBepkKIeHus A,.i. 3amenuMm A, HOBBIM yTBepxKiaeHHeM B,
COCTOAIIUM B TOM, 9TO BCe yTBepkaAeHus Ay, rjae k < n, ucTuHHBL. 3aMeTwM, 9T0 B; — HCTHHHOE
yrBepxkaenue. [lycts Temeps B, — ucrunnoe yrBep:kjenue. Torja mo onpejesienuio 3, Bce yTBep-
xaenus Ay ¢ Homepamu k < m UCTHHHBI, U 3HAYHUT, A, 1 — HcTHHHOE yTBepKaeHue. Cieg0BaTe/bHO,
yTBepKjienue B, ucrunno. [lo akcmome uHaAyKIUK Bee 3, HCTUHHBI U, CJI€I0BATEIbHO, Bce A, NCTHUH-
Hbl. Takum 0O6pa3oM, MOAMEHUB YTBEPKICHNA, MBI CBEIN HOJTHYIO HHAYKIINIO K OOBIYHONR HHAYyKIHH. C
JAPYTOi CTOPOHBI, IPUHIMUII MATEMATHYCCKON MHAYKIAW CACAYyeT U3 HIPUHINAIA ITOJHON MaTEMAaTUICCKON
HHIYKINE, TaK KaK TpeOoBaHWs K yTBEep:KIeHHSIM A, B MEepBOM W3 HUX CHJIbHee TPEeOOBAHUIT K THM
VTBEP>KAEHUSM BO BTOPOM.

TrunmuaaBIM TpUEMEpOM NMPUMeHEHUd MPUHIMIA TTOJHOM MaTeMaTHIecKOW WHIYKIIMH SBISIeTCd J10-
Ka3aTe/IbCTBO OCHOBHOM TeOPeMbl apU(PMETUKH: 8CAKOE HAMYPAALHOE YUCAO0, bosbulee eduHUYbL, AUbO
ABAAEMCA NPOCMBIM, AUDOO PACKAGOBIBAEMCA 8 NPOUIBEIEHUE NPOCTNBIL YUCEN, NPUHEM EOUHCTNGEHHBIM
0bpazom ¢ mounocmovro do nopadka mroxcumened. Jlokazxkem TUINB CyIeCTBOBaHUEe pasjokenud. [[is
n = 2 yrBep:xKjienne BepHO. [IpeamnonoKum, 4To yTBepKAeHne BepHO /I BeeX k < n, U JIOKaXKeM ero
anda n+ 1. Ecan n+ 1 aBagercd IpocTbIM YHCJIOM, TO YTBEPIK/IeHNE JToKa3aHo. Ecym n+ 1 He gaBidgeTcs
MPOCTHIM YUCJIOM, TO HAWIyTCd TakKue HaTypaJbHbIe TUCTA N1 U No, 9TO N, > 1, 1y > 1un+1 = nq-ne.
[Mockosbky ny < N u Ny < N, K HUM NPUMEHUMO Hpeo/ioxkenne uupayknun. CregoBare/ibHO, 1 U No
JI00 ABJLIOTCS MPOCTBHIMHU, JINOO PACK/IAILIBAIOTCH B MIPOU3BEJICHUE MPOCTHIX MHOKUTEIEH, a 3HAYNT,
pPacKIabIBAETCd B IPONU3BE/IEHNE TTPOCTHIX MHOXKHUTeAeit n ancao n + 1.

Kak moka3biBaeT cjenyoriee yTBep:KAeHne, aKCUOMa UHIYKIIUA TECHO CBA3aHA ¢ OTHOIIEHHEM IT0-
psiKa.

Teopema 9. Axcuoma uHOYKUUL PABHOCUALHA TOMY, YIMO 8 KAGHCOOM HENYCMOM NOOMHONCECTEE
MHONACECTNBA HAMYPAADHLL YUCEN €CTND MUNHUMAGAOHDET IAEMEHT, M. €. IAEMEHM IMO20 NOOMHOACE-
CMBa, MEHLULUT BCAK020 OPY2020 INEMEHMG IMO20 NOOMHONCECNEA.

> Ilpeammo/io2KuM, 9To BO BCAKOM HEIIYCTOM ITOAMHOXKeCTBe MHOXKecTBa N ecTh MUHUMAJIbHBIH 9JIEMEHT.
IIycts mtsa HeKoTOporo moaMHoxKecTBa M mHOXKecTBa N BBITTONIHEHO, 9TO ecotu 1 € M un € M, To
(n+ 1) € M. Ilpennonoxum, aro N\ M # @. CymectByer MEHIMAJILHBI dmemenT n € N\ M,
npuuém n # 1. [ycre m 4+ 1 = n. Torna m € M wu, caenoBaresbio, m+1 € M, vom+1=n ¢ M.
[Iporusopeune. Ciemoarensuo, M = N.

[IpeanosioxkuM Tenepb, 9TO BBIIOTHEHA aKkCcHoMa HHaAyKiun. Ham OyaeT y1o6Hee Crnoib30BaTh m0JI-
Hyto maayKimio. [lyctb A — Hemycroe moamuoxkecTtBo MHOXKecTBa N. Ilpeamomoxkmm, ato B A Her
MEHAMATBHOTO 3aemenTa. Toraa 1 € M = N\ A u u3 Toro, uro k ¢ M upu k < n ciaemyer, 9ro
n+ 1€ M, unaue n + 1 661710 661 MuHEMaABLEBIM d1eMeHTOM B A. Tlo akcuome mapyknuun M = N Ho
9TO MPOTUBOPEUNT HemycTore MHOKecTBa A. CiemoBaresbHO, B A €CTh MUHIMAILHBIN D/IEMEHT. <

Munooicecmeo yeavs wucen Z ects obbeauuenne muoxkecrs N, {0} u {—n: n € N}. Oneparun
CJIOZKEHH A, YMHOXKCHHA U OTHOIIEHUE IMOPALKA MMePEeHOCATCA C N na Z.



Ha nekaproBom npoussenennn Z X N BBeJIEM cJieyioniee OTHOIICHHE SKBUBAJICHTHOCTH:
(m, n) ~ <p7 q) — Mq = np.
MHOZKeCTBO KJIACCOB S9KBUBAJEHTHOCTH 0003HadaeTcst Yepe3 Q 1 Ha3bIBACTCS MHOHCECMBOM PAUUOHAN-
nolr wuces. Bmecto (m,n) namee mumem
Onepanuu 1 OTHOIIEHEE TOPs/IKa Ha MHOZKecTBe Q OIpeesisIioTes CaeAyIomuM 00pa3oM:
m p_mg+np m p _mp m _p
—t =, — ==, — < - <= mgnp.
noq ngq n o q ngq n q
MOKHO 110Ka3aTh, 9TO ONPEIEJEHUs CJI0KEHNs, YMHOKEHNS U OTHONIEHUS TOPSAIKA KOPPEKTHBI, T. €. He
3aBUCAT OT BHIOOpA MpeJICTABATEeH KIACCOB YKBUBAJICHTHOCTH.

Koneunsie 1 6eckoneunnsie MHOKecTBa. CYETHBIE MHOXKECTBA

Byznem 1oBOpHTH, UTO ABA MHOMKECTBA DAGHOMOULHbL, €CTH CYIIECTBYeT OHeKIHs W3 MHOXKecTBa A
B MHOKeCTBO B (nmumem A ~ B).

MozxHo mokasarb, 4To:

(1) A~ A

(2) ecnim A~ B, 10 B ~ A,

(3) eetu A~BuB~C,10 A~ C.

Jemma 1. IIyemov a,b € A, a #b. Tozeda muoocecmsa A\ {a} u A\ {b} pasromousoL.
> Ilycte D = A\{a,b}. Torna nonyuaem A\{a} = DU{b} u A\ {b} = DU{a}. Oupenennm dyHKImo
f w3 muoxectBa A\ {a} B MHOXKecTBO A\ {b} cremxyromum obpazom: f(z) =z upu x € D u f(b) = a.
Oyuknus [ — nckomas Oueknus. <

[Mosnoxkum A,, = {k € N: k < n}. 910 MHOKECTBO, COCTOsIIIEE U3 TIEPBHIX N HATYPATBHBIX YUCEL.
Teopema 10. Ecau mmoorcecmsa A, u A, pagHOMOUHBL, MO 8EPHO PABEHCMBO N = M.

> Bocnonbsyemcst uaaykumei o n. [ycrb n = 1 u f: A — A, — 6uexnus, rae A; = {1}. Ecan
m > 1, 1o f(1) # 1 wmm f(1) # m, aro nporuBopeunt ciopbekrusHoctn f. CrepoBarenbro, m = 1.
[TpeIIosI0:KiM, 9TO YTBEPIKICHHE Y2Ke TOKA3AHO JJId 1 U JT0KazkeM ero i n+ 1. Ilyers f: A,y —
A,, aBngerca ouexnumeii. Torma ta ke camag QYHKIUSA yCTAHABINBACT OHCKIUIO MEXKIY MHOXKECTBAMU
A, A \ {f(n+ 1)}. Ocraéres 3amernthb, aro muoxectsa A, \ {f(n + 1)} u A,,_1 paBHOMOIIHBI, &
3aTeM HPHUMEHATH IIPEIOI0KCHAE HHTYKITIH. S

MHuoxKecTBO A HA3BIBACTCS KOHEYHLM, €CJIM OHO HJIM IIyCTO, WJIH PABHOMOIIHO MHOXKecTBY A, . T'o-
BOPSIT, 9TO MHOXKeCTBO A cocmoum us n asemenmos, ecan A paBHOMOIHO MHOXKecTBY A,. CorizacHo
AO0Ka3aHHOMY BBIIITE YTBEPXKACHUIO, 3TO OoIpeje/ieHne KOPPEKTHO, T. €. HEe MOXKeT OKa3aTbhCd TaK, 9TO
OJTHO U TO K€ MHOKECTBO OJHOBPEMEHHO COCTOUT U3 1 U M SJeMEeHTOB /IS PAa3JUIHBIX 7 U 17,

MHOXKeCcTBO HA3BIBAETCA OECKOHEUHDLM, €CTIU OHO He SBJSeTCS KOHEUHBIM.

[Tokazkem, 9TO MHOXKECTBO HaTypaJbHBIX uncea N Oeckoneuno. as moboit dyukmun f: A, — N
HATYPAJIBHOE YHC/IO

M=f1)+f2)+...+ f(n)

He JieKuT B obnactu eé 3navdenuii (tak Kak f(k) < M ans Besgkoro k < m), a ceoBarTebHO, TaKast
dyHKIMS He MOXKET OBITh CIOPBHEKIINEeH U yK TeM 0oJiee buekiueii.

Ete o/iiH BaKHBIi TTpHMep GECKOHETHOI0 MHOXKECTBA — MHOXKECTBO BCEX HPOCTHIX duces. [Ipemo-
JIOZKHMM, 9TO 9TO MHOYKECTBO KOHEYHO U Pi, P2, ..., PN — BCe mpocthie uncia. Torma, caenyst EBkiny,
PACCMOTPHUM YHCTIO Py - Po - - - Py + 1. OHO He ABJIETCS TPOCTHIM, HO U He JeTUTCS HU HA KAKOe MPOCTOoe
uuci0. [Tporusopeune. Ciieq0BaTebHO, MHOKECTBO BCEX IPOCTHIX YHCE] OECKOHEUHO.

CuéTrHble MHOXKECTBA
MuoxkecTBO A Ha3bIBaeTCa cuémuvim, ecan A paBHOMOITHO MHOXKeCTBY N.

Teopema 11. (i) Besakoe nodmHoicecmeo MHOMCECTNEA HAMYPAALHYLE YUCEA KOHEYHO UAU CHEMHO.
(ii) Mnoowcecmso N x N asasemea cuémimoim.



> Pacemorpum nyskT (i). [Tyers B C N. MoKHO cpa3y mpeinojaratb, 910 B — GeCKOHETHOe MHOKE-
cTBO. IlycTh Ny — MUHEMAIBHBIN 371eMeHT MHOXKecTBa . Torma ny; > 1. Ilyets ny — MUHEMATLHBIN
ssieMenT MHOKecTBa B\ {n;}. [1o mOCTpOEHUIO BBIOJIHEHO HEPABEHCTBO Ny < Mg U, CJIEIOBATEILHO,
ne = 2. Ilpeanonoxkum, 4To yKe NOCTPOEHBbI YUCAA Ny = 1, No = 2,..., N = k U IyCTh Ny — HaH-
MeHbIIHil 371eMeHT MHOXKecTBa B\ {ny,na, ..., n;}. [lo mocTpoeHnio umeeM ny1 > ny 1, CJIe0BATEIBHO,
ngr1 = k+1. llpogonzkas mocTpoeHue, MOIyIaeM MOCIeI0BaTe TbHOCTD HOMEPOB 1. Ecu B MHOZKeCTBe
B ectb 3meMenT b, KOTOPBIA HE BCTpEYaeTCss CPeIu Ny, TO Ny < b g Beex k, 9TO HEBO3MOXKHO, TaK
Kak npp1 = b+ 1> b. Caenosaresvno, B = {n;}, upuaém dynknus k — ny ycranaBiuBaer OHEKIIUIO
mexay Nu B.
B nynkre (ii) nckomas Guekiyst 3aae1cst GOpMyIIoi
(k1) = (k+1—-1)(k+1)
2
Mpsr nepecanrpiBaem ssements Tabuunbl N X N 1o nuaronassim, conocrasisist (1,1) — 1, (1,2) — 2,
(2,1) — 3 u . <

—l+1

Cuenctue 1. Beakoe nodmmostcecmeao cuémmno2o MHOHCECTNGA AUDO KOHEWHO, AUOO CHEMHO.

Koneunble nin c4éTHbIE MHOKECTBA HA3BIBAIOT He 004ee YeM CHEMMHbLMU.

IIpenmoxenune 2. (i) Ecau f: B — A — unsexyua u A — cuémmuoe mmoscecmso, mo B we boaee
Yem CYHEMHO.

(ii) Feau f: B — A — cropsekyua u B — ne 6oaee wem cuémuoe muoscecmeo, mo A ne boree wem
CUEMHO.

> O6ocuyem nyHKT (i). [Tockonbky f: B — f(B) — Ouekius u f(B) He 6oJiee deM CIETHO, 3aKIIOYALM,
410 1 B He OoJsiee 4eM CUETHO.

Pacemorpum myskT (ii). s kaxgoro a € A BoibepeM omun Takoil saement b, uro f(b) = a.
[onyuennas byuknus u3 A B B gapiasercda uHbekiueil, Tak kak ecan by = by, To f(by) = f(by).
Cornacno nynkry (i) 3akiaiodaem, 4ro A He 6ojiee 4eM CYETHO. <

OtmerumM, uTo eciu A He Goslee 4eM CUETHO, TO BCerda CymecTByeT ciopbeknus u3 N B A.

Caeacreue 2. (i) Obsedunenue koneuno2o uay c4émmozo Habopa KOHEWHHLT UAL CHEMMHLET MHO-
HCECMB ABAACNCA KOHEUHOLM UAU CHEMHBLM MHOIHCECTIEOM.

(i) Jexapmoso npouseedenue KOHEUH020 HAOOPA KOHEYHHLT UAL CUEMHUL MHONCECME ABAAEMCA
KOHEUHBIM UNU CHEMHOIM MHOACECTNEOM.

> Tlyukr (ii) cBomures k myHkTy (i). [Toxkaxkem yrepxkuenne nyukra (i). [Tycrs 3anan Habop He Gosee
YeM CUYETHBIX MHOXKECTB A, IPUYEM MHJIEKC S HPUHAIIEXKUAT He Oojiee 4eM CUETHOMY MHOXKECTBY S.
CymectnytoT ciopbekmmu Fy: N — A, w ¢: N — S. Torna orobpazxkenne (k, m) — Fypy(m) apagercs

ciopbekuueir N X N ua | As. CoenoBaresibno, muoxkecrso |J Ag e Gojiee uem CuérHo. <
seS seS

[IpuBeiéHHOE TOKA3ATEJIBCTBO sBJgeTCS hOpMaJH3aIUeil CaeayIoNero SBPUCTUIECKOI0 paccy 2K ie-

HUsI: 3alUIIeM 3J1eMeHThl obbenunennst | Ag B Tabuuiy, B KOTOPOil B $-if CTPOKe BBIMTHCAHBI 3JIEMEHTHI
seSs
MHOXKecTBa Ay, u mepecunTaeM 3Ty TabIHIY Tak »Ke, KaK 9TO OBLIO CIeJIAHO I JeKAapTOBa IIPOU3Be-

nenndg N x N.

IIpumep KanTopa HEeCUETHOr0O MHOXKECTBA

[Tokazkem, aro MHO)KecTBO {0, 1}°° Bcex GECKOHEUHBIX TMOCIEA0BATEIHLHOCTEH U3 HyJIel U eIMHNUIL He
saBJsgercsd cIeTHBIM. [IpeanosoKuM IPOTUBHOE: MYCTh MHOXKECTBO 3TUX IMOCIEI0BATEILHOCTEH MOXKHO
3aHYMEepOBaTh HATYpPaJbHBIMH ducaaMHu. [locTpouM HOBYIO MOCIEI0BATEILHOCTH, B KOTOPOH Ha k-M
Mecre cTouT 1, ecau y k-it mocsaegoBareabHocTu Ha k-m mecre crout 0, u crout 0, ecsm y k-it mocsie-
JoBarebHOCTH Ha k-M Mmecte cront 1. HoBas mocsienoBaTe lbHOCTD 3aBEIOMO He ObLIa 3aHyMepOBaHA,
TaK KaK JJId BCAKOrO k OHA OTIMYaeTCda OT k- moc/jie 0BaTeILHOCTH JIEMEHTOM Ha, k-M MeCTe.

Ob6o6mmenunem npumepa Kanropa siBisgercs caeayiomnee yTBep:KIeHHe.

Teopema 12. Jlas scakrozo muooicecmea A we cyuiecmsyem Ouekuyuu mexncdy muoocecmeom A u
MHOHCECTNEOM 6CET €20 nodmmosicecme 22.
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> IlpeanomoxknM, uto Gueknus f : A — 24 cymectByer. PaccMorpuM MHOzKecTBO M, cocTosIee
M3 BCEeX TeX dMeMeHToB a € A, ans koropuix a ¢ f(a). ockonmbky M — mommuoxkecTBO A, mMmeem
M = f(b) ans vekoroporo b € A. Ecm b € M, o b ¢ f(b) = M. Ecim xe b ¢ M = f(b), To
b € M no onpenenennto maOXKecTBa M. B 0boux ciaydasx TpUILIN K TPOTHBOPEYHIO. SHAUUT, HAIIE
HPEJINOJIOZKEHIE O CYIIeCTBOBAHUY OUEKITHH HEBEPHO. <

OrmeruM, 94TO JIOKA3ATEJILCTBO MOYTH JOCJOBHO MOBTOPSIET paccyzkaeHue u3 napajgokca Paccesa.

Bynem roBoputs, uro MmHOXKeCTBO A no mowmocmu He 6oavuwe MHOXKecTBA B, a MHOX)KecTBO B no
MOULHOCTNU HE MeHbULe MHOKecTBa A, ecam cymecTByeT mabekins n3 A B B. Ecan nomoaHnTesbHO
HU3BECTHO, 9TO HE CYIeCTByeT Oumeknuu u3 A B B, TO TOBOPHUM, 9T0 A no Mouwmocmu cmpozo menvuie
MHOXKECTBa B, a MHOXKeCTBO B no mowHocmu cmpozo 60avuse MHOXKeCTBa, A.

CyLiecTByeT ecTecTBeHHOE MHbEKTUBHOE 0TOOPAaXKeHNe MHOXKECTBa, A B MHOXKECTBO QA, COLIOCTaBJIsI-
foree Kaz oMy ssementy a € A muoxkectBo {a}. Takum 06pa3om, BesIKOe MHOKECTBO A O MOITHOCTH
CTpOI'0 MeHbIIle MHOXKeCTBa 2A. OTMGTI/IM TaKzKe, 9YTO BBIIIE 6blﬂa YCTaHOBJIEHa PaBHOMOIITHOCTHL MHO-
ket 2% u {0, 1}, Takum obpazoM, MHOKecTBO Beex (DyHKIMIT Ha X, IPMHUMAIOIIEX JBa 3HAYCHHU,
IO MOITHOCTH CTPOro OOJIbIIe MHOXKECTBa X .

Teopema Kanropa — bepamreiina

Teopema 13. Ecau mmnoorcecmeo A pasromousino nodmmoscecmsy muoocecmea B u mmoocecmeo B
PAGHOMOULHO NOOMHONACECTNGY MHONCECMEA A, MO IMU MHOHCECMEA PAGHOMOULHDL.

> 3amensas B Ha paBHOMOIIHOE €My MOJAMHOMKECTBO MHOXKECTBa A, MOXKHO CYUTATDL, 9TO CAMO MHO-
»KecTBO B aBigerca moamHozkecTBoM MHOKecTBa A. Torma ycioBue Teopembl mepedopMyInpyercs
CJEIYIONMNM 00pa30M: ecJId JaHbl TpH MHO)KecTBa Ay C Ay C Ay m mHOXKecTBa Ay m Ay paBHOMOIII-
HBI, TO MHOXKecTBa A; m Ay TakxKe paBHOMOIIHBI. [lycTh pyHKIMA [ ycTaHaBIUBAET OHEKIIHIO MEXKIY
muOkecTBaMu Ag u Ay, Jljis Kaxkoro HaTypaJabHOro n onpejaesuM MHOKecTBa Aog,io = f(Ag,) u
Aopi1 = f(Agn_1). Bamernm, 910 7151 BCIKOro 1 MHOXKeCTBO Co,, = Aoy \ Aoy i1 PABHOMOIIHO MHOZKe-
ctBY Conto = Agpia \ Aopys. Tomokum Cop 1 = Agpiq \ Aonre. CripaBeinBbl paBeHCTBA

AOZCOU01U02...UD n A1201UCQUC3U...UD,

rie D = () A, u Bce muokectBa C), 1 D TONapHO He TepecekaTcst. Bueknuio u3 Ag B A; yCTaHOBUM
neN
cJIelyoIuM 06pa3om: ssieMenTbl MHOKeCTB Cy, 1 1 D octaBuM Ha MecTe (TOXK/IECTBEHHOE 0TOOpazKe-

HHE), & SJIeMeHTaM KazK/[0ro u3 MHOKeCTB Cy,, B3AUMHO OJIHO3HAYHO COMOCTABHM JIEMEHThHI MHOZKECTBA
Conga. <

Teopema KanTopa — BepHiTeiina yTBepKIaeT, 9TO €CIM MHOXKECTBO A 10 MOIIHOCTH He GOJIbIIe
MHOZKeCTBa B 1N MHOZKECTBO B 110 MOIIHOCTH HE 60ﬂbﬂle MHOZKeCTBa A, TO 9THU MHOZKeCTBa PaBHOMOIIHLBI.
Ecan X — HEKOTOpOoe MHOXKeCTBO, TO HAa MHOMKECTBe 2% OIpejiesleH0 OTHOIIEeHWEe SKBHBAJCHTHOCTH:
A ~ B Torma um TOJIBKO Toraa, Korna A pasaomormHo B. Ha MHOXKecTBe KJacCOB 3KBHBAJEHTHOCTH
OIIpeIeIeHO OTHOITEHHE YaCTHIHOTO nopsiaka: A < B Torma u ToJbKO TOTIa, Koraa A 1o MOIIHOCTH He
bosabie B. 3ameuarenbHad Teopema Llepmesto yTBepzKaaer, 9To Ha CAMOM JieJie STOT HOPAI0K JTHHEeH.
Jloka3aTeabCTBO OIUPALTCS Ha TaK HA3bIBAEMYIO aKCHOMY BBIOODA.

Be]lLeCTBeHHI)Ie YucJja 1 IIPpUHIUIIBI ITOJTHOTHI

HO,/I,eM Ha3bIBa€TCA MHOXKECTBO C OllepalludMi YMHO2KEHUN A 1 CJIOZKEeHU A, KOTOPOE ABJIACTCA a6eﬂeBOI71
IDYIITION O CIOKEHUIO (OT TIePECTAHOBKH MECT CJIaraeMbIX CyMMa He MEeHsIeTCs), T0CIe 0TOPACH BAaHUST
HYJ/Isl CTAHOBUTCsI abeJIeBOM TPYIIOH 110 YMHOKEHHWIO, H Ha KOTOPOM BBIIIOJIHAETCS YCJIOBHE TUCTPUOY-
TUBHOCTH:

a(b+c¢) = (b+ c)a = ab+ ac = ba + ca.

Ba}KHbIMI/I IpuMepaMu ABJIAIOTCA 110JIe palluOHAJIbHBIX YHCEJI Q " 11oJ1e Zp BbIYE€TOB IIO IIPOCTO-
My moxyito p. Iose Z, — MHOXKecTBO KJIacCOB SKBHBAJEHTHOCTH HA 7 OTHOCHTETBHO CJI€LYIOIIETO
OTHOIIIEHNS SKBUBAJIEHTHOCTH: M ~ M TOTAa U TOJBKO TOIJA, KOIAa m — n jenurcd Ha p. Kiace k-
BUBAJIEHTHOCTH C NIPEJICTABUTeNIeM m 0b03HadaeTcs depe3 [ml,. Onepamun cJI0KeHHS U yMHOKEHHS
3aJAI0TCS CIEAYIOMNUM 00Pa30M:

(m]y + [n], = [m+nlp, 0], [m], = [n-m],.
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Cymectsennoe orjuuue nosid Q or monda Z, COCTOMT B TOM, 4TO 1LOJe PAallMOHAIbHBIX UHCEJ] HMeeT
XapaKTePUCTHUKY HYJb, T.e. cyMMa 1+ 1+ ...+ 1 HEKorga He oOpalaeTcd B HyJb, a 1oJie Z, UMeeT Xa-
PaKTE€PpUCTUKY P, TaK KaK IIPpU CJO2KECHUHU P ¢IMHUIL 11Oy 1aeTCA HYJIb, HpI/IqéM Ipu CJA0XKEHHUU MCHbIIIEI'O
KOJIM49eCTBa ¢UHUIL HYJ/Ib HE ITOJYYIUTCA.

[lone naswiBaeTcs ynopadoueHHviLM, €CIU Ha HEM 3a/JaH0 OTHOIIEHHE JTUHEHHOIO MOpSIKa, YI0BJe-
TBOPSIONIEE CJACAYIONUM YCIOBUIM:

1) a<b<e a+c< b+ c s BEIkoro ¢;

2) ecim ¢ 2 0, 10 a < b= ac < be.

[Tokazkem, 9TO yHOPSA0YEHHOE II0JIe BCEI/la UMeeT XapaKTepUCTUKY Hysib. CHadasa JIoKazKeM, 9To
0 < 1. [Ipeanomozxkum, uro 0 > 1. Torma, BerunTasg n3 mpaBoit u JieBoit qactu 1, moaydaem, 9to —1 > 0.
CrenoBaTeabHo, HepaBeHCTBO —1 > 0 MOKHO YMHOXKUTH Ha —1. Mmeem 1 > 0, 9T0 MPOTUBOPEUUT
nHamemy mpemmnotoxkernio 0 > 1. Ocraéresa 3ameTnTh, 9T0 MOCKOIbKY 0 < 1, momygaem 0 < 1 < 1+ 1
ntT.a, e 0<1+14...4+1 gug a0boro ducaa e uHAIIL.

B moJie XapaKTEePpUCTUKHN HYJIb ITOJMHOXKECTBO U3 3JIEMEHTOB, TPEACTABJIAIONINXCA B BUIE KOHEYHOI
CYMMBI €JIMHHUIL, OTOXKJECTBJISIETCS ¢ MHOYKECTBOM HATYPAJIbHBIX YUCE, IPUUIEM SJIEMEHTY, SIBJIAIONEMY-
cs1 CYMMOM 1 € TUHHUIL, COOTBETCTBYET HATYPAJIbHOE YUCIO 1, KOTOPOE U UCIOIB3YeTCs JIJIsT ero 0003Haue-
Hus. DJ1eMeHTH BUaa m-n~ L, rae n”! — oOGpaTHBIil 3J1eMEeHT K 1, OTOKIECTBIAIOTCS ¢ PANMOHAILHBIMHA
YUCJIaMMU.

Bynem roBoputh, a0 MHOXKeCTBO A JeKUT aesee MHOXKecTBA B, a B npasee muoxkectna A, ecin
a < bnanascex a € Au b€ B. I'oBopar, 9To 3JIeMeHT ¢ pasdeasem MHOxKecTBa A u B, eciu A jesee
muO)KecTBa {c}, a B mpasee MHOKecTBa {c}. Takum 00pa3oM, 3JeMeHT ¢ pasjessieT MHOKecTBa A u
B, ecima < c<buusBeskux a € Au b€ B.

AxcnomaTmyeckoe ornpejiesieHne MHOXKecTBa R

MHOKeCTBO BEIeCTBeHHbBIX (UM JefiCTBUTEIBHBIX) Yuce] R — yHopsamogeHHOe MoJTe, s SJ1eMeH-
TOB KOTOPOT'O BBITIOJIHIETCS GKCUOME TLOAHOTL:

scaxue dea nHenyemur nodmmoscecmea A, B C R, 0010 us xomopwix aescum aesee 0pyz020, MOHCHO
pazdeaumo Hexomopwvim asemenmom ¢ € R.

B kagecTBe mpocTeiiero npuMepa IpUMEHEHUsT AKCHOMBI TIOJTHOTHI IOKAYKeM PAa3PEeITuMOCTh yPaB-
Henns x2 = 2.

Ob6o3HaunM depe3 A MHOXKECTBO BCeX IIOJIOKUTEJbHBIX YHCEN @, YIOBIETBOPSIONIMX HEPABEHCTBY
a? < 2, 1 0603HaUUM Uepe3 B MHOKeCTBO BCeX MOJIOKUTENbLHBIX Uuces b, YI0BIeTBOPAIONINX HepaBeH-
crBy b? > 2. Bamernm, uro 1 € A u 2 € B. Kpome TOro, MHOKeCTBO A JIeXKHUT JieBee MHOXKeCTBa B.
Jeficrurenbho, nepasenctsa 0 < b —a? = (b—a)(b+ a) u b+ a > 0 Baekyr nepasenctso a < b. Ilo
AKCUOMeE TIOJTHOTHI CYIIECTBYET 9uC/I0 ¢, pasjensaioniee MaoKectBa A u B. Ormernm, ato 1 < ¢ < 2.
ITokazkem, uro ¢? = 2. [Ipeanonoxum, uro ¢ € A, T.e. ¢ < 2. [lycrs € € (0;1). 3amernm, 4To

(c+e)=c+e(2c+e) <+ 5e.
Monoxknm € = (2 — ¢?)/5 > 0. meem (c+¢)> < 2 u (¢c+¢) € A, 9T0 IPOTUBOPEYUT ONPEIETEHUIO
pa3IesIonero Iuciaa c. 3uadut, ¢ ¢ A. Amajormuno mokaswiBaercs, uto ¢ € B. Takum obpaszowm,
2 =2.

MoKHO mOKa3aTh, 9TO ITOCTPOECHHBI KOPEHb ¢ YPABHEHHUS T
PAIMOHAJIBHBIX UUCEI.

KonkperHoii peanusaiueil (modeavto) MHOXKECTBA JIEHCTBUTEIBHBIX YHCEJ SIBISETCS MHOXKECTBO
DECKOHETHBIX JIEeCATHIHBIX Apobeit. [Toaootcumenvhotl beckoneunoti decamuunoti dpobbro HA3HIBAETCS
0CIe/I0BATELHOCTD BUJIA Ao, A1A203 - . . Qg - - ., Tiie ag € NU{0} u ay € {0,1,2,3,4,5,6,7,8,9}, npuuém
XOTsI OBl OIWH 3JEMEHT ITOCJIEIOBATEIbHOCTH OTJIMYEH OT HyJs; IOCJIeI0BATEIHHOCTH, B KOTOPBIX €
HEKOTOPOI'0 MECTa CTOSAT OJHM JE€BATKH, 3aIIPEIIeHbl.

Ha mnosioxkuTeibHBIX GECKOHEYHBIX JIECSITUYHBIX JAPO0SX OTHOIIEHUE MOPSIIKA OIPEIeIsIeTCs TaK:
ag, a1 G203 ... < bg,bibobs ... TOTAA M TOJMBKO TOT/A, KOrjaa ag < by W /Ui KaxkKjaoro k m3 paBeHCTB
ao = b, ..., ap_1 = bp_1 cjegyer HepaBeHCTBO aj < bg.

Hyaesoti beckoneunoti decamununotds dpobvio (W TPOCTO HYAEM) HASBIBAETCSI TIOCTIEI0BATEILHOCTD
0,00. .., Bce snemeHTH KOTOpOii paBubl 0. Hakomen, ompuyamenvnvie beckonewnnie decamuunoe dpobu
HOJIYIaI0TCS MPUITMCBIBAHUEM 3HAKA MUHYC IOJOKHTEIbHBIM OECKOHETHBIM JECATUIHBIM JIPOOSM.
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BBeénnOe OTHOIIEHHE MTOPSIIKA €CTECTBEHHBIM 00Pa30oM IIPOI0JIZKAETCS JI0 OTHOIIEHUS MOPsIIKa Ha,
MHOKECTBE BCeX OECKOHEUHBIX JIeCATUIHBIX APO0eit.

Teopema 14. Ha mnoorcecmee 6eckoneunbir 0eCAMUHOLL Opobeti BuNOAHAECTNCA GKCUOMA TLOAHOMDL.

> IlycTh 3amanbl HemycThie moaMHOXKecTBA A m B MHOXKeCTBa JeCSITHIHBIX aApobeit, npudém A eBee
B. Ecin B A HeT MOJIOKHUTEIBHBIX 9JEMEHTOB, a B B HET OTPHIATE]bHBIX, TO 3TH MHOYKECTBA MOK-
HO pa3jenuTb HylaéMm. PaccMoTpuM ciydaii, Koraa B A ecTh XOTs Obl OJMH MOJIOKUTEIbHBIH JIEMEHT.
IIo ycsioBuio B 3TOM ciiydae B COCTOMT HCKJIIOYUTEIHHO U3 MOJOKUTEIbHBIX jJpobeit. Bymem cTpouTh
pasaensioniyio A u B 6ecCKOHeIHYIO JeCATUUHYIO IPO0b Cy, C1C2C3 . . .. ITOCKOIBKY B COCTOUT U3 MOJIO-
JKATEJbHBIX 3JI€MEHTOB, CYIIECTBYET YHCI0 by, HAMMEHbIIee U3 BCEX HATYPAJIbHBIX YHCEN, ¢ KOTOPBIX
HaguHatoTcst apobu u3 B. [lomaraem ¢y = by. Terneps paccMoTpuM TOJBLKO Te JAeCATHIHBIE Ap0o0H n3 B,
KOTOpPbIE€ HAUMHAIOTCS € by, My HUX HAIEM HAMMEHBITYIO IepBYIo Mudpy mocse 3anstoii: by. [Tomaraem
c1 = by. IloBropsiem mponeaypy ¢ Apobsmu u3 B, KoTopble HAUYnHAIOTCA ¢ by, by 1 HAXOIUM HAUMEHbBIITY IO
BTOPYIO IHMPY TOcIe 3andaToii by, mosaraeM co = by, u T. 1. IlocTpoennas GeckoHedHasd AecATUYIHAS
JIPoOb Cy, C1C2C3 . . ., OUEBUJIHO, HE SIBJISETCs 3allpeliéHHoil u He 6oJible Beskoro asiementa u3 B. I[lo-
KaykeM, 9TO OHA He MeHbIe BCAKOro vneMmenTa u3 A. [IpeamonokuM mpoTHBHOE: IIyCTh B A HaILIach
Takas JecATudHas JApoOb ag,d1as . ..dk ..., 9TO Cg = Ag,...,Ck—1 = Gx_1 ¥ ¢ < ag. 1o mocTpoennio
HaiiaéTes 1podb u3 B, KoTopad HAUMHAETCH C Cg, C1Cs . . . Cg. CJIeJI0BaTEILHO, 3Ta JIPOOb TaKzKe MEeHbIIe
Ipobu ag, aqas . .. Ay ..., 970 TpoTUBOpednT yeaopmio: A jgesee B. Ciyuaii, korma B B ecTb XOTs OB
OJIMH OTPUIATEJbHBIA JIEMEHT, pa30upaeTcst aHAJIOTHIHO. <

HpI/IHI_[I/IHbI IIOJIHOTHBI

AKcroMa HMOJIHOTHI JIOIMYCKaeT pa3audHble SKBHBAJEHTHBIE (DOPMYIMPOBKH, HA3bIBAEMBIE NPUHUU-
namu noaromor. Mbl He OymeM TOKa3bIBATH PABHOCUIBHOCTH IIPHHIIUIIOB IOJHOTHI, a BBHIBEIEM HX W3
AaKCHUOMBI IIOJIHOTBI.

ITycts A — menmycroe nogmuozkecTBo R. Hncao b HazbiBaeTcs eepxrhed 2panvio MHOXKecTBa A, ecin
a < b s Becex a € A. Ecu y MHOKeCTBa eCTh X0Ts Obl OJIHA BEPXHsISI TPaHb, TO TOBOPSIT, ITO MHOYKE-
crBo A oeparuneno ceepry. Tounotl seprrel eparvio MuoKectBa A (06o3HaveHme: sup A) Ha3bIBAETCSI
HaVMeHbIIas W3 BepXHUX IpaHeil MHOKecTBa A. Hmcsio b Ha3bIBaeTcst HuotcHel 2pakblo MHOXKeCTBa, A,
ecant a > b st Beex a € A. Ecaim y MHOXKeCTBa €CTh XOTsI OBl 0/THA HUKHSS TPAHb, TO TOBOPST, YTO MHO-
x&ectBo A oepanuueno cnusy. Tounotl nustcnetd epanvio muoxkectBa A (obo3nadenue: inf A) HazpiBaeTCst
HanOO/IbITasT U3 HIKHUX IPaHeil MHOKecTBa A.

[ToCKOJIbKY HE y BCSIKOrO OrPpAHHMYEHHOTO MHOZKECTBA €CTh HAMMEHbINHi (HAHOOJIBIINi) SJIeMEHT,
CYIIIECTBOBaHHE TOYHBIX I'paHell TpedyeT 000CHOBAHUSI.

Teopema 15 (npunnun monHoTs Beiieprurpacca). Beakoe wenycmoe ozpanuuennoe ceepry (cnusy)
MHOHCECTNEO UMECTN, MOYHYIO 6EPTHION (MOUHYIO HUNCHION) 2DAHL.

> Ilycrb A — HemycToe OrpaHHYeHHOe CBEPXY MHOXKECTBO, a B — MHOXKECTBO BePXHUX I'DaHeil MHO-
xectBa A. MuoxectBa A, B HemycThle U TIepBOe U3 HUX JIEXKUT JieBee BToporo. [1o akcmome mOJHOTHI
CYIIECTBYET pa3fe/diomuii ux smeMeHT. O003HAYUM ero depe3 ¢. DTOT JeMeHT AB/ISeTCsI BepxHeil rpa-
HBI0 MHOKecTBa A 1 He GoJIbIIe BCAKOIO 3JieMeHTa MHOzKecTBa B. Takum o6pa3oM, ¢ — TOYHAs BEPXHSIA
rpanb MHOXKecTBa, A. <

OO6cy M BazKHOE CJIeJCTBHE NPUHITNIIA MOJTHOTH BeitepmTpacca.

Teopema 16 (axcuoma Apxumena). Jlaa 6CAK020 6EUECTNEEHHO20 YUCAA G CYWECMBYEM MAKOE Ha-
MYPAALHOE YUCAO T, 4MO & < M.

> Ilpeamosioxkum nporusBHoe. Torna MHOXKECTBO HATypaJbHBIX duces N orpanumdeno cBepxy. IlycThb
A = supN. YUucio A — 1 He sBisgerca BepxHeil rpanbio MHOXKecTBa N. CiiemoBareibHO, HalIéTCS
rakoe n € N, uro A — 1 < n. [Ipubabiisist € JuHUIYY K HPABOR ¥ JIEBOH YaCTsIM HEPABEHCTBA, 110JIy4YaeM
A < n+1, a3T0 IPOTHBOPEUNT OMPEIECIEHUIO TOYHON BepXHeil IpaHM. <

OtmeTuM, 9TO 9acTO yAOOHO HA3BIBATH MHOXKECTBO BEIECTBEHHBIX UHCEs YHCJIOBOM MPIMOil, a ero
9JeMEeHThl — TOYKaMH 3TOH mpsaAMoil. Mbl OyaeM HCrIoIb30BaTh ITY HAIVISAHYIO T€OMETPUIeCKYIO HH-
TepIpeTaIuio, Ho He OyAeM OMUPATHCS HA FeOMeTPUIECKHe aKCUOMBI.

IIycrs a < b. Muoxecrsa

[a;b) ={z:a <2 <b}, (a;b)={z:a<xz<b}, [a;b)={z:a<x<b}, (a;b]={x:a<z<0b}
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HA3BIBAIOTCS OTPE3KOM, HHTEPBAJIOM M IIOJYHHTEPBAJIAMHU COOTBETCTBeHHO. Bennunna b — a Ha3biBaeTCs
JITHHOM OTpe3Ka, HHTepBaJIa WiIN MOoJIyHHTepBaaa. PaccTognne MexK Iy TOUKaAMU T U i YUCTOBOH MPAMOii
0603HauaeTCst Yepes |r — y| m paBHO T —y upu £ =y u y — T upu r < y. Takum o6pazom, 310 HpocTo
JJINHA OTpe3Ka C KOHIIaMH B 9TUX TOYKaX.

MHuoxkecTBa

la;+00) ={z: x> a}, (—o0jal={z:z<a}, (a;4+00)={z:2>a}, (—o0;a)={x:z<a}

Ha3bIBAIOTCA JIy4YaMU, HpI/I‘{éM JIY4Hu, BKJIIOYalOIue TOYKY G, Ha3bIBalOTCAd 3aMKHYTBIMH, a HE€ BKJIIO-
HYaroniue — OTKPBITBIMHA (CMbICJ'I 3TUX Ha3BAaHUU CTAHET ACEH IIpu N3y49eHun TOIIOJIOTHUUN BeH_[eCTBeHHOﬁ
IPSIMOI).

Bazkuyto posb UrparoT Tak Ha3bIBAEMble HEPABEHCMBA MPEY20AbHUKA:

2] = lyll < lz+yl < ||+ |yl
IlepBoe HepaBEHCTBO cJe/lyeT W3 BTOPOTO, a BTOPOe OOOCHOBBIBAETCS € MOMOIBIO PABEHCTBA
|z| = max{x, —x}.
[Tycts 0 < a < b. Torga HalinéTCda TaKoe HATYPAJTBHOE YHCIO N, 9TO an > b. [lycTb ng — HanMenbee

M3 TaKUX HATYpasbHBIX dmces. Torpa orpesok [0;a| ykiaagpBaercs ng — 1 pa3 B orpeske [0;b]. Takum
obpaszom, akcroma Apxume a MO3BOISET U3MEDPSITH OTPE3KH.

Teopema 17 (upunun nogsoTH KaHTOpa 0 BJIOKEHHBIX OTpe3Kax). Beakas nocaedosamenvrocms
saooicernvir ompesros {[an;bnl} ([an;bn] D [ant1;bn11] Odas scex n € N) umeem obwyro mouky,
m. e. MAKYI0 MOYKY, KOMOPAA NPUHAOAEHCUN KAHCOOMY U3 0MPE3K0S [an; by]. Kpome mozo, ecau das
scarozo € > 0 natioémea ompesok, 0Auna KOMOPO20 MEHBUIE €, MO 00WAA MOYKE MOALEO 00HG.

> Ob6osnaunm depe3 A MHOXKECTBO BCEX JIEBBIX KOHIIOB @, a 4epe3 B MHOKECTBO BCEX IPaBbIX KOHIIOB
b,. MHO)KecTBO A JeKuT JieBee MHOKecTBa B. eiicTBUTEIBHO, ecIn Obl KAKOW-TO MPaBbIii KOHEII JIeZKaJ
JieBee KaKOT'O-TO JIEBOI'O KOHIIA, TO COOTBETCTBYIONIUAE UM OTPE3KH He MePeceKaJMCh ObI, HO IO YCJIOBHIO
U3 JIIOOBIX JIBYX OTPE3KOB OJUH SBJSETCS IMOIAMHOXKEeCTBOM Apyroro. [lo akcmome moHOTHI CYHIECTBYeT
Takasl TOYKa ¢, 9T0 ,, < ¢ < by, /181 BCEX 1, M, B 9aCTHOCTH, TOYKA C IIPUHAIIEKAT KAZKJIOMY OTPE3KY
[a,; b,]. HakoHer, 3ameTnm, 9TO €CJau €CTh JiBe Pa3jnYHbIe OOIMe TOYKH BCEX OTPE3KOB, TO JINHA
JIFOOOT0 OTpe3Ka He MEHbIIe PACCTOAHUST MEYKIY STUMU TOIKAMH. <

OTMeTI/IM, 94TO Ha CaMOM JeJie B J0Ka3aTeJbCTBE IIPUHIMUIIA KaHTopa MbI UCIIOJIB30BaJIN JIMIIL TO,
YTO OTPE3KHU TOMAPHO TePECeKaIOTC.

CaencrBue 3. Bearxuli ompe3ox He ABAACTNCH CHEMHLM MHONHCECTLEOM.

> IIpeamosioxkum TpoTuBHOE. Torma TOUYKHW OTpe3Ka MOXKHO 3aHyMepOoBaTh HATYPAJbHBIMH YUCTaAMU.
Paznenum orpe3ok wa tpu orpeska. O0s3aTe/IbHO HAWJAETCS OTPE30K, B KOTOPOM HET TOYKH C HOMEPOM
OJINH. DTOT OTPE3OK Pa3Ae/UM ONSATh HA TPU JACTH U BHIOEPEM Ty YaCTh, B KOTOPOW HET TOUKH C HOME-
pom aBa u T. 1. [loyunm cucremy BJIOYKEHHBIX OTPE3KOB ¢ TAKUM CBOWCTBOM: N-if OTPE30K HE COJIEPIKUT
nepsbie n ToueK. Ciie/loBaTe/IbHO, 00IMas TOYKa STUX OTPE3KOB He nmMeeT HoMmepa. IIporusopeune. <

OrMmernM, 9TO W3 HECUYETHOCTH OTPE3KA, CAeAyeT HECUYETHOCTh MHOYKECTBA, AeHCTBUTEIHLHBIX UHCE.
BoJiee TOro, MOXKHO MOKa3aTh, YTO MHOXKecTBa [a;b], (a;b], [a;b), (a;b), {0,1}°°, R paBaOMOMIIHE. MHO-
ZKeCTBa, PABHOMOIIHBIE MHOYKECTBY JIeHCTBATEABHBIX YHUCET, HA3BIBAIOTCH KOHMUHYAALHDMU UITA UMEe-
IOTIAMU MOWHOCTD KOHIMUHYYMA.

B 1877 1. ocroBaresiem coBpemennoit Teopun MuoxkecTs ['eoprom Kanropom Ob1JIO BBIABHHYTA KOHTHHYYM-
TUIIOTE3a — TPEIIIOJIOKEHUE O TOM, 9T0 Jitoboe HECKOHETHOE TIOJIMHOKECTBO KOHTHHYAJIHHOIO MHOYKECTBA, SB-
sgerca aubo CIETHBIM, 00 KOHTHHYAIbHBIM. JIpyruMu CI0BaM¥, KOHTHHYYM-TUIIOTE3a TPEIITOIArAeT, 9T
MOIIIHOCTb KOHTHHYYMa — HAUMEHbINAas, TPEBOCXOMIAIIAST MOIITHOCTh CIETHOIO MHOYKECTBA, U MHOXKECTB «IIPO-
MEXKYTOYIHBIX» MOH.LHOCTQI?I MeXIy CYETHBIM MHOXKECTBOM U KOHTUHYAJIbHBIM MHOXKECTBOM HET.

Kontunyywm-rumoresa crajia mepBoit 3 ABAIIATH TPEX MaTEeMATHIeCKUX mpodiem, o KoTopwix 1. ['manbept
nomoxkuia na II Mexaynapoaunom Konrpecce maremarnikos B Ilapmke B 1900 1., T03TOMY KOHTUHYYM-THIIOTE3A
U3BECTHA TaKXKe Kak mepBas npobsema ['wnnbepra. B cepenune XX B. ycTaHOB/E€HA HE3aBUCUMOCTH ITON I'i-
I1oTre3br OT CTaH,ﬂapTHOﬁ AKCUOMATUKHN TCOPUU MHO2KCCTB. OAH&KO IIPU BBIIIOJIHEHUI Baﬂaﬂﬂﬁ Haiero Kypca

cjaeayer MmbITaThbCA HAXOAUTH PEIICHUA, HE alle/JIJINPYIONNe K KOHTUHYYM-TUIIOTE3E.
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IIpenen mociiejoBaTe IbHOCTH

Hamomuum, 910 3a1ana nocaedosamesbhocms 3JeMEHTOB HEKOTOPOTO MHOXKecTBa A, eciu 3aj1aHa
dbyukuust f: N — A; Bmecro f(n) uumem a,. Jias nociegoBareyibHOCTH UCIIOJNB3YIOT 0O603HAUEHUSE
{a,}22, nwmm {a,}. OrMernm, 9T0 HECMOTDSI HA BHEIIHIOK CXOXKECTh, 3aIUCh {a,} O3HAYaeT HE MHO-
JKeCTBO, COCTOSIINee W3 JeMeHTa (UM 3JIEMEHTOB) @, & WMEHHO COKPAIEHHYIO 3aMHCh OOO3HAUYEHMUSI
nocaeoBaTeabHOCTH {a, 152 . Eciim A = R, 10 TOBOPAT, 9TO 3a/aHA YUCAOBAA NOCACOOBAMENDHOCTID.
VIMeHHO 9HCIOBBIE TOCIEI0BATEILHOCTH 00CYKIAIOTCS B 9TOM pas/elie.

OnpenesieHue mpeeia mMocyeI0BaTeIbHOCTI

Huceao a HasbiBaeTcss npedesom nocaedosamenvhocmu {ay,}, ecan qis Begroro € > 0 Haifgéres
Takoil Homep N, 4To jijis BcexX n > N UMeeT MecTo HEepaBeHCTBO |a, — a| < . VIHBIMU cJIoBaAME, HOMEP
N rtakoB, 4To u3 HepaBeHcTBa n > N ciiejyer HEPABEHCTBO |a, — a| < €.

Hcnonwb3ywores oboznavenns lim a, = a u a, — a npu n — oo.
n—oo

J1Jist cCOKpAIeHns] 3aIUCH MHOTIA TPUMEHSIOTCsI KBAHTOPBI V — <«JIJIsl BCIKOTO» W 3 — «CYHIECTBYET .
Haupumep, onpesesenue npejesa noc/aeJ0BaTeJIbHOCTH MOZKHO 3aIUCATh TaK:
lim a, =a,ectu Ve >03INVneN n>N=|a,—al<e.

n—oo
Yepes U.(a) 6yaem o603HaYaTh HHTEPBAT (@ — ;a4 €) ¢ HEHTPOM B TOUYKE @ U «PATUYCOM» €; 4epe3

U(a) 6ymem 0603HAYATH TPOU3BOIHHBIN HHTEPBAJ, COMEPKATIUA TOUKY «.
Teopema 18. Caedyrowue ymeepotcoenus pasHOCUALHDL.

(i) lim a, = a.

n—oo

(i) Jaa scarozo € > 0 sce waenv, nocaedosamenvrocmu {a,}t, Kpome, Gvims MoACEM, KOHEUHOO
wucaa, npunadaexncam U.(a).

(i) Jaa ecarozo unmepsasa U(a) sce uaenv nocaedosamenvrocmu {a,}, kpome, 6oimo moosicem,
KoneuHnozo wucaa, npuradsescam Ula).

> Bosemem (ii) u3 (i). ITo onpenenennio s Beskoro € > 0 naiigéres takoit zomep N, 9T0 A1 BCEX
n > N BBIIOJHAETCS HEPABEHCTBO |4, —a| < &, 4T0 PABHOCHJIBHO YCI0BHIO a,, € U.(a). Takum o6pazom,
BCE SJIEMEHTHI MOCIeT0BATEIBHOCTH {ay, }, KpOMeE, OBITH MOKET, KAKHX-TO JIEMEHTOB ¢ HOMepaMu oT 1
o N, npunagiexar U, (a). s BeiBoga (i) u3 (ii) 7ocTaTOYHO B3TH B ONpPEJIeIeHUN MPeJiea B Kade-
cree N HaubOJIBbIMUA U3 HOMEPOB YJIEHOB MOCJIEI0BATEIBHOCTH, KOTOPbIe He npunaiexar U.(a). s
JOKazaresnnersa pasnocuibnoctn (i) u (iii) mocrarouno 3amernts, 4ro mjis Beskoro uurepsata Ula)
cymectsyeT Takoe £ > 0, aro U.(a) C U(a). <

Teopema 19 (eauHcTBeHHOCTH Tpesena). Feau lim a, = a u lim a, = b, mo a = b.
n—roo n—oo

> B caydae pasnmumanbix a 1 b MOXKHO yKa3zarh Hernepecekaonuecs uuarepsaiasl U(a) u U(b). Ilo ompe-
JIeJIeHHIO TIpejiesia [IOoC/IeJOBATeIbHOCTH B KazKJOM M3 9THX MHTEPBAJIOB COIEPZKATCA BCE JIeMEeHTDI 110-
CJIeJIOBATEIBHOCTH, KPOMe, OBITh MOYKET, KOHEYHOTO YHCTa. JTO MPOTHBOPEYUT TOMY, UTO HHTEPBAJILI
He IIepeceKaroTcd. <

CaoiicTBa mpeaea

[TocaieoBarenbHOCTh {a,} Ha3bIBaeTCs o2panuyernotl, ecan cyuecrsyer takoe duciao C' > 0, 4ro
la,| < C upu Bcex n € N, T. e. Bce WieHbl mocie[0BaTeAbHOCTH JekaT B orpeske [—C'; C.

Teopema 20 (orpaHUYEHHOCTD CXOJAIIETHCS MOCTeI0BATeNBHOCTH ). Ecau nocaedosamenrvrocms ume-
em npedes, Mo OHA 02PAHUYEHHE.

> Ilycrs lim a, = a. ITockoabky a € (—|a|—1;|a|+1), no onpemesennio npejesa nocjae10BaTeIbHOCTH
n—oo

Haitnéresa rakoit momep N, uto a, € (—|a| — 1;|a| + 1) ansg Bcex n > N. Ilogoxkum

C = max{l|a| + 1;]ai|, |az|, ..., |an|},
Torya Bce wienbl nocaeaoBaTeabnoctu {a, } npunaiiexar orpesky [—C; C. <
Jlemma 2 (06 ormenmvoctu). Feau nh_{ilo a, = a ua > 0, mo cywecmsyem maxoe wucio N, wmo
a, > a/2 >0 das ecexn > N.
D> JIoCTaTOYHO MOJIOKUTH B OIPEJIEEHUH TIPEJIE/a OC/IeI0BATEJbHOCTH € = a /2. <
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Teopema 21 (apudmernka npenena). Feau lim a, = a u lim b, = b, mo lim (a, +b,) = a £,
n—o0 n—oo n—oo

lim a,b, = ab u 6 cayuae, xoeda b # 0, b, # 0, cnpasedauso pasencmeo lim a, /b, = a/b.
n—oo n—o0

> Bce sokasarenbeTBa OJHOTHIIHBL, MO3TOMY JOKAXKEM JIMIIb MOC/AeHee yTBepKaeHue. MOoKHO ¢4u-
TaTh, 9o b > 0 (cayuait b < 0 moarocThIO aHasoruder). [1o gemme 06 OTIEJIUMOCTH HaliIETCA TaKOi
Homep Ny, ato b, > b/2. Kpome Toro, mis Beskoro € > 0 Haiinércst Takoit Homep No, ato |a, —a| < €
u |b, — b| < € s Beex n > Ng. Bamerum, 9TO

anb—b a

_‘ a)b+alb—b.)|
b

by, b‘_

Torpa jias Beex n > max{ Ny, No} cupaBeTuBbl HeEpaBeHCTBA

a, —alb+ |a||b—b 2b+ 2|a
___‘\\n b+ fallb = bo| _ 2b-+2la]_ .
b, b |6, |0 b?
N3 teopembl 06 apudmMeTuke mpeaeaa ciaeayeT cBONCTBO aunetinocmuy npedeaa: ecaun lim a,, = a u

n—oo

lim b, = b, To ayist Bcex A\, u € R cupasejinBo paBeHCTBO hm ()\an + ub,) = Aa + ub.

n—oo

Teopema 22 (mepexos K mpejiejly B HEDABEHCTBE). Hycmb lim a, = a v lim b, = b. Ecau cywe-
n—oo n—oo

cmeyem maxot nomep N, wmo a, < b, das ecexn > N, mo a < b.

> Ecmm a > b, to (a, — b,) — (@ —b) > 0 u naiigérca takoit zomep Ny, uro mag Bcex n > N
BEPHO HEpaBeHCTBO a, — b, > 0. CiemgoarensHo, miasg Beex n > max{ /N, N;} 0ITHOBpeMEHHO BEPHBI
HepaBeHCTBa a, > b, n a, < b,, YTO HEBO3MOXKHO. <

Teopema 23 (o 3azxaroii mocienopareabuoctu). Feau lim a, = lim b, = a v a, < ¢, < b, das
n—oo n—oo

ecexn > N, mo lim ¢, = a.
n—oo

> Tlo ycaosuwo a, < ¢, < by, mo3TOMY €cau a,,b, € U(a), To rakxke ¢, € U(a). CrenoBareabHo,
ecsim okpectroct U(a) mpuHAJIEKAT BCe WIeHB mocaenosareasrocreit {a, } u {b,}, kpome koneanoro
THCITA, TO ITO JKe OKPECTHOCTH IIPUHA/IEZKAT BCe WIEHDI [OCIe[0BATEIBHOCTH { ¢y, }, KPOME KOHETHOTIO
qHCIa. <

Teopema 24 (Beitepirpacc). Monomontas 02pasutentas nociedosamesvhocms crodumes.

> IlycTs nociaenoBaresbHOCTD {a, } HeyObIBatomias n orpanndennasi. Toraa cymecrsyer A = sup{a,}.
neN
ITo ompenesieHnI0 TOYHON BepxXHeil rpaHu 4YncaIo A — £ He gBIdeTca BepxXHel rpanbio mpum & > 0.

CuteroBaresibho, Haiigércs takoit Homep N, uro ay > A — . B cujy MOHOTOHHOCTH CIIPABEJJINBO
HEPaBEHCTBO a, > A — ¢ ana Bcex n > N. <

Yucmo e

1 n
PaccMoTpuM mocsieioBaTebHocTh {2, }, Tae , = (1 + — | . PackpoeMm ckoOKHU, UCIIOJIB3YA OMHOM
n

- "1 1 E—1
f— k _k — —_— — . o —
_chn _Zk'<1 n) (1 n )
k=0 k=
SaMeTuM, 4TO U3 FTOIO IPEJACTABICHHS CJIELYET BO3PACTAHKIE TOC/IE10BATEIbHOCTI {xn} eiicrBuTesib-
HO,
"1 1 k—1
T D (R Py Rt B
Zo k! < n+1 n-+1
n+1 1

<Zk:'< n+1>"'<1_51>:‘”"+1‘

[Tpumenss nepasenctso k! > 271 k € N, nomyqaem

Heiorona:

"1 1 1
gZH<1+1+§+Z+...<3.
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ITo Teopeme Beiiepinrpacca cymectyer upejena lim x,. 9ToT npeien Ha3sBaioT ducaoMm e. Onpemesie-
n— o0

HUE YUCJIa € 103BOJIgeT HAlTh ero 3nadenue ¢ 000 nanepé| 3a/ianuoil TouHOCTHIO. M02KHO 110Ka3aTh,
qro e = 2,718281828459045 . ... Kpome TOro, 9ucjao € upparuoHaabHO, CM. 3aa49y 9.7.

OTrmernm, 9TO JaHHAS MOCTIEI0BATEILHOCTh 1 €€ MpeIesl HCTOPUIECKN MOABUINCH B 3a71a9€e O CJI0K-
HBIX IIponeHTax. [Ipeamonoxkum, 9ro B 6ank nog 100% romoBeix mo10Kmau oaul pyosnb. Torma B KoHme
roja Ha cderTy Oyuer yxke aBa pyOas. llpemcraBum Temepb, uTo Bech 1o pasdoman Ha 100 mepromson

U B KOHIE KaxKJI0r0 M3 HUX Hauucaman 1% or mmeromeiica K KOHIY nepuoga CyMMbl. 1Torga B KOHIE

L
100

n
00pa3oM MOLABJSIETCS BOIIPOC O TOM, K deMy OyJeT NpHOJIUKATHCA BeJTHINHA (1 + %) IIPU CcTpemMJie-
HUU N K OeckoHedHocTH. OTBETOM, KaK MBI YK€ 3HAeM, SBJISeTCS YUCTIO0 €, TIOITOMY HCXOJHAs CyMMa,
VBEJIMYHUTCS TTOUYTH B TPH Pa3a.

100
rojia Ha cdety OyjeT yiKe (1 + ) pyO.ieit. Dta cymma yuxe 6oJibllie IBYX pyOJieil n ecTeCTBEHHBIM

IToamocaenoBarenpaocT. Kpurepnii Komm. Psiabt

[lycTh maHa moc/aeI0BaTebHOCTh {a, }. Ecam 3asana Bo3pacramomas moc/ae0BaTe/ IbHOCTL HATY-
PaJIBHBIX YHCEJI
ng<ng < ...<np<Ngyg1 <...,

TO COOTBETCTBYIOIIAS €l TOCTIeI0BATENLHOCTD {ay,, } HABBIBACTCSA N0ON0CACIOBAMEALHOCTIDIO TTOCIET0-
BarebHOCTH {A),}.

Teopema 25 (Bosbuano). Bo ecakotll oepanusentoli nociedosamesvrocmu ecms CLoOAUWAACH NO0-
n0cAedosamesbHOCb.

> Ilycrb Bce dWaeHBI HEKOTODOI MOCAEIOBATEILHOCTH {a,} MpuHAIIERAT OTPe3Ky [c;d]. Pasgenum
0TpPe30K [¢; d] monosiam u BeIGEPEM Ty MOJIOBUHY, B KOTOPOIii JIe2KUT GECKOHEUHO MHOI'O YJIEHOB HOC/I€/10-
BATEIHLHOCTH. DTy MOJOBUHY BHOBb DA3/IEJUM IIONOJIAM U OIATH BHIOEPEM MOJOBUHY, B KOTOPOii JIEZKUT
GECKOHETHO MHOTO YJIEHOB MOC/IEJ0BATeIbHOCTH. B pesysbrare mocTpoeHus! TTO/Iy IaeM MOC/Ie 0BT h-
HOCTb BJIOYKCHHBIX OTDPE3KOB [ck;dy|, npuuéMm dy, — ¢, = (d — ¢)/2871) [er;di] = [¢;d], u B Kax10M
M3 OTPE3KOB JICKUT GECKOHEUHO MHOTO WICHOB MOCJIeI0BATEIBHOCTH {a,}. [To Teopeme 0 BIOKEHHBIX
OTPE3KaX CyHIECTBYET TOUKA (, IIPUHAJJIEZKAIIAsT BCEM OCTPOEHHBIM OTpe3kaM. [locrpoum reneps 1o-
CJIEJIOBATEIBHOCTD BO3DACTAIONINX HOMEPOB 7 CJEAYIONMM 00pa3oM: Ny = 1 W, eI yxKe 1m0CTPOUIn
N, TO HAXOAUM TAKOH HOMED Njpy1 > Nk, 9TO Uy, € [Chi1} djy1] (3TEMEHT @y, | HARJIETCH, TAK KAK HA
9TOM OTDPE3Ke JIeKUT GECKOHETHO MHOTO WICHOB IOCIeI0BATEIBHOCTH). [I0CKOIBKY |ay,, — al < di — ¢y
u (dy — ¢) — 0, nosrydaem a,, — a. <

Jacmumrolm npedesom TTOCIeT0BATETHLHOCTH HA3BIBAETCSI MTPEJIES HEKOTOPOH €€ MOJITOCIeI0BATE b
HOCTH.

Teopema 26. Ecau nocacdosamervrocms cxodumces K HEKOMOPOMY HUCAY, O BCAKAA €€ Nodnocie-
d06aAMEALHOCTND CTOOUMCA K IMOMY IHCE YUCAY.

> Ilyers a, — a u {an, } — HOAIOCTEIOBATEIBHOCTD MOCAEIOBATEIBHOCTH {ay, }. [0 HIIYKITIT MOXKHO
NOKa3aTh, 4T0 Ny > k. 3amuiiem onpejenenue npeiena 1jst {a,}: Ajast Beskoro € > 0 Haiingres Takoii
HoMep N, 410 |a, — a| < € p1a Bcex n > N. Urak, ecmtu k> N, 1o n, > k> N u |a,, —a| <e. <

Utak, ecin mocie10BaTEIbHOCTD CXOIUTC, TO €€ MpeIes aBJIdeTcd e IHHCTBEHHBIM YaCTHYHBIM IIpe-
genaoMm. Ecan orpaEmvdenHasd MOC/IeI0BATEIHHOCTD He CXOAUTCS, TO Y Heé eCTh He MeHee IBYX Pa3THIHBIX
JaCTUYHBIX IpeneaoB. HaiinméMm rpaHuibl MHOXKECTBA YACTHUYHLIX IIPEIeI0B OrPAHUYEHHOMN IMOCIeI0BA-
TeJILHOCTH.

Teopema 27. ITycmsb nocaedosamenvrocmsv {a,} oepanuvenna. Tozda

(i) nocaedosamenvrocms seprrur epaned «xreocmoss» M, = supap Aeasemca HEBO3PACMaoOwed U
k>n
crodumcs K nexomopomy wucay M;

(ii) nocaedosamenvrocms Hustcruz epanetl «reocmosy m, = inf aj Aeasemes weybvsaroweld u cxo-
k>n

dumes K HEKOMOPOMY HUcAY m;
(i) m u M — wacmuunwve npedeav. nocaedosamervrocmu {ay, };

(iv) ece wacmuunwie npedeavs aeorcam mescdy m u M.
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> IlepBbie ABa yTBEp:KIeHUs HEMeIJIeHHO CJIeIYIOT U3 ONpe/ieIeHni TOUHBIX T'paHeit 1 TeopeMbl Beiiep-

mrpacca. JTokazxewm (iii). [TocTponm moanocie1oBaTeIbHOCTb, CXOAATILYI0Cs K uncay M. ITycts snemeHT
- . 1

ap,, yxe nocrpoen. Haitném rakoil HOMEp ngi1 > Ny, 910 Gpyy = My, — 7. Orciofa BBITEKAET, 9TO

Ap, — M. AHasOruIHO CTPOUM MOIIOCIIEIOBATEIBLHOCTD, CXOAAILYIOCS K m. Y TBepxaenue (iv) BoITe-

KA€T U3 HEPABEHCTB My, | < Ap, < My, . <

[penenst lim M, u lim m,, Ha3BIBAIOT 6EPTHUM U HUNCHUM TIPEJEJIOM TOCTeI0BATEILHOCTH {a, }
n—oo n—oo

n obo3HagaoT Yepe3 lim a, u lim a, coorBercTBeHHO. s OrpaHUYeHHOI TTOCIEI0BATEILHOCTH {dy, }

n—00 n—o00
MOYKHO MOKa3aTh, 9TO lim @, = a TOrJa n TOJBKO TOTJa, KOT/da
n—00

lim a, = lim a, = a.
n—0o0 n—00

CrenoBaTeIbHO, €CJIH OTPAaHUYEHHAs MOCJIeI0BATETLHOCTD HE CXOJUTCS, TO Y Heé eCcTb He MeHee IBYX
JACTUIHBIX TPEIEesIOB.

[MocnenoBarensuocTs {a,} Ha3BIBaeTCsa nocaedosamesvrocmvro Kowu nmu @gyndamenmanvrots no-
CAE008AMEALHOCMBIO, eCTh i Beskoro € > 0 maiinércs takoit momep N, dro jjist Bcex m,n > N
BBITIOJIHAETCA HEPABEHCTBO \an — am\ < €.

Jlemma 3. Beakxaa gyndamenmanvuan nocaedosamesvHocms 02paHu4eHHa.

> Ilyers mocaenoBarensnocts {a,} dyngamentanbua. Torma cymecTByer Takoit Homep N, 9To st
Bcex n > N BepHO HEPABEHCTBO |a, — ani1| < 1, H, B 9acTHOCTH, |a,| < |ani1| + 1. Tlomoxum

C = ma’X{|a1‘7 |a2|7 ceey ‘aN‘v |aN+1| + ]‘}
Torna |a,| < C s Beex n € N. <

Jemma 4. FEcau y dyndamernmanvhol nocaedosamesvrocmu {a,} ecmov crodawasca nodnocaedo-
BATNEALHOCTNG { Ay, }, KOMOPAA CTOOUMCA K HEKOTNOPOMY HUCAY G, MO U 6CA PYHIGMEHMANOHAA NOCAE-
008aMEALHOCTY CLOOUMCA K IMOMY YUCAY Q.

> Tlo ompenenennto dbyHIAMEHTATBHON TTOCTEI0BATENLHOCTH JJIsl BCIKOrO € > () cyIiecTByer Takoi
HoMep N, 9To jijist Beex n, m > N BepHO HepaBeHCTBO |a, — a,,| < €. [Iycrs k > N, torma ng > k > N
u |a, — a,,| < e. YerpeMuM B HOC/IETHEM HEPaBEHCTBE kK — 00 W MOAYYIUM |a, — a| < €. <

Teopema 28 (kpurepuit Koum). Ilocaedosamervrocms delicmeumesb o wucen cxodumes mozda u
MoAbKO Mo20a, k0204 0Ha ABAAEMCA NocacdosamesbHocmvio Kowu.

> Ecan mocsienoBaTebHOCTD {ay, ) CXOAUTCS K @, TO €6 GyHIaMEeHTAIBLHOCTD CJAEAYeT U3 HePABEHCTBA
lan — am| < lan, — al + |a — ap.
OGparHO, ec/iM U3BECTHO, YTO MOC/IeA0BATEBHOCTL (DYHAMEHTAIbHA, TO OHA OIDAHHYEHHA M 110

TeopeMe BOJBIIAHO W3 HEE MOXKHO BHIOPATH CXOIMAILYIOCS MOANOCaea0BaTeIbHOCTE. ClegoBaTeIbHo,
dyHIaMeHTaJIbHAS TOCIEI0BATETHHOCTD CXOIUTCS. <

Byzsem roBopuTh, 9TO mocjaenoBareabHOCTh {a,} cmpemumes k +oo, ecau st Besikoro Mo> 0
Haiiaércs Takoir Homep N, 9To Jjid BceX n > N BepHO HepaBeHCTBO a, > M. B sTom ciydae d6yiaem uc-

0JIb30BaTh 0G03HaUeHue lim a, = +oo. [locaeaosarensuocts {a, } empemumes x —oo, ecau {(—ay,)}
n—o0

crpeMuTcst K +00. B arom ciaygae Gymem nucars lim a, = —oo. Hakonen, nocienoBarenbuocts {ay, }
n—o0

cmpemumen k 00, ecan {|a,|} crpemurea K +oo. Takue mocae10BATENLHOCTH HABIBAIOT HECKOME4HO

boavwumu. OTMETUM, ITO HECMOTPs Ha HCIOJIb30BAaHUE 3allMCH BUja lim a, = oo 6GeckoHedHo 0O0JIb-
n—oo

Hniye 1mocjie0BaTe/JIbHOCTHU HE IIPUHATO Ha3blBaTh CXOAAINMMUCA WJIM UMEIOHIIUMU IIpeae.I. B JaCTHOCTH,
KpI/ITepI/Iﬁ KOH_H/I OTHOCHUTCA UMEHHO K IIOCJIe JO0BATCJIbHOCTAM, CXOAAINIUMCA K YUCJIY, T. €. UMEIOIIUM KO-
HeuHbI# pees. Hampumep, nocaenoBarenbrocth {a,}, Te a, = n, CTPEMUTCS K 400 U He SIBJSETCSI
dyHIaMeHTAJIBHOII.

Ecnau mocienoBaTeIbHOCTh He SIBASIETCsl OTPAHUYEHHON, TO B Hell ecTh MOJIOCTIEI0BATEIHHOCTD,
KOTOpad CTpEeMUuTCsd K IIJIIOC UJI MUHYC 66CKOH€"IHOCTI/I, IHO9TOMY eCJin JO1IYCKAaTh B Ka4€CTBC YaCTUYHbIX
HPEJIESIOB CUMBOJIBL «+00%» U «—00», TO 110 TeopeMe BoJIbIIan0 MHOZKECTBO YaCTHYHBLIX IIPEIE0B BCAKON
HOCJIEIOBATEIHLHOCTH HENycmo.

18



Panwr

[TycTb 3aJaHa 9UCI0BAs HOCAEI0BATEIBHOCTD {ay, }. Padom ¢ dneHamMu a, HA3BIBAETCS BbIPAYKEHUE

o0
(11+CL2+...—|—CLn—|—...I E Q.
n=1
N 00
Beipaxkenusi Sy = Y . @, HA3BIBAIOT YACTHIHBIMU CYMMAaMU PSJIA » | d,. LOBOPAT, 94TO pad crodumca,

eCJIM CYIIeCTBYeT (KOHEUHBIH) MPeiest ero YaCTHIHBIX CYMM. DTOT mpeJiesl Ha3bIBAIOT CyMMOil psiia. B
OCTATBHBIX CIYyYasgX TOBOPAT, UYTO P pacxoauTcsd. OTMETHM, YTO B HEKOTOPBIX CJIyYasX YI00HO HATH-
HATH CyMMHUPOBAHUE C HYJISL U DACCMATPUBATD PSL Y o o (. PACCMOTPEM CyMMy WICHOB GECKOHEUHOI
reoMeTpudecKoil nporpeccuu: ZZO:O q". HYactuwanas cymma Sy 3Toro psiga pasaa 1+ q+ q2 +...+ qN_l.
Ecmu g =1, To Sy = N, nosromy psin pacxoaurcs. [pu g # 1 no ¢dpopmysie CyMMbl 9I€HOB T€OMETPHU-

N
qq . OTcrofa caenyer, 9To psii CXOAUTCS TOJIBKO TpH |q| < 1, u

YeCKOIl Iporpeccur mosydaeM Sy =

ero cymma pasna 1/(1 — q).
[Toste3H0 UMeTh BBUJLY, YTO HA CXOJUMOCTD Psifia (HO HE HA CYMMY) He BJIHsIET W3MEHEHUe KOHEUHOTO

YucJla CJlaraeMbIX (B YaCTHOCTH, ,ZLO6aBJI€HI/I€ 1IN NCKJIIOYCHNEC KOHCYHOI'O YUCJIa LIJIGHOB). KpOMe TOro,
00

eCJIM PAJ Y @, CXOJUTCS W €ro cymMMa paBHa A, To

n=1
00 N
Z an:A—Zan—M).
n=1

n=N-+1

Koneuno, k psiiam npumvenim kpurepuit Komu (410 Mbl 06CyuM 1032k€), HO BO MHOTHX CJIydasix
MOZKHO OOOWTHCH HECKOJbKUMU 3JI€MEHTAPHBIME HAOIIOACHUSIMU.

Heobxomumoe yciroBue cxoamMocTn

Ecau paod cxodumcesa, mo nocaedosamesvHocmsb €20 YAECHOE CMPEMUMCA K HYA0. DTO CIEAYeT U3
TOTO, ITO ap, = S, — Sp_1, N = 2.

Teopema BeiiepimTpacca

Ecau uaenv pada neompuyamenvhvt, mo €20 YaCMUuMHbE CYMMDBL 00pasytom HeybueauLyo nocie-
dosamesvbHOCMb U, CACJOBAMENDHO, 04 €20 CLOOUMOCTU HEODLOOUMO U OCTNAMOYHO 02PAHUYEHHOCTIU
nocAedo8aAMENOHOCTIU YACTUYHBLE CYMM.

[Tocneanee HADIIOAEHTE TO3BOJISAET JIOKA3BIBATL CXOIUMOCTL WM PACXOIUMOCTH PAJIOB ¢ HEOTPH-
HATEIbHBIMI YJICHAMI, CPABHUBAS UX ¢ HEKOTOPBIMH 3TAJOHHBIMH PIIaMU, U3 KOTOPBIX CAMBIM IIOILY-
JISPHBIM SIBJISIETCSA CyMMa OECKOHEUHOil reomerpudeckoii nporpeccun. Hanpuwmep, ecan 0 < a,, < Cq¢",

o0
neNul<qg<1,ropsan >, a, cxoqurcsa. Crheayrolnee YTBepKIeHe SBISETCS TPUMEPOM GoJiee

n=1
TOHKOT'O CpaBHEHHUA PAIOB.

Teopema 29 (npusnax Kormm). ITycmo a,, > 0 u nocaedosamenvrocms {a,} nesospacmarowasn. Paod
[e.9] oo

> a, cxodumes mozda u moavko mozda, xKozda cxodumces pad Y 2"agn.
n=1 n=1

> VTBepkKIeHUe clAeyeT U3 JIBONHOTO HepaBeHCTBA

as +2a4 +4ag+ ... +2"agm+1 < ag+ ...+ amrr < ap +2a9 +4as+ ...+ 2"agn. <

o0
Caencreue 4. Psd > # crodumcs moz2da u Moavko mozda, ko2da p > 1.
n=1

> Ilo mpusraky Komnm paccMaTpuBaeMblil Pl CXOAUTCS TOTJIa W TOJBKO TOT/IA, KOTJIA CXOTUTCA P

o0
ST (217P)" a 3T0 cymMa reoMeTpuueckoil nporpeccuu co 3namenaTeem 217, <
n=1

o)
PaCXO,ZLHIlII/IfICH p4an Z % Ha3bIBACTCA 2aPMOHUYECKUM. HaHOMHI/IM, UTO CpeIJHUM IapMOHHYECKHUM
n=1

HOJIOYKUATEIBHBIX THCEN @, b Ha3bIBAIOT YacTHOE 2 : (% + %) MoKHO HPOBEPUTD, YTO KazKJIO€ CJIaraeMoe
9TOTO PsIfa, HATUHAS CO BTOPOTO, SIBALETCI CPeIHUM FapMOHHYECKUM CBOUX COCeIeil.
[Tepedopmysupyem kpurepuit Komu 1151 mocseioBaTesbHOCTEI].
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o0

Teopema 30 (kpurepuii Kot cxoqumoctu psaga). Pad > a, cxodumces mozda u moavko mozda, Ko-
n=1

20a 0 ecarozo € > 0 natioémesa maxot nomep N, uwmo das écex n > m > N 6bnoAHEHO HEPAGEHCTEO

S = 5n| = > w| <.

k=m+1

[e.o] oo
Caencreue 5. Fcau crodumcesa pad >, |a,|, mo cxodumes u pad . a,.
n=1 n=1

> JlocTaTo9HO MPUMEHUTH HEPABEHCTBO
a1 + -+ an| < |amar| + -+ |ag|

u kpurepuit Korru. <

AbconoTHast M ycJ0BHAs CXOAMMOCTH

oo oo
Ecau cxomures psiji Y |ay,|, TO TOBOPST, 9TO Psifl » |, d, CXOIUTCS GOCOAOMHO; B ITOM CJIydae BEPHO
n=1 n=1

o oo
HepaBeHCTBO | Y a,| < Y |aql.
n=1 n=1

o 0] (o] [o.¢]
B ciiydae Korma psaj Y a, CXOTUTCS, & PAT Y |ay,| PACXOIUTCS, TOBOPST, YTO PSIJL, Y | Gy CXOJUTCSI

n=1 n=1 n=1
o0
caosho. IlpuMepoM yesIoBHO cxonsiierocs psaaa sBiagercd paf Jleiibnuma ) ED® g noxasarens
y - 1IpEMepoM y LTI pan pan I T s -
n=

CTBa €ro CXOIUMOCTH IIPUMEHUM KpI/ITepI/Iﬁ Komm. HyCTI) m < n, Torga
(_1)m+1 (_1)m+2 (_1)n 1 1 1 1

m—+1 m—+2 et n m+1_m+2+m+3_m+4

+...=

1
2e?

n m
(—1)'“ (—1)k ’ 1 1 1
—_— = < + - < —<e.
‘Z k Z kI “m+1 n 2N
k=1 k=1

BayKHO OTMETHTH, YTO BCAKYIO MOCIEI0BATEIBHOCTD {X,,} MOXKHO MpPEJCTABAThH B BHJE MOC/IE0Ba~

TEJBHOCTH YaCTHYHBIX CYMM HEKOTOPOIO ps/jia:
ZUn:$1+($2—5171)+<$3—$2)+---+($n—$n—1>7
oo

T.e. T, — YacTHYHas cymMm™ma psga y . (z, — xn_1), vae xo = 0. Takum 06pazom, cXOQUMOCTH Dsja
n=1

B 1 +( 1 n 1 )+< 1 n 1 >+ < 1 +1
Com+1 m+2 m+3 m+4 m+5/ T T m+1 n
>N

Taxum obpazom, ecu st Beakoro € > 0 B3aTh Kakoe-mubo N > TO TOTJIa JIId BCAKUX 7,1

Oy/leT BepHa OIEeHKA

oo
> (xp, — x,—1) PABHOCHIIBHA CXOMUMOCTH TOCTe0BaTebHOCTH {T), ).
n=1

TomoJsiorus BelecTBEHHOI MPAMOIA

Oxpecmuocmavro TOUKA a € R HA3BIBAIOT BCIKUNH THTEPBAJ, COAEpKAIINi TOUKY a. BHYTpu Beskoi
OKPEeCTHOCTH TOYKHU @ BCEr/Ja MOXKHO BbIOPATH CUMMETPUYIHYIO OKPECTHOCTH

Urla) ={x eR: |z —a| <r}.
Muozxectso Ul(a) = U,(a) \ {a} nassiBaercsa npokosomot okxpecmmnocmvio TOIKH a. OmEpulmovim MHo-
otcecmeom B R HA3BIBAIOT BCSIKOE MHOXKECTBO, KOTOPOE BMeCTe ¢ JII000# CBOEil TOUKOMN COAEPKUT HEKO-
TOPYI0 €€ OKpecTHOCTL. Hampumep: HHTepBas, BCA YUCA0BA IPAMAst, IyCTOE MHOKECTBO. 3aMKHYMbLM

MHoocecmeom B R HA3BIBAIOT BCAKOE MHOZKECTBO, JIONOJTHEHHE K KOTOPOMY SBJISETCH OTKPBITHIM MHO-
KecTBOM. Hampumep: Todka, OTpPe30K, BCA IUCJI0Bad MpAMasd, IIyCTOe MHOXKECTBO.

Teopema 31. Obseduternue 106020 HAOOPA U NEPECEYEHUE KOHEUH020 HAOODA OMEPBIMBLT MHONHCECTNE
ABAAEMCA OMEPLIMBLM MHoHcecmeom. Tlepeceuenue 1106020 nabopa u 06BeduHEHUE KOHEUH020 HAOOPA,
BAMKEHYMBLL MHOHCECTNE ABAACTNCA 3AMKEHYMOLM MHONCECTTIEOM.
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> Ilycte V = |J Vi, e Vi, — orkpbiThie MHOXKecTBa. Ecmu a € V, 1o Haiinércs takoe Vi, dro
seS
a € V. llo onpenesnenuio oTKpbITOr0 MHOKeCTBA HaiiaéTcs okpecraocts U(a) C V. [lo onpexnenenuto

obbeaunenust MHOKecTB TomydaeM U(a) C V. Takum obpazom, V — oTkpbiToe MHOXKecTBO. [lycTh

N

reepb V' = (| V,, tae V,, — oTkpbiThie MHOXKecTBa. Eciu a € V| 10 a € V,, ans Kaxaoro n =
n=1

1,2,..., N. Jng kaxmgoro n cymecrBytor okpecrnocru U, (a) C V,,. lonoxkum r = min{ry,re,...,ry}.

Torna U,(a) C 'V, maga seex n € N, a caegoarensno, U,(a) C V. Takum obpazom, V — oTKpbITOE
MHOZKECTBO. Y TBepzKICHUA 00 00beINHEHUN U EPeCeIeHIH 3aMKHYTBIX MHOXKECTE BBIBOAATCH U3 yZKe
JIOKQ3aHHBIX YTBEPZKICHUI I OTKPHITHIX MHOXKECTB ¢ MOMOMIbI0 (bopMya Moprana. <

OTKpBITbIE MHOYKECTBA HA YHCJIOBON HPSIMOfl JTONYCKAIOT CJIeAYIONIee OIUCAHHE.

Teopema 32. Bcearoe omkpwuimoe mruosncecmeo 6 R uau nycmo, uau coenadaem ¢ R, uau asasemcs
obseduneruem He bosee YeM CUEMMH020 HAOOPA NONAPHO HENEPECEKAOULULCA UNMEPBALOE U AYHel.

> Ilycts V' — HemycTOe OTKPBITOE MHOXKECTBO Ha, duc/oBoil mpsmoit, V # R u a € V. Paccemorpum
muoxectBo D = {z: (z;a) C V}. Ecau D ne orpanudeno cuusy, 10 (—oo;a) C V. Ecan D orpanude-
HO cHu3sy, To monokuM p = inf D. U3 onpenesnenust Tounoit HuxKueit rpanu cieayer, 9ro (p;a) C V.
Awnamornuno paccmarpuBaeM MuHOXKecTBO F = {x: (a;x) C V}: ecim E He OrpaHUYEHO CBEPXY, TO
(a;4+00) C V. Ecau E orpanuueno ceepxy, To nojoxkuMm o = sup E. 113 onpejesenust Tounoil BepxHeit
rpanu caemnyer, uto (a;0) C V. Takum obpaszom, aJist BCIKOH TOYKH a € V' CyImecTByeT Takoii comep-
Kamuil ¢ uHTepBaa win Jy4d (u; o), 9ro Bedkuii uarepsan (ay4) («;5) D (u;0), (o; 8) # (u;0), me
CONIEPXKUTCS B MHOZKecTBe V. HaiiiéM Takme WHTepBAJIbI JIJT BCsikoit Toukn a € V. [1o mocTpoenuto, ec-
JIX 9TH MHTEPBAJIBI IEPECEKAIOTCS, TO OHU COBIaAatoT. CJie10BaTeIbHO, PA3INIHbIE HHTEPBAJBI U3 3TOT0O
nabopa He MOryT nepecekarbes. Haxomer, 3amMeTuMm, 94TO HA YHUCAOBONH NMPAMONH MOXKHO PACIOJIOKATH
avinb He 6oJiee 9eM CUETHBIH HAbOp MOMapHO HENepeCeKalonuxcsd NHTEPBAJIOB. <

Caeactue 6. Jucaosyro npamyro Heavds npedcmasums 6 sude 005e0UHERUS HENYCMbLIL Henepece-
KAOUWULTCA OMEPUMBLE (BAMEHYMBLE) MHOHCECMS.

> Ecam aBa OTPHITHIX MHOXKECTBA He IIePeceKaloTcs, TO KOHITbl HHTEPBAJIOB, 00PA3yIONUX OJHO U3 HUX,
He TPUHAJJIEXKAT ApyroMy. e npsamas sapigercd o0 beIMHEHNEM JIBYX HEIIEPECEKAIONNXCA MHOZKECTB,
OJIHO U3 KOTOPBIX OTKPBITO, TO KOHIIBl WHTEPBAJIOB, 00PA3yIONINX 3TO OTKPHITOE MHOYKECTBO, JIEXKAT B
ero gonogHeHnd. CaenoBaTelbHO, BTOPOEe MHOYKECTBO He MOYKET OBITH OTKPBITBIM. <

Touka a HaswiBaeTcs eHympenHer: Toukoit muaokecTBa A C R, ecsim 0HA BXOAUT B 9TO MHOYKECTBO
€ HEKOTOPOH CBOell OKPECTHOCTHIO. MHOKeCTBO OTKPBITO TOTJA M TOJIBKO TOT/Ia, KOTJIa BCe €0 TOYKHU
BHYTDEHHUE.

Touka a mazbiBaeTcs npedesvroti Toukoit muoxkectBa A C R, ecim Bo BCsKOW €€ OKPECTHOCTH
JIeKUT OECKOHETHO MHOTO TO4YeK MHOxkecTBa A. Beskasi BHyTpeHHSST TOUKA MHOKECTBA SIBISETCS €10
MPeJIeJIbHON TOYKOM.

Touka a naspiBaercs 2panuynoti Toukoit MuokectBa A C R, ecim BO BCIKON €6 OKPECTHOCTH €CTh
KAaK TOYKH MHOYXKeCTBa A, TaK U TOYKHU U3 JOMOJHEHUS K MHOXKecTBY A. ['paHndHast Touka MHOKECTBA
He 00sI3aHa MPUHAIEXKATH 9TOMY MHOXKeCTBY. Ec/in MHOYKECTBO COCTOUT W3 OJTHON TOYKU, TO 3T TOUKA,
ABJIAETCA TPAHUYIHOM’.

Teopema 33. Touka a aAsasemea npedeavhoti 0aa muosncecmea A mozda u moavko mozda, kozda
das ecarozo v > 0 npoxosomasn okpecmuocmo Ul(a) codepotcum xoma 6ve 00ny mouky mmuoscecmesa A.

> Ecam Touka a gBIASETCsS MpeIeJbHOM Tt MHOKecTBa A, TO BesiKasi OKpecTHOCTh U,.(a) comepKuT
OECKOHEYHO MHOTO TOYEK MHOZKecTBa A, a npokosioras okpecrnocts U/ (a) nosnyyaercs u3z U,.(a) nckio-
YEeHUEeM TOJILKO OJHOI TOYKU. [IycTh Tenepb U3BECTHO, YTO BO BCAKON ITPOKOJOTON OKPECTHOCTU TOYKHU
a ecTh x0Ts Obl ogHA Touka MHOXKecTBa A. Ilpegamosioxum, 910 @ He SIBISETCS MPEAEIbHON TOUKOIT
muoxkectBa A. Torga naiinércest okpectrocth U, (a), B KOTOPOi JeKUT He GoJiee 4eM KOHEYHOe YHCJIIO
TOYeK MHOXKecTBa A. 3HAYUT, YMEHbBINAs 7', MOYKHO HAUTH OKPECTHOCTh TOYKH d, B KOTOPO TOYEK W3
A, OTJIMYIHBIX OT @, TPOCTO HET, ITO HEBO3MOYKHO MO YCJIOBHIO. <

Teopema 34 (Bosbuano). Y 6cAk020 6eCKOHEwH020 02PAHUMEHH020 MHOHCECTNEA €CTND NPEOCALHAA
mouKa.
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> TTOCKOJIBKY MHOMKECTBO GECKOHEYHO, HAWIETCS MOCJIEI0BATEIbHOCTh {a,} €ro 3J1eMeHTOB, B KOTO-
poif Bce WIEHBI MONAPHO PA3JUYHBI. DTa MOCTIeI0BATEILHOCTh OTPAHUYEHHA U MO TeopeMe BosbIaHo
CYIIECTBYET HOAIIOC/ICA0BATEIBLHOCTD {y, }, KOTOPAs CXOAUTCH K HEKOTOPOMY wHCIy a. VI3 ompemese-
HUS Tpe/Iesia TMOoCJIe0BATEJLHOCTH U TOTO, 9TO BCE YJIEHBI MOAIOCe0BATETHLHOCTH ABISIIOTCH TTOTIAPHO
Pa3IMIHBIMA dJIeMeHTaMH MHOXKecTBa A, ciieyer, 9T0 @ — mpee/bHas TOYKA. <

CJIG,Z[CTBI/IG 7. V 6cakxozo 6eckonedno2o HECUEMHO20 MHOICECMBA eCTND npe&e,/LbHaﬂ moywka.

> JleficrBuTenbHo, Hafigércs orpe3ok [n;n + 1], tae n € 7Z, B KOTOPOM JI€KHT GECKOHEYHO MHOTO
TOYEK JaHHOTO MHOKecTBa. [10 Teopeme BobIlaHO HA 3TOM OTpPE3Ke eCTh IpeaeabHas TOYKA JTaHHOTO
MHOXKECTBA. <

Buiiiie Mb1 onmcain cTpyKTypy OTKPBITBIX MHOYKECTB Ha YUCJI0BOI npamoii. Teneps omuiinem cTpyk-
TYpPY 3aMKHYTHIX MHOXKECTB.
Teopema 35. Caedyrowue ymeepocdenus pasHoCUAbHDL.

(1) Mmoowcecmeo A samkrymo.
(ii)
)
)

(iii
(iv) Beakaa crodausaacs nociedo8amesbHocms IAEMEHMOE MHONCECMEa A CToOUMCA K INEMEHMY
MmHoocecmea A.

Mmnooicecmso A codepotcum 6ce c8ou epanu“HbLe MOYUKY.
Mmnoowcecmneo A codeporcum sce c60u npedesvHbie MoK,

> U3 (i) crenyer (ii), Tak Kak TOYKa U3 JTOMOTHEHUST K 3aMKHYTOMY MHOKECTBY A BXOJIUT B JIOHOJTHEHUE
C HEKOTOPOI OKPECTHOCTHIO, YTO HEBO3MOXKHO JJIsl TPaHNYHON ToUKH. [TOCKOIBKY BCsiKasl peieibHast
TOYKA MHOYKECTBA sIBJIsIeTCst OO ero BHyTpeHHei b0 ero rpanndHoil Toukoii, u3 (ii) caemyer (iii).
U3 (iii) coenyer (iv). delicTBETEIBHO, €CIU TTOCTIEI0BATEILHOCTD CXOJUTCSI, TO JUOO B 9TOi MOCJIE10-
BATEJIBHOCTH GECKOHEYHO MHOTO YJICHOB COBHAJACT ¢ MPEIeJOM, W 3HAYHUT, IMpeies JeKuT B A, aubo
npejes sB/sercs npeaejabHoit Toukoit muoxkecrsa A. Haxonen, us (iv) caeayer (i). Heitcrsuresnso,
eCJIM TOYKA @ U3 JOTMOJHEHHsI K A He JIeXKUT B 9TOM JIONMOJTHEHUH BMECTe ¢ HEKOTOPOH OKDPECTHOCTHIO,
TO BO BCSAKOM CKOJIb YTOJHO MaJIOii OKPECTHOCTH eCTh Touka MHOKecTBa A. CrienoBaresbHO, CYIIECTBY-
eT IOCJIeI0BATELHOCTD JIeMEHTOB MHOXKecTBa A, cxondmasicsa K a. Torma a € A, 9T0 NIPOTHBOPEIUT
HCXOJTHOMY HPEJNOJIOAKEHHIO O TOM, YTO @ HPUHAJJIEKUT JOTOJHEHUIO A. <

Bazkuplii mpuMep 3aMKHYTOIO MHOYKECTBA — MHOYKECTBO YaCTHIHBIX IIPEJIEIOB IOCIEI0BATEIHHO
cru. Ilyets L — MHOMKECTBO YACTHUYHBIX NPEIEIOB MOCAEA0BATEIBHOCTH {ay}. Ilpeanosoxkum, 4ro
MOC/IEIOBATEILHOCTD [, 9JIEMEHTOB L cXoIuTcs K HeKoTopoMmy 4ucay [. ITocKoabKy [, — dacTnduble
IPeJIeJIbl IOC/Ie0BATEBHOCTH { a4y, }, CYIIECTBYET TaKasi BO3PACTAIOIIAs 10C/Ie40BATeIbHOCTE HOMEPOB
Nk, 910 |l — ap, | < 1/k. 3 onenku |a,, —1| < 1/k+ |l — | caexyer cxomuMocTs moc/e 0BaTeIbHOCTH]
{an, } x l. Takum obpaszom, | € L, u 3aMKHyTOCTb L IOKa3aHa.

Teopema 36 (Bsp). Ecau wucaosas npamas npedcmasiena 6 sude 066edunenus e 6oiee Hem cHuém-
HO20 HAOOPA 3AMKEHYMBLL MHONHCECTNE, MO TOMA O 00HO U3 IMUT MHOHCECME COOEPHCUM UHMEPBAAN.

> Ilpeamo/ioxKuM, 4TO 4YHUCJIOBasd NpsAMas dBageTcd o0bejuHeHueM He 0ojiee 4eM CcuEéTHOro Habdbopa
3aMKHYTBIX MHOXKECTB Fn7 HU OJHO U3 KOTOPBLIX HUKaKOI'0 MHTEPBaJIa HE COACPZKUT. ,ZLOHOJIHGHI/IG K
MHOKeCTBY F)| OTKPBITO M HEIIYCTO, CJIeJI0BATE/IHHO, COJAEPKUT HMHTEPBAJ, BHYTPH KOTOPOI'O MOXKHO
BBIOpPATH OTPE30K. TakuM 06pa3oM, HaliIETcst OTPe30K [ag; by], KOTOPHIil He UMeeT OBIMIX TOYEK ¢ MHO-
kectBoM Fy. VnTtepsan (ai;b) He cOAEPKUTCS B MHOXKeCTBe Fh, a 3HAUNT, mepecevdeHne WHTEPBAJA
(a1;b1) ¢ JONOTHEHHEM K MHOXKECTBY Fh OTKPBITO M HEILYyCTO. DTO IEepPEceueHrne COAEPKUT UHTEPBAI,
BHYTDPH KOTODOT'O MOZKHO BHIOpaTh 0Tpe3oK. Takum o6pa3oM, BHYTpH OTpe3Ka [aj; by| HallnéTcst oTpe3ok
[az; by, KOTODBIH He WMeeT 00X TOYEK ¢ MHOKeCTBOM Fh. IIpojoszkas HOCTpOeHHe, MOy IUM HOCIe-
JIOBATEJIbHOCTD BJIOXKEHHBIX OTPE3KOB, Y KOTOPBIX €CTh 00IIas TOYKa. DTa TOYKA He NMPUHAJICKUT HU
OJIHOMY M3 MHOXKECTB F),, XOTs IIO YCJOBHIO OHA JOJXKHA MPHHAJIEKATH XOTd Obl OJTHOMY M3 HHUX.
[Iporusopeune. <

N3 Teopembl Bapa, B 9acTHOCTH, CAeIyeT, YTO MHOYKECTBO HPPAIMOHATBLHBIX YHCET HEJIb3sl IpeIcTa-
BUTH B BHJE 00beuHeHus He DoJiee 4eM CUETHOIO OObeIMHEHUs] 3aMKHYThIX MHOXKeCTB. Fcim Obl 310
OBLIIO BO3MOYKHO, TO BMECTE C OAHOTOYEUYHBIMH MHOYKECTBAMU PAIMOHAJIBHBIX YHCET 3TH MHOMKECTBa
Jia Obl B 00'beIMHEHUN BCIO YHMCA0BYIO psimyio. [To Teopeme Bapa xoTst ObI 0IHO U3 3TUX MHOYKECTB
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JIOJIYKHO OBLTIO OBI COlepKaTh WHTEPBAJ, UTO HEBO3MOXKHO. 113 Teopembl Bapa MOXKHO BbIBeCTH HECUET-
HOCTH MHOYKECTBA BEIeCTBEHHBIX Yuces. [leficTBUTENHbHO, eCTM MHOYKECTBO BEIECTBEHHBIX YHCEJ He
boJiee yeM CYETHO, TO OHO eCThb O0beauHeHue He O6ojee YeM CYETHOIO HADOpPa 3aMKHYTHIX OJHOTOYEY-
HbIX MHO)KeCTB. [To Teopeme Bapa xorst ObI OHO U3 ITUX OHOTOYEUHBIX MHOXKECTB JIOJIZKHO COEPIKATH
HeJIbli THTePBAJI, ITO HEBO3MOXKHO.

YVTBepKIeHWe TeopeMbl Bypa crpaBeIuBO U MpU 3aMeHe YUCJIOBON MpAMOM Ha OTPEe30K; TOKa3a-
TeJIbCTBO MOTPEOYET HEKOTOPHIX TEXHUYECKUX (HO He uieiiHbix) usMenenuit. CrpaBeyinBo TakkKe W
boJiee ob1ee yrBepxkaenue. Ilycth 3aMkHyTOE MHOXKeCTBO F' siBjisiercsi oObejinHeHneM He Oojiee dem
cuéTHOrO HabOpa 3aMKHYTHIX MHOxKecTB F,,. Torma Haiinércs takoit maTepBan (a; ) u HOMED N, 9TO
FN(o;8)#@u FN(a;8) C F,.

OtmeTuM, 9TO TeopeMy B3Ipa MOXKHO HCHOIB30BATH I JOKA3aTEIbCTBA HEIYCTOTHI MepecevdeH s
DEeCKOHEYTHOM TTOCIeT0BATETbHOCTH OTKPBITHIX MHOXKECTB: €CJIN JIJIsT KayKJIOTO 1 OTKPBITOE MHOZKECTBO
V. 6ciody naommo B R, 1. e. BO BCAKOM HHTEPBAJIE €CTh TOYKA STOI0 MHOXKECTBA, TO nepecedenne () V,
HEIyCTO M JlaKe BCIoAy IoTHO B R.

KomnakTel m ux csoiicTrsa

LoBopart, uro Habop muoxects {U, } obpasyer noxpumue Muaoxkectsa A, eciu A C |, Uy (T €. Kax-
JIBI 2JIEMEHT MHOXKeCTBA A NPUHAJIEKUT XOTsI OB 0JHOMY MHOKeCTBY U, ). Komnarxmom Ha3bIBaeTCsS
TaKOe MHOYKECTBO, 9TO U3 BCSIKOI'O €r0 MOKPBITUS OTKPBITBIMU MHOYKECTBAMHU MOXKHO BBIOPATH KOHEY-
HOEe TIOANMOKPhITHE. VHBIMI CJIOBaMH, ecii KOMIAKT K MOKPHIT HAGOPOM OTKPHITHIX MHOXKecTB {U, },
TO CYHIECTBYIOT TAKHE (v, ..., (i, 9TO MHOXKeCTBO K TOKpHITO HaGopom MHOKECTB {U,,, ..., Uy, }.

Teopema 37 (Bopesnb — eiine — Jleber). Beakutll ompe3ok A6AAEMCA KOMNAKMOM.

> IlpeamosioKuM, 9T0 HEKOTOPBIH OTPE30K He SIBASeTCS KOMIAKTOM. DTO O3HAYAET, UYTO CYIIECTBYET
IMOKPBLITUE OTPE3Ka OTKPLITBIMHU MHOXKECTBaMM, U3 KOTOPOI'O HEJIb3d Bbl6paTb KOHEYHOE IIOJAINOKDPbI-
THE. Pa3,ZLe.HI/IM OTPE30K IIOIO0JIaM. XOTH 6bI OJHa U3 MOJIYIUBHINXCA ITOJIOBUH HE JOIIYCKaeT KOHEYHOT'O
HOJIIIOKPBITUS, HHAYE BECh OTPE30K MMeJI Obl KOHEYHOe IOIIOKpLITHE. BhibepeM Takyio IMOJIOBUHY, CHO-
Ba pa3JeuM IIOJIYUEHHBIH OTPE30K IOIMOJAM M BbIOEpEeM €ro IOJIOBHHY, He JIOIMYCKAIONLYyI0 KOHEYHOTO
noanoKpbiTud. [Ipomomkasg mocTpoerne, MOJIYIUM TOCTAeT0BATETHHOCTD BIOXKEHHBIX OTPE3KOB, JITUHBI
KOTOPBIX CTpeMATCd K HYJ/JII0, U JAJid KazKJI0I'0 U3 KOTOPbIX HEJIb34d Bbl6paTb KOHEYHOE IIOAIIOKPbLITHE.
[To npuHDHNIY BIOXKEHHBIX OTPE3KOB Y 3TOH TOCIEI0BATEIHHOCTH UMEETCsT ODIMasi TOUYKA. ITa TOUKA
MOKPbITa HEKOTOPBIM OTKPBITHIM MHOXKECTBOM. ,ZLJH/IHBI OTPE3KOB CTPpEMATCA K HYJIIO, ITO3TOMY PaHO
WK TO3/IHO OTPE3KU OYIyT COIEpP:KAaThCsd BHYTPH 3TOTO OTKPBITOTO MHOXKECTBA, YTO 10 HOCTPOEHHIO
HEBO3MOZKHO. <

Teopema 38. Cnpasedauews caedyroujue ymeeporcdenus.
(i) Komnaxmmoe MHOHCECNEO 02PAHUMEHHO.
(i) Komnarxmmoe MHOMCECMEO 3GMKEHYMO.

(ili) Bamrknymoe nodMHOINCECMBO KOMNAKMA ECMb KOMNAKM.

> O6ocuyem (i). Ilyers K — kommakt. Torma K C (J~ ,(—n;n). Boibepem KoHedHOe HOAIOKPHITHE:
(—ng;ng), tae k= 1,2,..., N. [lonoxkum C = max{ny,ny,...,ny}. Torna K C (=C;C).

[Mepeitaém x yrepxkiaennto (ii). [lycre K — xommakt u a € R\ K. Torga oTKpbITbie MHOKECTBA
U, =R\ [a — 1/n;a + 1/n] nokpeBaior K. Beibupaem koneunoe nognokpsirue Uy, ..., U,, . Ilycrs
C = max{ny,ny,...,ny}. Torga unrepsan (a — 1/C;a + 1/C) sexkur B monosnuennn K K.

Hokazxkem yreepzxaenue (iii). [Tycrs K — komnakt u F' C K — 3aMKHYTOe MHOZKeCTBO. J1JIsi BCIKOTO
noKpbITUs {Vi}ses MHOKecTBa F' OTKPBITBIME MHOXKECTBAMU Vi 9TH MHOKECTBA BMECTE ¢ OTKPBITHIM
muozkectBoM R\ ' mokpeisator K. Beibepem koneunoe moanokpeitue Vs, , ..., Vi, 1, 66ITh MoKet, R\ F.
Torga oTkpeIThie MHOKeCTBA Vs, , ...,V mokpeBalor F'. <

N3 310it TeopeMbl 1 KOMIIAKTHOCTH OTPE3Ka CAeyeT KPpUTepuil KOMIIAKTHOCTH MHOXKECTBA Ha, YHUC-
JIOBOI IPAMOIL.

Cuenctue 8. Muooicecmso na 4ucaosol npamoti KOMNAGKMHO Mo2da U MOoAbKO Mo20a, K020a 0HO
02PAHUYEHHO U 3AMKHYMO.
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Caeacteue 9. Mroocecmso na wucir060t Npamoti ABAACMCA KOMNAGKMOM M0206 U MOAYKO M020a,
K020 U3 6CAKOT NOCACIOBAMEALHOCTU INEMEHNOE IMO20 MHOHCECTNBA MOACHO 8BLOPAMD NOONOCACIO-
B8AMENDHOCTIL, CLOOAWYIOCH K INEMEHINY IMO20 MHOHCECTNEA.

> Kcam MHOZKECTBO KOMIIAKTHO, TO OHO OIPaHUYeHHO U 3aMKHYTO. CJieoBaTeibHo, 10 Teopeme bosb-
MAHO W3 JI000# Mocae10BaTeThHOCTH €r0 JIEMEHTOB MOYKHO BBIOPATH CXOSIIYIOCS MO/ITOCTIET0BATEh-
HOCTDb, & B CUJIy 3aMKHYTOCTHU IIpees 3TOH MOAI0C/IeJ0BATeIbHOCTH IPUHALICZKUT KOMIIAKTY.
JlokazkeM Temnepb, UTO U3 CYIIECTBOBAHUS B JIIOOON TOCIEOBATEIHHOCTH 9JI€MEHTOB JAHHOTO MHO-
2KeCTBa CXOAMIIeicd MOAIOC/IeJOBATe/IbHOCTY K 3JIEMEHTY 3TOr0 MHOXKECTBa CJeayer KOMIIAKTHOCTb
9TOI'0 MHOXKECTBA. [NC/IM MHOZKECTBO HE SBJISETCS OrPAHUYEHHBIM, TO MOYKHO HPEIbIBHTDL CTPEMSIIILY-
10csT K OECKOHEYHOCTH TTOCJIeI0BATEIBHOCTD €TI0 3JIEMEHTOB, N3 KOTOPOil HeJIb3s BRIOPATh CXOASTIYIOCS
K KOHEYHOMY YHCJIY TOJIOCTIe0BaTebHOCTh. CileJoBATETbHO, MHOXKECTBO OIPaHHYeHHO. Begkas cxo-
JAIIascd TOCJIeI0BATE/IBHOCTD 3JIEMEHTOB 9TOI'0 MHOXKECTBa CXOJUTCA K JIEMEHTY 9TOr0 MHOXKECTBa,
HO3TOMY JIAHHOE MHOZKECTBO 3aMKHYTO. Kak yzke 0TMedasioch Bbllle, 3aMKHYTOE 1 OI'DAHUYE€HHOE MHO-
JKeCTBO HA YUCJIOBON NPAMON ABJIAETCA KOMIIAKTOM. <

BaKHBIM IPUMEPOM KOMIAKTa SIBAsIETCs muoocecmeo Kanwmopa. Paznennm orpesok [0; 1] wa Tpu
qacTH TouKamu 1/3 u 2/3 u uckmiounm unrepsas (1/3;2/3), ocrasus nsa orpeska Ay = [0;1/3] u
Ao =[2/3;1]. Ilycrs Fy = Ay U Ay, llpeanoaoxknM, 910 y2Ke HOCTPOEHBI 0Tpe3Kn A, . Pazgemnm
KayK/Iblil M3 HUX Ha TPU 9ACTH U UCKIIOYUM cpennuii narepsat. O0be uHgaeM TOMY YUBIIYIOCT CHCTEMY
0Tpe3KoB A,y s n 0bo3HauaeM obbequnenne depe3 [, ;. Muoxecrso Kanropa C' onpegesnsercs pa-
BercTBoM C' = (), F),. 9T0 MHOXKeCTBO 00,1a1a€T MHOTHMH 3aMeYaTeIbHBIMI CBOMCTBAMIE, U3 KOTOPBIX
OTMETHM CJIeIYIOIIHE:

1) C' — kommakT;

2) C' — KOHTHHYAJIbHOE MHOXKECTBO, COCTOSIIEE U3 TeX U TOJbKO TeX To4uek orpeska [0; 1], KoTopbie
B TpOI/IqHOﬁ cucremMe CUucC/IeHud MOXKHO 3alluCaTb, HE MCIIOJIb3Yyd €JUHUILY (HO AOITyCKad 6eCKOHe“IHbIe
110C/IEI0BATEILHOCTH HYJIEH WM JIBOEK );

3) cymMmapHasl JTWHA BBHIOPOINITEHHBIX MHTEPBAJIOB PABHA €IHHUIE, T.€. B ONPENEJEHHOM CMbBIC/Ie
nanHa MHOKecTBa C' paBHA HYJIIO.

Brimre MBI HOKA3a/IM, 9TO BCAKOE OTKPBITOE MHOKECTBO SBISCTCS He 6osee 9eM CY6THBIM O0be u-
HEHHUEM 1I0IIaPpHO HellePECCKAIUXCA NHTEePBaAJIOB. HOCKOﬂbe BCAKOEC 3aMKHYTO€ MHO2KECTBO ABJIACTCA
JOIIOJITHEHHUEM K TaKOHN cUcTeMe HHTEPBaJIOB, MOXKET CJIOKHUTCHA JIO2KHOEC MHECHHE, YTO BCAKOE 3aMKHYTO€
MHOYKECTBO aABJIgeTcs He Goj1ee 4eM CI6THBEIM HabopOM TodYeK m oTpe3koB. Muoxkectso Kanropa paspy-
HIaeT 3Ty WLIIO3MIO: B HEM HET BHYTPEHHUX TOYEK, HO MHOXKECTBO €0 IPEIeIbHBIX TOUEK COBIAIALT C
caMuM MHOzKecTBOM C.

IIpenen dbyakmunm
[Mycte D C Ru f: D — R. Hanomuum, 910 npyr TakKOil 3allucu MbI HPEIOAraeM, 910 (DyHKITHST
f ompenenena na muoxkectse D. IlycTtb a — npenenbras Touka MuoxKkecrBa D. Ecin MmuOXKecTBO D He

OTPAHWYEHO CBepXY, TO B Ka9eCTBE TOYKHU a JIOTyCKaeTcsd 400, a ecan [) He OTpaHUYEHO CHU3Y, TO B
KadecTBe @ JIONYyCKaeTcd —oQ.

Onpenenenne npeaena pyakoum mo [eitHe

Hucsio b HasbiBaercst npedesom byuriuu f npu z — a (MHOTIA JAO0ABISIOT: MO MHOXKeCTBY D),
eCJId JIJIsl BCIKOM HOCJIe[0BATeIbHOCTH {Z,, } 91eMeHTOB MHOXKecTBa D, JiUist KOTOPO# &, — a u &, # a,
nocaenoBaTeabHocThb { f(2,)} cxomurest k b. Obo3nadenue:

lim f(x) = 0.
r—a
U3 cBo#icTB Ipejiesia MoC/IeI0BATeIbHOCTH CIAEAYIOT c60ticmea npedeas Gyrkyuu.
1) Eduncmsennocms npedeaa. Ecnu lim f(x) = b u lim f(x) = ¢, To b = c.
Tr—a r—a
Jlnst croiictB 2—4 npeanosoxuM, ato (yukuun f, g u h omupeneseHsl Ha MHOXKecTtBe D u a —
npeiesibHas TOYKa 9TOI0 MHOXKECTBA.
2) Apugmemura npedeaa. Ilyers lim f(z) = b u lim g(x) = ¢. Torga lim(f(z) £ g(x)) = b + ¢,
T—a r—a Tr—a
lim f(x)g(x) = be, a B cayuae, korga ¢ # 0 u g(z) # 0 upu x € D, umeem lim f(z)/g(z) = b/c.
r—a T—ra
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U3 teopembr 006 apudmernke mpejena cJaenyeT CBOWCTBO aAunelinocmu npedeaa: ecaun lim f(x) = b
Tr—a

u lim g(x) = ¢, 1o st Beex A, 1 € R cipaseyiuso pasencrso lim (A f(x) + pg(z)) = Ab + uc .
r—a r—a
3) Ilepexod % npedeay 6 nepasencmeazx. Eciu B HEKOTOPOi MTPOKOTIOTOH OKPECTHOCTH TOYKH 4 BbI-
MOJIHEHO HepaBeHCTBO f < ¢ u cymiecTBytor npeaest lim f(z) = b, lim g(z) = ¢, o b < c.
r—a T—a

4) Ilpeden saoicamoti dynryuu. Ecaum B HEKOTOPOR IPOKOJOTONH OKPECTHOCTH TOYKH ( BHITIOJHEHO
HepaBeHcTBO f < h < g w lim f(z) = lim g(x) = b, To lim h(z) = b.
Tr—a T—a T—ra
5) Ilpeden komnosuyuu. Illycrs f: D — Eu g: E — R. Ilpeanonoxum, 910 @ — IpejIebHast TOYKa
muO)kecTBa D u cymectsyet mpemest lim f(z) = b, rae b — mpemeibHas TOYKA MHOYKeCTBA F, mpuuém
r—a

f(z) # b B HEKOTOPOIi MPOKOJIOTOI OKpecTHOCTH TOUKH a. Torma eciu lirrll)g(y) = ¢, 1o lim g(f(z)) = c.
y— T—a

Jloka3bIBaIOTCs BCE MEPEUUCICHHBIE YTBEPIKICHUS OJJHOTUITHO IMYTEM CBEJICHUS K MPeesTy TOCIe/10-
BATEJIbHOCTH, IOITOMY PACCMOTPHUM JIAIIbL JOKA3aTEIbCTBO YTBEPKIACHUL 5.

> Ilycts 2, — au z, # a. [lockosbKy f # b B HEKOTOPOiT MPOKOJIOTON OKPECTHOCTH TOYKH G, HAWIETCS

takoit nomep N, uro f(x,) # b ms Beex n > N. IlocaenoBarensnocts f(xy41), f(Tni2),. .. cxonuTes

K b W He oWH U3 €€ WIEHOB He paBeH b, mosromy mociaemoBareabHocTh ¢(f(xni1)), 9(f(Tni2)), .-

cxoaures K ¢. OrbpachiBanne win J00aBIeHAe KOHEIHOTO YUC/Ia YICHOB IOCJIE0BATELHOCTH HE BJIUSET

Ha €6 CXOIUMOCTb, CJIEJOBATEILHO, BCA mocsenoBareabnocTsb {g(f(x,))} Takxke cxomures k c. Takum

00pa30M, MbI TI0 OIPEICACHUIO TIPejIe/ia, TOKa3aI1, YTO li_r>n g(f(x)). <
r—a

Omnpenenenue npeaena pyakum mo Komm

[IycTh, Kak ® BBINIE, TOYKA a ABJISETCS TIPeeJbHON TOUKOoM MHOXKecTBa D. Umcesao b HaspiBaeTcs
upegesom byukuuu f upu x — a (10 MuoxectBy D), ecau Jyist Besikoro € > 0 naiinéres takoe 6 > 0,
aro a1d Becex © € D u3 mepasencrsa 0 < |z — a| < 0 caexyer mepasencrso |f(x) — b| < e.

C ucrop30BaHeM KBAHTOPOB 3TO ONpeJieJieHre MOKHO 3anucarh Tak: lim f(z) = b, ecan
Tr—a

Ve>030>0VzeD O0<|z—a|l<d0=|f(x)—0<e.
HamommmwM, uto 3amucu 0 < |z — a| < 0 n x € Uj(a) paBHOCHILHBI.
Ecau muO)KeCcTBO D HE OrpaHNYeHO CBEPXY, TO MOXKHO OIIPeAeNTh Ipeaes (pyHKnuu f mpu x — ~+00
1o MHOKecTBY D corepytrommm obpasom. Hucso b HasbiBaercs npeaesoM Gyrkiuu f npun x — +oo (1o
mMHOKecTBY D), eciu Jyisi Besikoro € > 0 maiigércs rakoe M > 0, 9to jajist Bcex @ € D U3 HepaBeHCTBA
x > M cnenyer mepasencTBo |f(x) — b| < e. Amajorudno, ecju MHOXKECTBO DD He OrpaHHYEHO CHU3Y,
oIpeensieTcs npeaea (PYHKIMH IPpH & — —o0.

Teopema 39. Onpedenerua npedena no Kowu u no I'etimne pasHocusombl.

> Ilycrs dyrkuus f numeer npenen o Kommu npu @ — a (mo MHOXKecTBY D), W 9TOT npejes paseH b.
PaccMOTpuM TIPOU3BOJIBHY IO OCIEI0BATEIBHOCTD {X,, } 9/1eMeHTOB MHO)KecTBa D, JJist KOTOPO# =, — @
U T, # a, d TOKaxKeM, 9T0 mnocjaenopareabrocts { f(x,)} exomures k b. [o onpenesnernnto Komm st
Beskoro € > 0 maiiaérest takoe § > 0, ato jutst Beex © € D us mepasenctBa 0 < |r — a| < § caemyer
uepasenctso |f(z) — b| < e. Ilockonbky =, — @ u x, # a, cymecrByer Takoe 9ucsao N, 9To IpU BCex
n > N Bermoaaero HepaBeHcTBo 0 < |z, — a| < 0, a 3HaunT, Npu Beex n > N BHINOJHEHO HEPABEHCTBO
0 < |f(xn) — b < e. D10 03HA™AET, uTO TMOCHEMOBATEABHOCTD { f(X,,)} cxoauTes K b, T.e. dbyuknus f
uMeeT mpeses mo Leitre mpu  — a (110 MEOXKecTBY D), U 9TOT mpejie paseH b.

[Tycrb Tenepnb dyukius f umeer mpejen mo Leiine npu © — a (10 MHOXKecTBY D), U 3T0T Tpejie
pasen b. [Tpeamosoxkum, aro quciao b He siiasiercs npejeaom dyuximun f mo Komun npu x — a (1o
MHOKecTBY D). DT0O 03HaUaeT, 9To CylecTByeT Takoe £ > 0, aro st jroboro 0 > 0 Hafiaéres Takoe
saadenne © € D, aro 0 < |z —a| < 0, no |f(z) — b| > €. Byaem Gpars B kadecTBe § uncia suga 1/n,
n € N, u 0603Ha9aTh COOTBETCTBYIOIIEe 3HAYEHHE X Yepe3 X,,. Torpa moayaum 0 < |z,—a| < 1/n,n € N,
MOITOMY T, — a U &, # a. C apyroii croponsr, |f(x,) — bl = €, n € N, mosromy mocsie10BaTeIbHOCTD
{f(z,)} Be cxomures K aucay b, a 970 HPOTHBOPEUUT OLPEJIEICHUIO pesesa 1o Leiine. <

[IpuBeéM TpUMEPHI YTBEPZKICHU, KOTOPbIE eCTECTBEHHEE JOKA3BIBAIOTCS B TEPMUHAX OIPEICTCHIS
Kommn.
Omdeaumocmo. Ecmm lim f(x) = b > 0, To maitaércs takas mpokosoras okpecTHocrs Us(a), 9To
Tr—a
st Beex x € Uj(a) N D cupasenuso nepaserctso f(x) > b/2 > 0.
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> Ilosoxkum B onpesesienun mpejena € = b/2. Torga naiinérest takoe § > 0, aro mis seex x € Uf(a)ND

nmeeM |f(x) — b| < b/2. CaenoBarensuo, ans Beex x € Us(a) N D noxyvaem
b b
f(x):f(a:)—b+b>—§+b:§. <

Oepanuvennocme. Ecnn cymectByer KonedHblil npesen lim f(x), To HaiiayTcs Takue MPOKOJIOTAsT
Tr—a

okpectaoctb Uj(a) u aucio C' > 0, uro misg seex x € Uj(a) N D copasemmuso nepasenctso | f(z)| < C.
JloKa3aTebCTBO MOJTHOCTHIO AHAJOTHYHO MIPEJIBLIYIIEMY.

IlepBoIii 3aMevaTeNbHBIIN TPEIET:

. sinzx
lim =1.
z—0 2

> DT0 paBEHCTBO BHIBOAUTCS U3 HepaBeHCTB rcost < sinz < x upu 0 < x < /2 u Teopembl 0
npejeie 3axkaroit pyuknun. Hepasencrso sinz < x ¢jiejlyeT U3 TOTO, YTO JAYra JIUHBI 22 HE KOPOUe
cTaruBaloniei eé xopbl JunHbL 2 sin x. HepaBencTBo x cosx < sinx ciejyer u3 HepaBeHcTsa r < tgw,
KOTOPOE, B CBOIO OY€epe]ib, ABJIdeTC BhIPaykeHneM Toro (pakTa, 9To cyMMa JIJINH OTPEe3KOB KacaTeTIbHbIX,
NPOBEJEHHBIX K KOHIIAM JIYTH JITUHBL 22, paBHa 2tgx U He Kopode 3TOI JAyTHu. <

TeopembI 0 cymiecTBOBaHUM TIpeaesia (QYHKITUM.

Ecnu a — npenenbras Touka Muoxkectsa D~ = D N (—o0; a) u cymectByer mpegen GyHKIud [ 0o
MHOKecTBY D~ npu & — a (cokpaménno numyt © — ¢ — 0 win £ — a—), TO STOT IpeJIeJl HA3bIBAIOT
npedesom caesa pyHKIEU f B TOUKE a. AHAJTOTHIHO OIPEILISAETC MPEIeT CIIPaBa.

IIycTh a gaBngercsa npeaeabHoil TOYKOM 11 MHOKecTs D~ n DV, @yuknma f uMeer npees B TOUKe
a paBHBIH b TOrma U TOJBKO TOT/A, KOTIa Hpeaessl GYHKINN f CJIeBa U CIIpaBa B TOYKE @ CYIIECTBYIOT
U PaBHHI b.

Teopema 40 (Beitepmrpace). Ecau dynxuyusa f: D — R neybusarowan u oepaHuvennas, a mowka

a — npedeavran 0ai mrosxcecmea D™ = D N (—o0;a), mo cywecmsyem npedes caesa
l = .
Jim ) = sup f(z)

> Ilyers supp- f(x) = L. dus Beskoro € > 0 maiiaéres Touka xg € D™, mias xkoropoit f(zg) > L — e.
[Mockonbky f HeyObIBaoMmast, HepaBeHcTBo f(x) > L — & BBIIOTHSETCS I BCeX TOUeK © € (zo;a)ND™.
Kpome toro, f(z) < L upu x € D~ no oupenenennto Bejimunnbl L. Takum obpazom, Jjis Beex T €
(x0; @) N D~ Bommosnmeno mepasenctso |f(z) — L] < e. <

AHaJIOTUIHO MOYXKHO TOKa3aTh, 910 ecyu (pyukius f: D — R meyOwbiBatomas u orpaHnvIeHHasi, a
TOYKA a — TpejeabHas g MHOkecTBa DT = D N (a;4+00), TO CymmecTByer npejes cupasa

lin f(z) = inf (2).

r—a—+0
CJIG,Z[CTBI/IG 10. Ecau na urnmepeaie onpeﬁe/aeHa MOHOMOHHAA &yH%uU.}Z, mo 6 Kasicdol mouke un-
mepeana Yy omot gbymﬂuuu cyuecmsyrom npe&e,/m CAesa U Cnpaeca.

Teopema 41 (kpurepuii Kommu). ITyemo f: D — R u a — npedeavras mouka muoscecmea D.
IIpedes lim f(x) cywecmsyem mozda u moavko mozda, koeda dasn 6carozo € > 0 natidémes maroe
Tr—a

d >0, wmo us nepasencms 0 < |r —a| <0 v 0 < |y —a| <& caedyem nepasencmeo |f(x) — f(y)] < e
(m. e. swnoanaemes ycaosue Kowu).

> W3 mepasencrsa |f(z) — f(y)| < |f(z) — b + |b— f(y)], tme b = lim f(x), ciaeayer HEOOXOANMOCTD.
T—a

Jokazkem moctarounocts yeaosus Komru. [yers x, — a u ,, # a. Toraa nocaenosarenbuocts { f(x,)}
yaosJersopser yeiaosuio Komm u nosromy cxopurcd. IlycTh HOMUMO T, 3aaHa APyTrad IOCJIe10BATe/ b-
HOCTb Y, — G, Yp 7# a. Torma cMemaHHas MOCIeIOBATEIBHOCTD 2, : T1,Y1, T2, Y2, ... CXOOUTCA K @ H
zp # a. CaegoBaTebHo, NOCae10BaTebHOCTD { f(2,)} CXomanuTes, a 3HAYNT, K TOMY 7K€ CAMOMY MpeIesTy
cxopiaTest eé mogmnocenopareabroctu { f(2,)} u {f(y,)}. Vrak, Mbl moka3aaym cyIecTBOBaHHE PeIesa
o ['eitHe. <

B zakmiodenne onuiem abCcTpakTHYIO KOHCTPYKIUIO, 000OIIAIONIYIO y2Ke PAaCCMOTPEHHbIE HAMH I10-
HATHS IIpejesa Moc/Jae0BaTeIbHOCTH U Hpeiesa (pyHKIuY.

26



IIpenen mo 6aze

[TycTs 3aman0 HemycToe MHOXKecTBO X . Ba3ot HAa3bIBaeTCsl TaKoi HermycToit Habop B moaMHOKECTB
MHOXKecTBa X, 9TO

1) B 9T70M HabOpE HET MyCTOr0 MHOXKECTBA,

2) nast Bestkumx AByX MHOKectB U,V € B Haiigércs tperbe MHOXKecTBO W € B, 1isi KOTOPOTO
cupaseiuBo BrJaw4denne W C U NV.

[Tycrs f: X — R. Yucao b nazeisaerca npedesom dynryuu f no 6aze B (mumem lilrgn f(z) =b), ecin
JUI Beakoro € > 0 Haiigércs takoit smement U 6a3er B, aTo mig Beex © € U cupaBeIinBO HEPaBEHCTBO
f(z) —b| <.

[Ipumepsr 6a3:

1) muoxkectBa Buga {n € N: n > N}; npenen no Takoii 6a3e — mpejies mocje10BaTeIbHOCTH.

2) TPOKOJIOTHIE OKPECTHOCTH TOYKHU @; TIPeJIesi 1o 3Toi 6aze — mpenes hyHKIHN.

B kauecTBe mamocTpanuu paboOTH ¢ MpeIeoM 10 Oa3e JT0KaXKeM TPH MOJe3HBIX YTBEPZKIeHU.

I (Eduncmeennocmo npedena). Ecmu ligl f(x)=0bm ligl f(x)=¢c,Tob=c

> Ilycrs € > 0. Ilo onpenenenuio nmpemesa o 6a3e naiigéres srement U 6assl B, Ha kotopoM |f(z) —
b| < e, u snemenr V 6a3bl B, na xkoropom |f(x) — ¢| < e. Cymecrsyer ssement W C U NV Gasbl B.
[Mockonbky W # &, cymecteyer x € W. Jlng sToro x numeem

b—cf < [b— f@)|+[f(z) —cf < 2.
Ecmu |b —¢| > 0, To mpu € = |b — ¢|/2 npuxoaum k poruBopeunio. CriegoBaTennmo, b = c. <
IT (JIunetnocmv npedeaa). Ecan lién flz)=0bu lilrgn g(x) = ¢, o lién()\f(x) + pug(x)) = Ab+ pc nis
BCcex A\, i € R.

> Jlas Beskoro € > 0 Hafiném takue saeventol U u V' 6asbr B, aro |f(z) — b < e upu x € U n

lg(x) —c| <empux € V.Ilyetrb W € Bu W C UNV. Torga Ha 3roM 371eMeHTe 6a3bl CIPaBeIIHBO

nepapencTso |af (x) + Bg(x) — ab — Be| < (|al + |5]). <
IIT (Monomonnocms npedesa). Ilycrh cymecTByOT Ipeaesbl lién f(z) =b, lién g(x) = ¢ n Ha HeKO-

topom 3jiemente W Ga3wl B Beimosinsiercs nepasenctso f < g. Torma b < c.

> Just Beaxkoro € > 0 maligércs takoil smeMeHT U 0a3bl B, 9T0 Ha HEM BBINOJIHIETCS HEPABEHCTBO

b—e < f(r) < g(x) < ¢+ e. Buauur, b < ¢+ 2e. Eciiu b > ¢, 10 upu € = (b — ¢)/2 nonayyaem
HepaBeHCTBO b < b, aTo HeBO3MOXKHO. CremnoBareibHo, b < c. <

Jlst cokpalenns 3amucu ya00HO UCIOJIB30BATh «O-CUMBOJIMKY ». [lycTh 3a1ana 6a3a B u Ha HEKOTO-
pOM eé syteMeHTe BhIoIHeHO paBeHcTBO h(x) = a(x)g(z). Torma econ lilrgn a(xz) =0, To murmyT h = o(g)

1o 6aze B; ecau dbyHKIMs () OrpaHUYeHHA HA HEKOTOPOM 31eMenTe Gasbl B, To mumyT h = O(g) 10
baze B; econ 1ilrgn a(x) =1, To numyT h ~ g o 6aze B.

Byzaem rosoputh, aro GyHKmua f cmpemumesa k +00 mo 6ase B, ecau as Beakoro M > 0 Haiigércs
takoit smement U 6a3bl B, 410 Ha HEM BhIonHsgeTcs HepaseHcTBO f(x) > M. B stom cayuae Oymem
HCIIOMB30BaTh obo3Hauenne lim f(r) = +oo. Pyukuus f empemumea x —oo mo 6aze B, ecmu (—f)

B

CTPEMHUTCS K +00; B 9TOM cjIydae Oy/ieM mucaTh liéﬂ f(z) = —oo. Hakowner, dbyukimst [ empemumes k 0o

o 6aze B, ecan | f| crpemuTest K +0o no 6a3e B. Takue hyHKINN HAZBIBAIOT HeCKOHEUHO OOADULUMY TIO

6aze B. [loguepkuém, 910, KAK U B C/Iydae MOCIEI0BATEIHHOCTEH, HECMOTDSI HA UCIIOIb30BAHNIE 3AIUCH

Buja lim f = oo GeckonedHo Gosbimie DYHKIHH He HA3BIBAIOT CXOMASITIUMHUCS K GECKOHEYHOCTH (TeM He
B

MeHee, WHOTIA TOBOPSAT, YTO OHU MMEIOT GeCKOHeUHBIH Tpestest). Mbl 6y1eM CIuTaTh, YTO YTBEPIKICHHE
«(yHKIUA UMeeT 1Ipejie/iy O3HadaeT crpemiienne (pyHKIUMU K KOHEYHOMY YUCJLY.
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HenpepriBabie ¢yaKImm

Onpenenenne u JIOKaJbHBIE CBOMCTBA
Oyukmnus f HempepblBHA B TOYKe a 1m0 MHOXKecTBY D, ecim [ onpenenena wa D, a € D u mua
BesiKOro € > 0 Haiizéresa Takoe uncao § > 0, uro misa Becex © € D u3 HepaBeHCTBaA |r — a| < § caexyer
nepasenctso |f(z) — f(a)| <e, T e.
Ve>030>0VzeD |x—a|l<d=|f(x)— fla)| <e.
Hamomunm, 910 3amucu |z — a| < 6 u © € Us(a) paBHO3HATHBI.

Ipenmoxenne 3. Caedyrousue ymeepHcOeHUs PAEHOCUNDHDL.

(1) Qynruyusa [ nenpepvisha 6 mouke a no mmuoscecmesy D.

(i) Jlas ecaxoti nocaedosamensvrocmu x, € D, cxodawetica k mouke a, nocaedosamesvrocms { f(x,)}
cxodumes x f(a).

(iii) Touxa a — usoauposannas mouwka mrosrcecmsa D uau a — npedesvran mouxa muoscecmea D u
lim f(z) = f(a).
T—ra

CaenctBue 11. Ecau dynkuyuu [ u g nenpepwvists, 8 mouke a no muoscecmey D, mo dpynwxuyuy f+g
u f - g nenpepuenv 8 mouke a no mmuoscecmey D. Ecau g(x) # 0 npu x € D, mo f/g nenpepuisha 6
mouke a no muoocecmey D.

> Ecmm x, — a npu n — oo, T0 o ycaosuo umeeM f(z,) — f(a) u g(x,) — g(a). Ilo apudmernxe

upejea nocjiegoBaresibuoctu nojiydaem f(z,) + g(z,) — f(a) £ g(a), f(z,)g9(z,) — f(a)g(a), n eciau

g9(x) #0npu x € D, o f(xn)/g(za) — f(a)/g(a). <
ITyctp X — Hemycroe 1mojMHOZKECTBO MHOXKeCTBa, R.

Caeacreue 12. Ecau gynkuuu f: D — X ug: X — R nenpepovieno. 6 mouke a € D no muootcecmaey
D u 6 mouxe f(a) no mmoocecmey X coomsemcmeenno, mo gynxyua g(f(x)) nenpepwena 6 mouxe
a no muoocecmsy D.

> Ilycts z,, € D n x,, — a nipu n — oo. Torma f(x,) — f(a) u g(f(z,)) — g(f(a)). <

CaeacrBue 13 (JrokaabHast OTPAHHYCHHOCTD). Eeau dynkyus [ nenpepuiena 6 mowke a no mmooice-
cmey D, mo natidymea makue okpecmuocms Us(a) u wucao C > 0, wmo das scex x € Us(a) N D sepro
nepasencmeo | f(z)] < C.

> Ilosoxum ¢ = 1. Torma mo ompeeneHHI0 HENPepBIBHOCTH Haiigércs takoe § > 0, 9T0 I BCex
x € D u3 HepaBencrBa |xr — a| < § caenyer nepasencrso |f(x) — f(a)| < 1. CiaenoBarebHo, jjist Beex
x € Us(a) N D monyuaaem |f(x)| < |f(z) — f(a)| + |f(a)| < C, rmne C = |f(a)| + 1. <
Caeacrue 14 (06 orienumoctn). Ecau gynkyua f nenpepwena 6 mowke a u f(a) > 0, mo natidémes
f@

maxas okpecmmuocmo Us(a), wmo daa ecex x € Us(a) sepro nepasencmeo f(r) > =7~

Touku pa3priBa
Touxu paspviea GYHKIUE — 3TO TOYKH OOJACTH OIpEJE/JeHNs, B KOTOPBIX (DYHKIUA HE SBJISET-
cs HempepbiBHON. Ecm B Touke a (pyHKIus f He ABISIETCS HEMPEPBIBHOW 1O MHOXKecTBY D, TO a —
npejesibHasg Touka D, B Koropoit ubo npegesn lim f(x) cymecrsyer, Ho He pasen f(a), 1ubo mpese-
r—a

naa lim f(x) me cymectByer. B mepBoMm ciydae TOBOPST, UTO a SBASETCS MO4KOU YCMPAHUMO20 Pa3-
Tr—a

posa dynakuun f. Pacemorpum Bropoil coydail. Ecim Todka gBISeTCS IpemeabHOR IjId MHOXKECTB
DN (—o0;a) u DN (a;+00), TO MOKHO TOBOPUTH 00 ofHOCTOpOoHHEX mpemestax dyuknuu f. Ecan
OJHOCTOPOHHHEE TIpefenbl (PDYHKIUHE [ B TOUKE @ CYIICCTBYIOT, HO PA3INYHBI, TO TOBOPAT, UYTO 4 ABJI-
ercst moukol paspviea nepeozo poda. Ecau xorst 6bI OHOTO OJHOCTOPOHHETO IIPEJEa HE CYMEeCTBYeT
(B wacTHOCTH, €cjau (DYHKIHS CTPEMATCsT K OECKOHEYHOCTH TPH CTPEMJIEHHH T K TOYKe a CJieBa W
CIIpaBa), TO @ Ha3bIBAIOT MOYKOl Pa3puiea 6Mopo2o poda.

Mpennoxenue 4. Mornomornas Ha uHMEPBANE PYHKUUA MOHCEM UMEMD HA IMOM UHMEPBANE PA3-
PHLBBE MOALKO NEPB020 P0G, NPUUEM MHOHCECTNEO IMUT MOYUEK PA3PLIEa HE boaee YeM CHEMHO.
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> Ilycts f — HeyGwiBatomias yHKIusa Ha uHTepBae (a;b). PaccMOTpUM MPOU3BOIBHYIO TOUKY Xo €
(a;b). Ilo Teopeme Beiteprurpacca

lim Of(x) =sup f(z) =A< f(xg) < B=inf f(z) = lim f(x).

T—TO— <10 r>x0 r—x0+0

Ecnu zy — Touka paspsiBa dyukimn f, 0o xors 661 o100 u3 Hepaseucts A < f(xg) u f(xg) < B crporoe
n A < B. Takum o0pa3oMm, Ty — TOYKa pa3pbiBa IepBOro pomga. [loctaBuMm ToUYKe Ty B COOTBETCTBHUE
unrepsai (A; B). [losydaem, 910 pasHbIM TOYKaM Pa3pbiBa COMOCTABIECHBI MOIAPHO HEMEPeCeKAIOTIHe s
unTepBaabl. Ha 4ncioBoit mpgamMoit MOXKHO pacioJIOKUThL He DoJiee 4eM CUYETHOEe MHOYKECTBO HEIyCThIX
HOIAPHO HEIEPeCeKaroInXCs HHTePBAJIOB, I03TOMY MHOXKECTBO TOYEK pa3pbiBa He GoJjiee 4eM CYETHO.
<

IIycrs Teneph by f onpeneneHa Ha Beeil uncaoBoit mpsamoii. Ecan dyakius f orpanndenHa
Ha MHOXKeCTBe F, To koaebaruem pyHKIUN f HAa MHOXKECTBe F HA3BIBAETCS BEJTHIMHA
w(f,E) = sup |f(z)— f(y)]-
zyel
B cayuae, korga GyHKIus f HeorpaHnYeHHA Ha MHOKeCTBe F, TO mosaraem 1o onpejgenennio w(f, F) =
+o00. [aJiee Bcerga canraem, 9To +00 OOJIBINTE BCIKOTO BEIIECTBEHHOTO UHCJIA.

[Iycrs dbyukius f orpaHudeHHa B HEKOTOPO# okpectHocTH U, (a) Touku a. DyHKIHS 0 >
w(f,Us(a)) meybniBatormast u weorpunareabuas ma uarepsaie (0;7). [lo Teopeme Beitepmrrpacca cy-
IECTBYET IIPeJIel

wi(a) = Tim w(f,Us(a)).
6—0+

KOTODBIi HA3BIBAIOT Koaebanuem Gyaknun f B ToUKe a. Ecam Bo BCIKOH OKPECTHOCTH TOYKH @ (OYHKITUS
f HeOrpaHWUeHHA, TO MOJIATAEM II0 OIpejeaeHnio wy(a) = +oo.

IIpennoxenue 5. Henpepuisrocms dynkyuu f 6 mouke a pasrocusvna pasencmey we(a) = 0.

> Ilycts dyuxunus f mempepeiBHa B TouKe a. lokaxewm, uro torma wg(a) = 0. Hna Begkoro £ >
0 maiinérea Takoe d > 0, aro |f(x) — f(a)| < ¢ mpu = € Us(a), B wacrnocru, w(f,Us(a)) < 2e.
CrenoBaresnbHo, wy(a) < 26 U B CUILy TPOU3BOJIBHOCTH € CIPAaBEINBO paBeHCTBO wy(a) = 0.

ITycts remeps wy(a) = 0. [okaxkem, aro ¢yukmus f mempepsiBHa B Touke a. [lo ompenesrenuio
wy(a) ans Besikoro € > 0 cymectsyer Takoe 6 > 0, uro w(f, Us(a)) < e, B wactnocrn, |f(z) — f(a)| < ¢
npu z € Us(a). <

Cute1oBaTe/IbHO, MHOZKECTBO TOUEK pa3pbiBa GyHxnun f MozkHO npegcrasutsb B suge | J, {z: wy(z) >
1/n}.

IIpennoxenne 6. J[aa 4106020 namypasvrozo wucaa n muoscecmso {x: we(z) = 1/n} samrnymo.

> IToxazkem, 9TO JOMOJHEHHE K STOMY MHOXkKeCTBY OTKPBITO. IIpemmomoxkum, aro wy(xg) < 1/n. Ilo
OIIpeJIe/ICHHIO Ipesesia Haiiiérea Takas okpectHocTh Us(xg), aro w(f, Us(zo)) < 1/n. Torma ana Bes-
Koro € Us(x() BBIIOTHSETCS HepaBeHCTBO wr(x) < 1/n. <

CrenoBaTeIbHO, MHOYKECTBO TOUYEK paspbiBa (MYHKIWN [ aBasgerca oObeanHeHHeM He Oojee dem
ca6THOTO HADOPA 3aMKHYTHIX MHOYKECTB. BoJiee TOro, Jjis1 BCIKOTO MHOYKECTBA, KOTOPOE SIBISETCS 00b-
ejquHenneM He Gojiee 4eM CYETHOrO HAOOPa 3aMKHYTHIX MHOXKECTB, MOYKHO TPEIbIBUTL (DYHKIHIO €
TAKUM MHOYKECTBOM TOUYEK pa3pbiBa. TeM caMbiM, JaJeKO He KazK/10e MHOKECTBO MOXKET OBITH MHOZKe-
CTBOM TOYEK pa3pbiBa HEKOTOPOH (DYHKIMHU, PABHO KaK M HE KayKJ0e MHOXKECTBO MOYKET ObITh MHO-
JKECTBOM TOYEK HENpepbiBHOCTH. Tak, cylmecTByeT (ByHKIHs, pa3pbiBHAs B KarKJIOf TOYKE YHCIOBOI
npsivoit: dyukmus dupuxiae D(x) = Ig, pasnas 1, ecam 4muesno © pannonaabuo u pasaas 0 B mpo-
tuBHOM ciaydae. CymecTByer (DYHKIHUs, Y KOTOPOH MHOZXKECTBO TOUYEK PAa3PbIBa — BCE PAIMOHAILHBIC
ancia: byskmus Puvana R(z) = 1/n, ecin © = m/n, tae m/n — Hecokparumas apods, R(0) = 1, u
R(z) = 0 Bo Bcex uppanuoHaibHbix Toukax. OQHaKo He cylecTByer MyHKIUHA, Y KOTOPOH MHOXKECTBO
TOYEK pa3pblBa — BCE UPPALUMOHAIbHBIC TOYKUA YUCJIOBON HPAMOI.

I'nobaspHEIE CBOIicTBA HEMPEPBHIBHBIX (OYHKITHIA
QyukIusg HENPEpPbIBHA HA MHOXKecTBe [, ecjim OHA HENPEPBIBHA B KaXKJ0# TOYKe MHOXKecTBa D 110
MHOXKeCTBY D.
Teopema 42 (Beiiepmurpace). Ecau gynxyusa f nenpepwena na xomnaxme K, mo ona ozpanuuenna
na K, m. e. cywecmeyem makoe wucao C > 0, umo |f(x)| < C daa scex x € K.
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> Iepeuwti cnocob. Ilpeanonoxum, uro dyukmus [ He sBiasercs orpammdernoil. Torma st BCIKOro
HATYPAIBHOTO YHCIA M CYyIecTByer Takoe x, € K, uro |f(x,)| = n. [lockombky K — KoMmakT, cy-
LIECTBYET MOJIIOCJIE0BATEILHOCTD { Ty, }, CXoasiasics K Hekoropomy =g € K. B cuity HenpepsiBrOCTH
dbyukunn [ mocaegoBarenbuocts f(x,, ) cxogurcesa K f(xp), HO mo mocrpoenuto |f(xy, )| = ng — oo.
IIporuBopeune.

Bmopoti cnocob. llockoabKy byHKIHs f HeIpephiBHA B KaxKI0H TOUKe @ KOMIAKTA K, CyIMecTBYIOT
taxue okpectHocThb U(a) 1 uncao C'(a) > 0, uro | f(x)| < C(a) mpu x € U(a)NK. Oxpectnoctu {U(a)}

nokpeiBator K. I1o onpejesienuno KoMnakTa MOXKHO BbIOpaTh KoHeunoe nounokpeirue U(ay), ..., U(ay)
¢ coorsercrBytonumu quciaavu C, . .., Cn. Tlonoxkus C' = max{C}, Cy, ...,Cy}, moayqaewm | f(z)| < C
g Beex x € K. <

Teopema 43 (Beitepmirpace). Feau @ynxuyua f nenpepwsena Ha womnaxme K, mo cywecmeyrom
maxue T, Ty € K, wmo

flwn) = inf f(z). flaw) = sup f(2).

rzeK

> PacemorpuM TOIBKO cayvait Tounoil muzkneil rpanu. [lomoxum A = inf f(x).
zeK

Ilepswiti cnocob. [Iasi BCAKOro HATYypabHOI'O YHCIA 7 CYIIECTBYeT Takoe 4Yucjio r, € K, 4aro
A < f(zn) < A+ 1/n. Buaunr, f(z,) — A ompu n — oo. Iloap3yscs KommakrHocTbio K, BbIGE-
PeM HOJIIOCIIEIOBATEILHOCTD Ty, , CXOJANIYIOCS K HEKOTOPOMY Zo. DyHKIMs [ HempepbiBHA, HOITOMY
f(zn,) = f(xo) n, 3naunt, f(zy) = A.

Bmopoti cnocob. Tlpeanonoxum nporusHoe: myctb A < f(x) pus Besikoro @ € K. Torga dynknus
g(x) = 1/(f(z) — A) menpepsiBra Ha Komnakre K. [To npeapiymieil Teopeme sta DyHKIHSA OrpaHH-
denHa, T.e. g(x) < C' mst HeKoTopoit monoxkureabroit Koucrantel C. Crenoaresbro, f(x) > A+ 1/C
I BeeX x € K, 94TO IPOTHBOPEYUT ONPEIEICHII0 TOYHOM HUKHEH TpaHu. <

Teopema 44 (Komm). ITycmo dynkyus f nenpepwsena na ompeske |a; bl.
(i) Ecau f(a)f(b) <0, mo f(c) =0 daa nexomopoezo c € |a; b].
(ii) Ecau A= f(a), B=f(b) u A< C < B, mo f(c)=C daa nexomopoeo c € |a;b).

> Jlokazkem cuagasa yrsepzxkaenue (i).

Ilepswiii cnocob. Pazaennm orpesok [a; b] monosam. Ecin okazamnocs tak, aro f((a + b)/2) = 0, To
nosioxkuM ¢ = (a + b)/2. Eciu xke 3uadenue f((a+ b)/2) owmano ot my/isd, T0 f IPUHAMAET 3HAYECHUS
Pa3HBIX 3HAKOB HA KOHIAX WK oTpe3ka [a; (a+b)/2], win orpeska [(a+b)/2;b]. Ilycrs [a; bi] — Tor u3
9TUX OTPE3KOB, Ha KOHI[AX KOTOPOTO f MPUHUMAET 3HAUEHUST PA3HBIX 3HAKOB. I[OBTOPUM PACCyIKIEHHs
¢ orpe3koM [ay; by] BMecTo [a;b] u T. 4. BO3MOXKHDBL ABe CHTyanuu: WM Ha HEKOTOPOM MIAre HOCTPO-
eHUsI CEpPEIMHA OUePEHOrO OTPE3KA ABJAETCA MCKOMBIM YHCJIOM ¢, MM MOCTPOEHA CHCTEMA BJIOKEH-
HBIX OTPE3KOB [ap; by, JTHHBI KOTOPBIX CTPEMATCSA K HYJIIO H JJIs KOTOPBIX BBIIOTHSETCA HEPABEHCTBO
f(an) f(b,) < 0. Ilycth ¢ — obImast ToYKa OTPe3KOB [a,;by,]. Torna a, — ¢ u b, — ¢ upu n — 0o. OyHK-
nug f menpepbiBHa, noyromy f(a,)f(b,) — f2(c). [omyaaem f2(c) < 0 u, crenosarensuo, f(c) = 0.

Bmopot cnocob. Tlpeanonokum, 910 TaKOi TOYKK ¢ HET. Torjaa MHOXKeCTBa

Fo=A{z: f(x) <0} w Fy={z: f(z) >0}
3aMKHYTBI, HE TYCTHI H HE MEPeCeKAIOTCs, a B 00beTHHEHUH TAI0T BECh OTPE30K [a; b]. DTO HEBO3ZMOKHO.
IIporuBopeune.

Tenepsb jgokazkem yrepxkiaenue (ii). Ecain A < C' < B, 1o aas dbyuxnun g(z) = f(x) — C Bbinos-
usercs yeaosue g(a)g(b) < 0 mw no nyukry (i) Haiinéres ¢ € [a; b], nas koroporo g(c) = f(c) — C = 0.
<

ITpomentcymrom Ha3BIBAETCS BCSKOE MOJAMHOMKECTBO YUCA0BOM MPSIMOI, KOTOPOE BMECTE ¢ JIOBIMH
JIBYMsI CBOUMHU TOYKAMH COJIEPKHUT OTPE30K, WX CoeauHsiomuii. MOKHO MoKa3aTh, 9TO MPOMEIKYTKa-
MU SBJISIOTCS TOJBKO IIYCTOE MHOXKECTBO, OJHOTOYETHBIC MHOYKECTBA, HWHTEPBAJBI, MOJTYHHTEPBAJIB,
OTPE3KH, JIYIH U BCsl UUCTOBAS MPSIMAS.

CaencrBue 15. Ecau dynkuyus [ I — R nenpepwena na nenycmom npomescymse I, mo f(I) —
NPOMEHCYMOK.

> Ecau f npununmaer wa [ ogHo u TO ke 3Hadenue, 10 f([) — ojHOTOYEYHOE MHOKeCTBO. IlycThb
Terepb B f([) ecTh pa3udHble SJT€MEHTH Y1 U Yo. TOrAa HAMTYTCS TaKue T1 U o U3 I, a0 Y1 = f(27),
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Yo = f(x2) M OTPE30K ¢ KOHNAMHU 1 U Ty JexkuT B [. [To Teopeme 0 POMEKYTOIHOM 3HAYEHUH IS
BCAKOTO 3HAYCHHS 1/, JCKAIIETO MEKIY Y; U Yo, HAMIETCA TaKas TOUKA T W3 OTPE3Ka ¢ KOHIAMHI T{ H
Tg, uro f(x) = y. Takum 00pazom, OTPE30K ¢ KOHIAMH Yy U Yo JekuT B f(I). N

OtmernMm, 9T0 00paTHOE YTBEPIKIEHWE, BOOOIE rOBOps, HeBepHO. [Ipumepom siByisiercst (DyHKITHS
f(z) =sinl/x upu z # 0 u f(0) =0.

Teopema 45. Ecau gynxyua f monomonna na npomescymxe I u f(I) — npomestcymor, mo dymnruyus
f nenpepuieha.

> Tlpemnosoxum, ato (pyHKus [ HeyOBIBaOMAs W B HEKOTOPOH Touke o € [ paspweiBHA. [lycTh
Zo — BHYTPeHHsd TouKa npomexyTka [. Ciyuail, Korma xg — rpaHndHasg Touka [, paccMaTpuBaeTcs
aHaJOTHYIHO. VMeeMm

lim f(z) = sup f(z) = A< f(wo) < B= inf f(z) = lim f(a).

rz—xo—0 r<z0 >0 r—x0+0

[TockonbKy Xy — TOYKa pa3pbiBa, umeeM A < f(xg) nam f(xg) < B. Ipeamosoxum, ato A < f(xg)
(cayuaii f(zg) < B pasbupaerca anajorudno). 3amerum, uro f(z) < Anpux < zou f(x) > f(x) upu
x > xy. Caenosarennno, (A; f(z)) N f(I) = @. llyers Teneps 1 < xy. Torma moaydaeM BKIOYEHHU
Lf (z1); f@o)] € f(I) m (A; f(zo)) C [f(21); f(x0)]. TIpoTmBOpene. <

Teopema 46 (06 obpartHoit dyukum). [Tycmo f — cmpo2o MOHOMOHKHAA U HENPEPBLEHAA PYHKUUA
na npomescymxe 1. Tozda

(1) wmmooicecmeo J = f(I) asasemeca npomesrcymrom;
(i) f: 1 — J asasemesa buexkyued;
(iii) f~! aeasemca nenpepuenot cmpozo monomonnoti Pyrryuerd.

o> IlepBble JBa MYHKTA CJAEAYIOT U3 CTPOTOH MOHOTOHHOCTH M HempepbiBHOCTH (byuKimuu f. [Ipemmo-
JoKUM Tenepb, uro [ Bospacraer. Ilycrb y; < yo u y1 = f(x1), yo = f(x2). Ecim x1 > x5, 10O
f(x1) = f(x3), a 310 HpOTUBOPEUUT HEpaBeHCTBY Yy < Yo. CiieoBaTe/IbHO, T1 < To U [~ BO3pacTaer.
AHaZOTHYHO MOYKHO MOKa3aTh, UTO eCam f yObiBaeT, To [ ybwiaeT. Takum oGpasom, f~! crporo
MOHOTOHHA H II0 HOCTPOCHHIO [~ oToGpazkaeT IpoMexKyToK .J Ha mpoMe:KyTok I. ITo mokaszaHHOMY
Boie pyHKIUS ! HenpepbiBHA. <

2n—1

[Tpumensisi Teopemy 06 obparnoit dyuknum x f(z) = x**~ !, rage n € N, nosydaem cymecTBoBa-

1
Hue Bozpacrawoueii nenpepbiBHoil dyukiuu [~ (y) = y?»-1. AnajsoruvnbiM 06pa3’0M 060CHOBbIBAGTCSE
1
CYIIECTBOBAHKE HENPEPLIBHON cTPOro Bospactawrieil dbyukiun y2« Ha [0; +00), KoTopast sBJsieTcst 06-

patroit k f(z) = 2" ma [0; +00).

ITocTpoenne moka3zareabHOIT 1 JorapudMmaeckoit Py K
ITycts a > 1. Byuem npeanosiarath, 9TO0 HaAM W3BECTHO ONpejesieHne a” Jjisi PAIMOHAJIbHBIX T W
y2Ke U3BECTHBI CJIeIyolue CBOHCTBA:
=1, a"=a"-a', r<y<=a<a’
AJId BCEX DAIlMOHAJIbHBIX T, Y.
Hawm HOTpe6yIOTCH JABa BCIIOMOI'aTE€JILHBIX YTBEP2KICHUA.

IIpeanoxenue 7. I[Tycmv pynxuyua [ onpedesena na mmoocecmse QN [a;b] u cyuwecmeyem maroe
wucao M > 0, wmo das ecex x,y € QN [a;b] sepro nepasencmso

[f(z) = f(y)l < M|z —yl.

Tozda_cywecmeyem eJuHCMGENNAs HENPEPLIGHAL HYNKUUA f, 0aa Komopoti cnpasedauso pasencmeo
f=fnaQnla;b].

> Ilycrnb mocsie10BaTeIbHOCTD PAIMOHAIBHBIX THCET T, CXOUTCS K HeKOTOpoMy & € [a; b]. s Beskoro
e > 0 maiigéres rakoit momep N, 9To st BeeX n,m > N BBIIOJHEHO HEPABEHCTBO |1, — I'y| < €.
CrenoBaTeIbHO, IS 9TUX HOMePOB n, m uMeeM |f(r,) — f(r,)| < Me n, 3naunT, nocae10BaTeIbHOCTD
f(rn) dynnamenranbaa u cxomures. Toraa st ABYX 1OCJIEI0BATENHHOCTE PAIMOHAJIBHBIX TUCE T, —
T U S, — xupun — oo noaydaeM |f(r,) — f(s,)| < M|r, —s,| — 0, T. e. npejes mociea0BaTeIbHOCTH
f(rn) coBlagaer ¢ upeiesom nocesosarebaoct f(s,). Hotoxum f(z) = nlgg(} f(rn). Torua f = f

na QN [a;b] u | f(z) — f(y)] < M|z — y| ans Beex @,y € [a;b], uro BieudT HenpephBHOCTE .
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JlokazkeM e IMHCTBEeHHOCTD. 1IpeanoaoKuM, 4To aBe HenpepulBabe (GDYHKIUN fi U fo COBHAJAIOT HA
Q N [a;b]. dnsg nmpowsBoabHoro = € [a;b] HaliIéM KaKyIO-HHOYIb MOCTEIOBATEILHOCTD PATIMOHATBHBIX
YUCEN Ty, CXOIAILYIOCH K . B Cily HenpepbIBHOCTH HOJIY 94aeM

filx) = lim_fi(r,) = lim fo(r,) = fo(x).
n—oo n—oo
Taxum obpazoM, dYHKIUN fvl u jé COBIAJIAIOT. <

IIpeanoxenue 8. ITycmv N € N. Cywecmeyem maxoe nososcumensvnoe wucao C(N), wmo 0asn
scex x,y € QN [—N; N| ewnoaneno nepaserncmeo

|a" —a’| < C(N)|z —yl.
> Bynem npennosarare, uro x < y. Ecam y — o

> 1, 10
a¥ —a® < a’ <a” <ad¥(y— ).

1

Ilycts Teneph y — x < 1. Haiigérca Takoe HaTypaJabHOE TUCTO 1, 9TO <y —a < 1/n. Umeem

n+1
1 1
a —a* =a"(a " —1) <a(ar —1) <a(a—1)= < 2a"(a—1) <2aN(a—1)(y —2).
n n+1
3/16Ch MBI HCIIOTB30BATH HEPABEHCTBO an — 1 < (a — 1)2, KOTOpOE ABIAECTCH CJICACTBHEM HCPABEHCTBA
Bepuymwn. ckomoe uuciao C(N) pasro Mmakcumymy u3 wucen a’™ u 2(a — 1)a®. <

[Iyets F C R u onpenenena dyuknuda f : E — R. Ecan cymectByer Takoe qnciao C' > 0, 94To ajis
BCceX ,y € E BepHO HEPABEHCTBO

|f(z) = f(y)] < Clz -y,

TO TOBOPAT, 4TO (PYHKIUA [ yIOBIETBOpsieT Ha MHOXKecTBe E ycaosuro Jlunwuya ¢ koncrantoi C

[Tpumenum jokazanHbie yrBepKaenus. Ha Beskom orpeske [—N; N| cymecTByer eamHCTBEHHASI
HernpepbiBHAs DYHKIU ¢y, COBIAIAIONAA ¢ a° B PalMOHAIbHBIX Toukax. Kean M > N, To na orpes-
ke [—N; N| nogisgtorcs aBe GYHKIUU ¢y U gy, KOTOPBIE COBIANAIOT B CUJY €IUHCTBEHHOCTH. Jljist
BCAKOTO x mostoxKuM g(x) = gy (), vae [—N; N] — mpousBOJIbHBINA OTPE30K TAKOTO BHJIA, COJEPKAIIUiL
Touky x. HemmpepoiBras dpyukius g onpeaenena Ha R u copnagaer ¢ a” #Ha Q. Ucnoas3ysa apudmeruxy
npejiesia, MOXKHO [OKa3aTh, 9TO ¢ sIBJIsIeTCsl CTPOro Bospactaworieil dbyukmumeii u g(x +vy) = g(z) - g(y).
Ocraérest MOIOKUTH 110 OnpeseeHuio a” = g(x) g BeeX BeleCTBEHHBIX YhCel .

Takum obpazom, MBI MOCTPOWIA BO3paCTAONLy0 U HenpepbiBHYIO Ha R dyukmo a”. [lo Teopeme
00 obpaTHOI (PYHKIHUH CYIIECTBYeT oOpaTHasd K a” CTpOro BO3pacTalomias W HelpepbiBHAS (YHKIHS,
KOTOPYIO Ha3bIBAIOT Jorapudmudeckoit m obo3HadaioT log, x. Ilpu 0 < a < 1 monoxkum

—XT
a® = 1
a
U HMOJYyYUM YOBIBAIONIYIO U HeNpepbhiBHYIO Ha R (byHKINIO, KOTOpas Tak:Ke UMeeT 00paTHyIo, 0603Ha-
JaeMylo 4epes log, x.

Ecmu dyuknua f nmomoxurenbHa u 3amaHa PYHKIMS ¢, TO IO OIMPEIETEHAIO MOIaralT
f(m)g(x) — 9@)In f(z)

Bropoii 3amMeuaTesibHBII TPeIe:

) 1\"
lim (1 + —) =e.
Tr—+00 €T

> Ilycrs x > 1. CymecTByer HaTypaJIbHOE YUCIO N, A1 KoToporo n < x < n + 1. Torma

n+1) = x) = n '

B cuny onpenenenusa ducaa e g Beakoro € > 0 maiiaérca Takoe N, 4To jig Bcex n > N npasas

JacTh MEHbIe € + £, a JieBasg 4acTh OoJibine e — . CaemoBarenbno, s Beex © > N + 1 Beanvuna
x

(1 + %) OTJIMYAeTCsI OT € MeHbIIle YeM Ha &€, T. €. BBIIIOJHIETCs OlpeiesieHne npejesia no Kommn. <
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PaBHOMepHasi HEIIPEePHLIBHOCTh M PABHOMEPHAs CXOIMMOCTD

Oyukuug [ pasHomepHo Henpepbieha Ha MHOKecTBe D, ecau 1y1d Begaxoro € > 0 Haiimérca takoe
0 > 0, uro s Beex x,y € D u3 nepasencrna | — y| < 0 caeayer Hepasencrso |f(x) — f(y)] < e.

Teopema 47 (Kautop). Ecau ¢ynxyus [ nenpepwena na xomnaxme K, mo [ pasromepno wenpe-
poera Ha K.

> Ilepswii cnocob. llpenmonoxum mporuBHoe: cymiecTByeT Takoe € > 0, 4To st Beskoro n € N
HAWIYTCA Ty, Yn € K, yIOBIETBODSIONINE HEPABEHCTBAM |T, — Yn| < 1/n u |f(z,) — flyn)| = e
Bribepem B {2, } XOAAIIYIOCS K HEKOTOPOMY ) IIOALOCIEI0BATEIBHOCTD { Ty, }. IlocaenoBarenbHoCcTh
{Yn, } TOKE cxOgMTCS K T0. B cuny menpepsisnoctn dyukmun f pasuocts f(xy, ) — f(Yn,) cTpemMmTCs
K Hy/ao. [IporuBopeune.

Bmopoti cnocob. Ilycts € > 0. B cuiy HenpepbiBHOCTH f J71d BeIKOUW TOUKM a € K cylmecTByeT
Taxkag okpecTHOCTH Us(a), uto w(f,Us(a)) < e, mpuuém 6 3apucur or a. Oxpecrnoctn Usss(a) mo-
KpbiBalor K u u3 HEX MOKHO BHIOparh KoHeunoe nojuokpsirue: Us sz(air), ..., Usys(an). Tonoxum
6 = s min{dy, 0y, ...,0n5}. Bemn [o —y| <6 u x € Usyys(ar), 10 2,y € Us,(ax) n |f(2) — f(y)| <e. <

3amuieM orpe/ieieHne PAaBHOMEPHOl HempepbiBHOCTH B TepMuHax kosebanns w(f,Us(x)). OyHk-
nus f paBHOMEpHO HenpepbiBHA Ha D, ecyin i Besakoro € > () Haiigércs takoe o > 0, 4TO 171 BCAKOTO
x € D Bepno uepaenctso w( f, Us(x)) < €. B cuny Mmonoronuoctr no ¢ dyuxiwn w( f, Us(x)) nocnennee
HepaBeHCTBO BbIMoHAeTCs 71 Beex o € (0;9]. Takum obpazom, byHKIMs f pAaBHOMEPHO HENPEPbIBHA
Ha D, ecin (151_1};1) sup,cpw(f,Us(z)) = 0. HenpepsiBHocTh (byHKINE f Ha MHO2kKecTBe [) pPaBHOCHJIBHA

PaBEHCTBY (lsin(l)w(f, Us(x)) = 0 ans Beskoro x € D. Takum o6pa3oM, paBHOMEpPHAas HENPEPbIBHOCTh
%

o3Havaet, 9o Kosebanne dynkumu f Ha Us(x) mpubamzkaercs K HYJIO B ONMPeIEJEHHOM CMBICTe C
OJIHOIT CKOPOCTBIO Cpa3y BO BCeX TOUKaX * € D (TOBOPAT, 4TO CXOAUTCS K HYJIIO PABHOMEPHO), a 00bIY-
Hasl HEIPEPBIBHOCTH O3Ha4YaeT, uTo Koaebanue dyukuun w(f, Us(x)) npubanKkaeTcs K HYIIO B KaXKI0i
TOYKE, HO, BO3MOXKHO, C PA3HBIMH CKOPOCTSIMU B PA3HBIX TOYKAX (FOBODPSIT, YTO CXOJUTCS MOTOYEUHO).

Pacemorpum mpumep: f(x) = sin(1/x) ma D = (0;1). B kaxmoit Touke unrepsasa (0;1) ganmas
dbyHKIHS HEMpephIBHA, HO OHA He sIBJIsieTCsl paBHOMepHO HenpepbiBHOi Ha (0;1). [eiicTBurenbro, mo-
CKOJIbKY CKOJIb YTOJHO OJU3KO K HYJI0 (DYHKIMsS MPUHUMAeT 3HadeHus +1, CIpaBeIMBO PaBEHCTBO
SUP,e(o:1) W(f, Us(x)) = 2 maia Beakoro 6 > 0.

PaBHoMepHAas CXOIMMOCTH, ¢ KOTOPBIA MBI CTOJKHYJIUCH TPH OOCYXKJIEHUH PABHOMEPHON Hempe-
PBIBHOCTH, B 3aByaJMPOBAHHOM BHJE BCTpEYaIach HAM B TeOpuM npejena (pyHKun. Paccmorpum B
KadecTBe NpuMepa CIeyonyo 3aaaqy. [Tycrs nenpepoiBHas dynknus f: [1;+00) — R Takosa, 4ro
i Besikoro x> 0 gucsioBas mocaenoBarenbnocts f(xz), f(z +1),..., f(x +n),... cxogurea K Hysio
upu n — oo. BepHo s, 9TO ET f(x) = 07 OTBer orpumaTeseH.

x oo

HeiictBuresbro, Oyaem crpoutsb dyHKImoO f caemyomnmy obpasoM. Ha orpeske [n;n+1/n| rpadux
dbyukIuu f npejgcraBiasgeT coboir OOKOBBIE CTOPOHBI PABHOOEJIPEHHOI'O TPEYTOJbHHUKA ¢ OCHOBAHHEM
[n;n + 1/n| u BeIcoTOl 1, a Ha orpeske [n + 1/n;n + 1] dyuknus f pasma nymo. [lycts > 1. Ecin
apobuast gactb « He Menbine 1/N, o f(x +n) =0 mag Becex n > N. Ognako npegesn dyukmun f npu
T — +00 HE paBEH HYJIIO.

MHTepecHo, 9TO U3 CXOAUMOCTH MOCJIeI0BATeBHOCTH f(Nr) K HYJIIO JJis BCSIKOrO © > 1 U B caMOM
nene cienyer, aro lim  f(xz) = 0.

Tr—r+00

JlBe paccMOTpeHHBIE BBIIIE 33a9l MOXKHO ITepedOpMyIHpOBaTh CIeAYIIM 00pa3oM. 3ajana mo-
caenoBarebHocTh Gyukimit f,(x) = f(x +n) (wn f,(z) = f(nz)). Ussectno, uro f,(xr) — 0 mis
BCAKOrO = > 1 (T.e. mocjaenoBaTelbHOCTh (DYHKIUI CXOMUTCA MOTOUYEUIHO K HYJ0). BepHO JH, UTOo
SUPy>1 | fn(2)] = 0 (1. e. mocaenoBarenbroCTh DYHKIME CXOAUTCS PABHOMEDPHO K HYJI0)?

[MocaenoBarenbrHocth byukimit {f,} cxomures nomouewno Ha MHOXKecTBe D K dyHKIMu f, ecau
B KayKJ0if ToUKe x MHOMXkKecTBa D wmcsioBasi mocyaenoBarenbrocTh { f,,(x)} cxomuresa x 3navennio f(x).
MoOKHO MOCTPOUTH TPHMEP, MOKA3BIBAIOIIHI, 4TO MOTOYEYHAs] CXOAMMOCTH He COXpaHseT HelpepbiB-
HOCTh. OJIHAKO HENPEPBIBHOCTH HE TEPSETCST COBCEM, MHOXKECTBO TOUYEK HEMPEPHIBHOCTH IIPeTeTbHOI
dyukimn Bciogy wiotHo. [loaromy, nanpumep, pynknuio Jupuxiie Hejib3gd MOy YUTh KaK HOTOYEYHbI I
Ipejie/l HENPEPBIBHBIX (DYHKIUI.
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[TokaxkeMm, 9TO IOTOYEUHBIH IpeIe IOCJeI0BATEILHOCTA HEIPepPhbIBHBIX (DYHKIHUH HMeeT TOUKY
HEePEePBIBHOCTH.

Teopema 48. IIycmov {f,} — nocaedosamesvrocmo nenpepwenvr na R dynruuid. pednoroscum,
wmo oaa xascdozo x € R nocaedosamenvrocmo { fr(x)} cxodumesa x f(x). Toeda Pynwyus f umeem
xoma vl 00HY MOYUKY HENPEPLLEHOCTU.

> Ilpeamosozkum, 9o v GyHKIUU f HeT TOYeK HempepblBHOCTH. Toraa Best YUC/IOBasl MpsSMast siBJIsI-
eTcd 00beIHHEHIEM 3aMKHYTBIX MHOXKecTB {2: wy(zr) > 1/k}. CnenoBarenbHo, X0Ts OB OJHO U3 ITUX
MHOZKeCTB 110 TeopeMe Bapa comepxutr orpesok [o; §]. Utak, mycrs we(x) > 1/k upu z € |o; f]. Iycrs
e > (. Paccmorpum HabOp 3aM-KHYTBIX MHOYKECTB

Fy = {z € [ 8]: [fa(@) = fu(@)] < a1 meexn,m > N},
Torna moayqaaem |o; 5] = Uy Fl. CaenoBarenbho, mo Teopeme Bapa cymecrsyer orpesok [v;0] C Fu,

v < §. 3amernM, 49TO JJIsl BCeX TOYeK x orpeska [v;d] umeem |f,(x) — f(z)| < e. Bee dbynkuuu f,
HEIIPEPBIBHbI, TOITOMY IIPH MAJIBIX € 9TO HEPABEHCTBO MPOTHBOPEUNT ycaouio wy(z) > 1/k. <

[TockoJIbKY 0Ka3aTeIbCTBO TeopeMbl (haKTHIeCKH 0e3 W3MEHEHUIH MOXKHO MOBTOPHTH C 3aMEHOMN
MHOKecTBa R Ha Bestkuii 0Tpe3oK, (pyHKIUs [ uMeeT BCIOAY MI0THOE B R MHOXKECTBO TOUYEK HEIPEPHIB-
HOCTH.

Ob6cynum GoJiee JeTagabHO OIpeesleHre moTodednoi cxomumoctu. [locimemoBarebHoCTh DYHKIUI
{fn} cxomurcs moroueuno Ha MHOKecTBe D K (bYyHKIMU f, €Ciin JIJIs KAXK A0l TOUKH = € D U BCAKOTO
e > 0 cymecrByer Takoit Homep N, 4to npu Bcex n > N BepHO HepaBeHCTBO | f,(x)— f(x)| < . Bamernwm,
yro HOMep N He 00g3aH OBITH OJHUM U TEeM Ke [IJId pa3HbiX 3uadenuii x. Leim xe g Begkoro € > 0
cymiecTByer Takoit Homep N, uro npu Bcex n > N mepasenctso |f,(x) — f(x)| < € Beimosnusiercst daa
ecex x € D, TO TOBOPAT, UTO TOCTe0BaTebHOCTh dbyHKImit { f,} cxonurcs k dyuknuu [ pasromepro
Ha MHO)KecTBe D. VIHBIMU clI0BaMH, PABHOMEPHAs! CXOJIUMOCTB TocaeoBaTeabroctu { f,} Kk dbyukuun f
Ha MHOXKecTBe D O3HaUaer, 4ro 4ucjioBas 1oc/ea0Bare bHoctb {sup | f,(x) — f(x)|} exomurest K wyJio:

D

lim sup [f,(2) — f(z)| = 0.
n—oo D
PaBHOMEpHAST CXOANMOCTD BJICUET MOTOYEUHYIO (0OpATHOE HEBEPHO) H COXPAHSAET HEMPEPHIBHOCTD.

Teopema 49. Ecau nocaedosamesvrocms HENPEPLLEHLLT PYHKUUT CTOOUMCA PABHOMEPHO, MO e
npeden Asaaemcs Henpepuenol Gyrryued.

> Ilycrs mocrenoBarenbuocTs dbyukmii { f, } cxoquresa pasaomepno Ha D K byHKIuu f. Y TBepKIeHIe
caelyeT U3 HePABEHCTB

[f (@) = fla)] < |f(@) = ful@)] + [fu(2) = fula)| + |fula) = fla)] <
S (@) = fala)l + 2sup |f = ful- <

o0
DynkuuoOHAJBHBIA psit Y, fr cxodumes nomouewno Ha MHOXKecTBe D, ecim jjis Besskoro x € D

n=1
oo o0
COOTBETCTBYIONMA 4nucI0BOi psijt » | fn () cxomurcs. OyHKIMOHATIBHBINA Psit » | f, HA3BIBACTCS DaG-
n=1 n=1

HOMEPHO CTOOAUSUMCA HA MHOdMcecmee D ecin MOCIeI0BATETLHOCTD {5, } €ro YacTHIHBIX CYMM paB-
HOMepHO cxomutTcd Ha D. 13 onpenesienus u JIOKA3aHHONW BBIIIE TEOPEMbBI CJIEIYET, YTO PABHOMEDPHO
cxomuiics Ha D pyHKIMOHATBHBIA psiJi U3 HENPEPBIBHBIX Ha [ (OYHKIUNA CXOMUTCA K HEIPEPLIBHOMN
dbyHKIHIN.

g nokazaTeabCcTBa PABHOMEPHON CXOAMMOCTH PAJa 9acTO HCIOMB3YIOT CeIyIollee MPOCToe Ha-
OJII0IeHue,

Teopema 50 (npusuax Beiiepurrpacca). ITycmo {f,} — nocaedosamenvrocmo ozpanuvennus Gymx-

oo
yut na D. Ecau cywecmsyem maxol crodawutica wucro8ot pad » , a,, wmo |fu(z)| < a, das ecex

n=1

oo
r € D un €N (wmascoparmuwii pad), mo pad > f, crodumca pasromepno wa D.
n=1
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(o.9]
> Ilpu xaxkaom x € D guciosoit pag Y f,(z) cxopurea abeoaoTHo, TOCKOIBKY |fn ()| < an u pax
n=1

> a, cxomures. Tomoxum f(z) = Y fu(x). Umeem
n=1

@)=Y h@]< Y hol< Y a

n=N+1 n=N-+1
CrienoBaTebHO,
N
sup| f(z) = Y ful@)| < D a0, N-co. <
zeD o N1

Hakomerr, o6cyauM Bopoc 0 paBHOMEPHOM IPHOINZKEHUH Ha OTPe3Ke HellPephIBHON (DYHKIINKM MHO-
TOYJIEHOM.

Teopema 51 (rteopema Beitepmirpacca). ITycmo dynruus [ nenpepwena na ompesxe [a;b]. Tozda
ona scarozo € > 0 cywecmeyem marot muozousen P, wmo max |P(x) — f(z)| < e.

)

N3BecTHO MHOZKECTBO JOKA3aTEJbCTB ITOI TeOpeMbl, B TOM 4YHCJe KOHCTPYKTUBHBIE JT0KA3aTeTb-
cTBa, KorJa MHOro4wIeH P npembsiBisiercst aBHO (cM., Hanpumep, 3aga4n 10.6 u 10.7). Oguako mMbl pac-
CMOTPHUM JIPyTOe JOKA3aTeIbCTBO!, OCHOBAHHOE MCKJIIOUATEILHO Ha METOAAX U HAedX, KOTOPHIe yIiKe
HO/IPOOHO 00CYKJIATUCH B HACTOLAIIEM KYypCe.

Jemma 5. [Tycmv o < u < v < f. Toeda dan ecaxozo v > 0 cywecmsyem makoti muozounen q(x),
4mo

1) 0 < g(z) < 1 6cr0dy na [o; ]

2) 1—v<q(z) <1 npuw € |o;ul;

3) q(x) <y npu x € [v; 4.
> Ilycrs r(z) = kx + b, rue koaddunuentsr k u b BeiGpanbl TakuM 06pa3oM, 4To0bl BYHKIHS T
BO3pacTasia u Oblin BepHsl HepasencTBa 0 < () < 1/2npunz € [osul u 1/2 < r(z) < 1 opu z € [v; f].
Ionoxxum

¢u(z) = (1 — (r(z))")?*", raen €N.
Torna 0 < ¢,(z) < 1 Berony Ha [o; 8]. Eciu o € [o;u], T0 B cuty HepaBeHcTBa BepHYJLIM ¥ MOHOTOH-
HOCTH 7 TIOJIY TaeM:
gn(2) = (1= (r(2))")*"" > 1= (2r(z))" > 1 — (2r(u))".

ITockoabky 2r(u) < 1, HOCTEI0BATEILHOCTH MHOTOUICHOB { ¢, ()} cXoauTCs paBHOMEPHO K 1 HA OTpe3Ke
[o; u]. Myers Teneps z € [v; B]. B ey nepasenctsa Beprysmm umeem 1+ (2r(z))" < (1 + (r(z))™)?",
M09TOMY BEPHA CJICIYIONIAS MEMOYKa HePABEHCTB:

gn(t) < (2r(2)) 7" (1 + (2r(2))") (1 = (r(2))")*" < (2r(2)) "1+ (r(2)")* (1 = (r(2))")*".
Caenosarennio, q¢,(z) < (2r(x)) (1 — (r(2))*™)*" < (2r(v))™". Mockoanky 2r(v) > 1, nocieaosa-
TeJIbHOCTh MHOTOUYJIEHOB {¢, ()} cxomures paBHOMepHO K Hy:o Ha [v; §]. Takum o6pa3om, 71 BCSIKOTO
v > 0 cymecTByer Takoil HOMep 7, YT0 MHOTOWIEH ¢, YIOBJIETBOpsieT ycaosuam 1), 2) u 3). <

Teneps nepeiiaém K JokaszaTesbCTBy TeopeMbl Beiiepmpacca.

> Ilycts dyHkuus f HenpepbiBHA Ha [a;b] U MOJI0KUAM
M = max |f].

z€[a;b]

Hoomnpegerum f npu x > b 3uadenuem f(b) 10 HempepbiBHOU Ha Jiyue [a; +00) dyukiuu. [Tycrs & > 0.
Yepes E 0003HaUMM MHOXKECTBO TaKUX X > @, 9TO HARAETCA MHOTOWIEH P, OTINYAIONMNicS Ha OTPe3Ke
la; z] o1 dyHkuE f MeHee yeMm Ha €, T.e.

max |P(t) — f(t)| < e.

te(a;z]
®ynknus [ HempepbiBHA B TOYKE @, TOITOMY CYIIECTBYeT Takoe 3HaYeHWe T > a, 9TO TpH t € [a;x]
nveeM |f(a) — f(t)| < €, 1. e. Ha orpeske [a; x] B kKavecTBe MHOTOUICHA P MOXKHO B3TH KOHCTaHTY f(a).

'Rudolf Vyborny. The Weierstrass theorem on polynomial approximation // Mathematica Bohemica, vol. 130, no. 2,
pp. 161-166 (2005).
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CnenosatenbHo, F Hemycto. Ecim MHOXKecTBO E He OrpaHWYEHO CBepXY, TO TeopeMa yzKe JTOKa3aHa:
JIOCTATOTHO PACCMOTPETh OTPe3oK [a; x|, tne © € E u x > b. IlycTs Teneps MHOXKeCTBO E OrpaHHYeHO
ceepxy u ¢ = sup E. Tlokaxewm, aro 310 HeBo3moxkuo. [lycts v > 0. Haitném takoe dncio 6 > 0, aro
|f(xz) — f(c)] <~ upm x € [c — 26, c+ 20]. CymecrByer Takoii MHOrOWIeH P, 9410

[ma>§] |P(t) — f(t)] <e.

)

[Myctb ¢ — MHOTOWIEH U3 JIEMMbI 1 0 = @, U = ¢ — 20, v = c — 0 u 3 = ¢+ §. Paccmorpum MHOTOUIEH
Q(x) = (1 —q(x))f(c) + q(x)P(x). Bamernm, aTo0
Q(z) = f(2)] < (1 = q(@))|f(c) = f2)| + q(z)|P(z) — f(=)].
Ecau z € [a; ¢ — 26], To
Q(z) — f(z)] < 2M~y + max |P(t) — f(t)].

[a;e—4]
Ecmu x € [¢c — 25;¢ — ], TO

Q) = F@)] < () = fl@)] + max [P(t) = f()] < v+ max [P(t) = f(E)].

[a;c—4] [asc—0)
Ecau x € [¢c — ;¢ + 6], o
Q@) — f(o) < |f(e) = fl2)| + (M + max [P|)y < (14+ M+ max |P[)y.

[c—8;¢+0] [e—8;¢+9]
Brifupast I0CTaATOUHO MaJIoe MOJTOKUTEIBHOE TUCI0 ¥, mosaydaeM omnenky |Q(z) — f(z)| < e ansa Beex
x € [a;c + 0]. CrnenoBarenbHo, ¢ + 6 € F, a 970 TPpOTHBOPEYUT TOMY, uTo ¢ = sup F. Takmv obpasom,
MHOKeCTBO I/ He orpaHndeHo CBepXy. <

Jnddepentmupyemoie pynknum. [Ipumep BeitepiTpacca

[Iycrs dbyuknua [ onpeaenena B OKpecTHOCTH TOUKH . PyHKIus [ HazbiBaeTcsa dupdepernyupyemoti
B TOYKE (1, €CJIN CYMIECTBYOT Takue aucyio A u pyHKImst o, 910 }llir(l) a(h) = 0 u ayst Bcex h U3 HEKOTOPOI
OKDECTHOCTHU HYJIsI BEPHO PABEHCTBO

fla+h)— f(a) = Ah + a(h)h.
Bakno umers BBHIY, 9T0 A M (v 3aBHCAT OT TOYKH a W npasuibhee mucarb A(a) u ala, h).

Oyukrus [ : R — R nazsBaercs aunetnod, ecnu ((Ax) = A (z) npu Becex A,z € R u [(z) + x2) =
= l(x1) 4+ l(z2) npu Bcex x1,75 € R. MoxKHO mOKa3aTh, YTO BCe JUHEHHbe (DYHKIMH MUMEIT BHUJL
[(x) = cx, TAe ¢ — UPOU3BOJIbHAS BEIIECTBEHHAS TOCTOSTHHASI. B 9acTHOCTH, B OTJIMYHE OT MKOJIBHON
nporpaMmbl, BYHKIUS iy = cx + b siBasiercst jimHeiiHoi b upu b = 0.

JInneitnas yukus h — Ah #sasbiBaercs dudgepenyuanom Gyakun f B Touke a 1 0003HAYACTCS
aepes df (h) wam df (a, h). M1 mokazxeMm, aTo B BUKCHPOBAHHON TOYKe @ 4ncjo A W, COOTBETCTBEHHO,
jucddepentman JaHHON (DYHKIIMH OLPE/IeIeHbl O/ITHO3HAYHO.

PaccmoTpuM HECKOJBKO TTPUMEPOB.

1) Iycrs f(z) = x. Torpa
fla+h)—f(a)=(a+h)—a=h=1-h+0,
nosromy dz(h) = h u a(a, h) = 0.
2) Tlycrs f(x) = x?. Torga
fla+h) — f(a) = (a + h)* — a* = 2ah + h?,
nosromy d(x?)(a, h) = 2ah u a(a,h) = h.
3) Mycers f(z) = 2. Tornma
fla+h) — f(a) = (a + h)*> — a® = 3a®h + (3ah + h*)h,
nostomy d(x?)(a, h) = 3a*h u a(a, h) = 3ah + h?.

IIpenen
. x) — f(a . a+h)— f(a
i @ = 1@) _ o flath) = fl@)
T—a Tr—a h—0 h
eCJTH OH CYTIECTBYET, HA3BIBACTCS Npoussodnot; byukuun f B ToUke a u oboznavdaercs depe3 f'(a) wiu
df (a)
dx *
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Ipeamoxenne 9. Qynkxuusa [ Juddepernyupyema 6 moure a mozda U moavko mozda, k0206 6 Imoti
mouke cywecmeyem npoussodnaa f'(a), npuwém 6 cayuae dupdepenyupyemocmu duddepenyuan ume-

em eud df (a, h) = f'(a)h.

> Pasencrso

h—0

fla+ h}i — fla) _ f'(a)=a(h) n lima(h) =0, <

PAaBHOCUJIBHO TOMY, 9TO

AHaJII/ITI/I‘{eCKaH N reOMeTpnvieCKad MHTEPIpETaImd

HenpepwsiBHOCTH (GYHKIUU [ B TOUKE @ O3HAYAET, YTO B MAJOH OKPECTHOCTH TOUKH ¢ 3HAUCHUS
dbyukmun f mano ormaatores ot f(a), T.e. B HEKOTOPOH OKPECTHOCTH TOYKH @ BBIIIOJHEHO PABEHCTBO
f(z) = f(a) + a(z), tae il_r{(ll a(x) =0.

JuddepennupyeMocTh GYHKIUA f B TOUKE @ 03HAYAET, UTO B OKPECTHOCTH ITOH TOUKU (hYHKITUS
[ upubmmkaerca dyukuueit y = f'(a)(x — a) + f(a), r.e. f(z) = f(a) + f'(a)(x — a) + a(z)(x — a),
rae lim a(z) = 0. @akruveckn 310 U ecTh riaaBHoe orandue auddepeHupyeMbx QYHKIMHA 0T BCex
OCTaa.;I_I:G}LIbIXI JIOKAJIBHO UX I'PaUK BBILISIAT KaK YaCTh HPIMOI.

[Iycrs dbyuknus f nuddepennupyema B Touke a. Kacameavroti B Touke a K rpaduxky dbyakiun f
HA3bIBACTCH MPSIMasi, 33/[aBaeMast y PaBHEHIEM

y=f'(a)(x —a) + f(a).
Cpasy orMeTuM, 9TO KacaTeabHas CKOJIb YIOJIHO OJM3KO K TOUKE KACaHHs MOXKET IepeceKaTh rpaduk
dbynknun. Hanpumep, rpadux dyukuun f(z) = z%sinl/x upu x # 0 un f(0) = 0 B Touke a = 0 umeer
kacareabuyo y = 0.
N3 onpesenenns mpon3BOTHON HEMEJIEHHO CJIEIYET, UYTO CEKYIAd § = W(w —a)+ f(a) crpe-
MUTCsI K KacaTeJbHON mpu b — a B TOM cMbicie, 910 Kodbdunuent npu (r — a) crpemutest K f'(a).
[ToTOoMy TOBOPST, UTO KacaTebHas — HpeIeJbHOE MMOJ0KEHUEe CEKYIIe.

HenpeprBaocTs 1 qudpepertmpyeMocTsb
Ipeamoxenne 10. Fcau pyrruyus f duddepernuupyema 6 mouke a, mo f nenpepuiena 6 movke a.

> [leficTBuTeIbHO, IMeEM

lim f(z) = lim f(a + h) = lim(f(a) + f'(a)h + ala, h)h) = f(a). <

T—a h—0 h—0
Opnako HempepbiBHasT DYHKIMS MOKeT ObiTh He mauddepeHnupyema, HANpPUMep, HENPEPbIBHAS
dbyukmus f(x) = |z| ve guddepennupyema B Hyme. Bosee Toro, cymecTByoT HempepbiBHbIE (DYHK-

IUH, Y KOTOPbIX HET IIPOU3BOIHON HU B OAHON TOYKE YHUCJIOBON IPAMOIL.

Teopema 52 (mpumep Beitepmrpacca). Qyrkyus
f(x) = Z 27" sin(8"x)
n=1
nenpepueta Ha R, Ho Huzde e duddepenyupyema.

oo

> Ilockompky |27"sin(8"z)| < 27" u pax >, 27" cxoAuTCs, 0 NpU3HAKY Beiiepmrpacca HCXOmHbBLI
n=1

bYHKIMOHAIBHBIN PsijT cxoauTed K f paBHOMepHO Ha R, mosromy (byHknus f gBageTcd BCIOAY Helpe-

poiBHOU. Temepb mokazkeMm, uro f uurme ne auddepennupyema. Sadukcupyem xr € R. g Beskoro
HaTypaJ/JbHOro uucjia N umeem

™

f(x:l: 5 8N> — f(z) = Z%(sin@(mi 5 7;N> —sin<8"x>).

OTmeTuM, 9TO caraeMbie ¢ HoOMepamu n > N paBHBI HYJIO, Tak Kak sin(8"z £ 8" V7 /2) = sin(8"x).
Onenum otjiebHo ciiaraemoe ¢ Homepom n = N. Ilockoybky

‘Sin<8Nx + g) — sin<8Nx)‘ = \/5 ’cos<8Nx + %)
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BBIGOPOM + WM — mepen 7/4 y aprymMeHTa KOCHHYCA MOXKHO JIOOUTHCSI BBIIOJHEHWs] HEPABEHCTBA

sin <8Nx + g) — sin <8Nx> ‘ > 1. [Ipumenss mepaBeHcTBO |sinz| < |z, oneHuM ocTanbHble caaracMble:

N-1
. om 7r . Mon 1 ./ w8 n
sin 8 (:r:l: 7 8N> — sm<8 x) < ng: i 3111(4 ‘ 8N> 5 8N ng_ 4
[Tpumensist HepaBeHCTBO |a + b| > |a| — |b|, noydaem onenky

‘f(xi 2. 8N> _f(x)‘ Z (1_92%'
22N+1

(2-7T8N>_1f(“;12 8N>_f<x> ><1_%> P

IJie paBasi 9aCTh HEPABEHCTBA CTPEMUTCA K 400 npu N — oco. Oyukuus f He uMeeT MPOU3BOIHON B
TOYKE T, HHA4YC IpaBad 9acTb MOCJIEIHEer0 HEPABEHCTBA OTPAHUYCHHA, 9YTO HECOBMECTUMO C HEOTDAHHU-
YCHHOCTBIO JICBOH YACTH HEPABEHCTBA. <

N-—1 1
2 o

n=

Takum obpasom,

Baxmneitmue cBoiicrBa auddepeHnupyeMbrx (OyHKITHA

1) Jlunetnocmo. ycts dyukuun f u g quddepennupyembl B Touke a. Torma s JObIX MOCTO-
AHHBIX A, p dynknusa Af + pg naunddepennupyema B Touxe a u (Af + pg)' (a) = Af'(a) + pg'(a).

2) Hpasunro Jletbruya. Tycrs Gynkuun f u g nuddepernupyemsr B Touke a. Torga byakuus fg
muddepennupyema B Touke a u (fg)'(a) = f'(a)g(a) + f(a)d' (a).

3) Ilpoussodnasn wacmnozo. Ilycts dbyukuuu f u g quddepeHImpyeMsr B TOUKe a, TPHIEM B HEKOTO-
pO#t OKpeCTHOCTU TOUKHK @ (PYHKIHU ¢ OTJIHYHA OT HyJsd. Torna pyHKIus g nucddeperupyemMa B TOUKe
au (§>/(a) UOHOSOOY

4) Ipouseodnas caoorcnoti pynryuu. [ycrs dyuaknus f nuddepennupyema B rouke g(a) u byHnkimst

g muddepeniupyema B Touke a. Torna dyukmnus f o g quddepeniupyema B Touke a u (f o g)'(a) =
f'(g(a))g'(a).

5) IIpouseodnas obpamnoti dynkyuu. Ilycts f — HempepblBHAS W CTPOIO MOHOTOHHAs (hYHKIIUA,
oTobpazkaiomas uurepsaJj I Ha uarepsas J. [Ipeanonoxum, uro f nuddepennupyema B Touke a € [ u
f'(a) # 0. Torga obpatnag dbynkmua f~' muddepenmupyema B Touke f(a) u (f~1)'(a) = 1/f'(f7 (a)).

CnoiictBa 1, 2, 3 1 5 BBIBOASATCS HAIPSIMYIO U3 OIIPEJIe/IeHUs] TTPOU3BOTHOMN, HAIPUMED:

i £ ®)9() = fla)g(a) _

r—a €T —a

g(x) — g(a)

= lim g(z) - lim @) = J(e) + f(a) lim ————= =

Tz—a T—a r—a r—a r—a
= g(a)f'(a) + f(a)g'(a).
Heckonbko cioxkHee 000CHOBBIBAETCS MPABUIO 4.
> Oyuknus [ auddepenupyeMa B ToUKe ¢(a), mosTOMy
Flo(@) +1) — F(g(@) = Fg(@)t+ a0t sac lima(t) = 0.

Hanee cauraem, yto «(0) = 0 u hyuKIua « HenpepsiBHa B HyJ1e. [losaras t = g(a+h)—g(a), npuxoaum
K PABEHCTBY

flgla+h)) = fg(a)) = f'(g(a))(g(a+ h) — g(a)) + alg(a+ h) — g(a))(g(a+ h) — g(a)).
Oyukius g pucpdepeHupyemMa B TOYKe @, TTOITOMY
gla+h) = g(a) = g'(a)h + B(R)h, rae lim 5(h) = 0.
Torna
flgla+h)) = flg(a)) = f'(9(a))g'(a)h + ~(h)h,
rie
v(h) = f'(g(a))B(h) + alg(a+ h) — g(a))(g'(a) + B(h)).

[Mosyuaem ]llliI(l) v(h) = 0. <
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[Tockosbky B Touke = muddepennuan umeer sug df (h) = f'(x)h u dx(h) = h, ero MOKHO 3amuCcaTh
B ciegyiomem sume: df = f'(x) dzx. Ilonesno mepermucars cBoiicTBa 1—5 B TepMuHax audbepeHmaios.

1) Jlunetnocmo: d(af + Bg) = adf + pdg.

2) IIpasuno Jletonuya: d(fg) = fdg + gdf.

3) Augdpeperyuan wacmmoezo: d(g) — 9df=Jdg

4) Judgdpeperyuan croocrnoli Gyrrkuyuu: dgf(g) =df(dg) = f'(g) dg

Takum obpazom, paserctso df = f'(z)dr BepHO HE3aBHCHMO OT TOTO, CUHTAEM JH MBI T (DYHK-
nueil WM He3aBUCHMON HMEePEMEHHOH. DTO HAOJIIOJEHHE HA3BIBAIOT UHBAPUAHMHOCTbIO Nepeozo dup-
pepenyuana. TIporwamocTpupyeM WHBAPpUAHTHOCTH cjeaytomuM obpasoM. IlycTs 3amana OnekTHBHAS
n juddepennupyemas opyakius g: R, — R,, npuuém obparnas dynknusa Toxke auddepennupyema
(roopst, uto 3a1an duddeomoppusm). Pakrudeckn x = ¢(t) — 3aMeHa MePEMEHHON T HA MePEMEeHHY 0
t, mepexo K HOBO# Koopaunare. Eciau na R, 6puta onpenesena nuddepennupyemas dynkmust f(z), To
eCTeCTBEHHBIM 00pa30M B HOBOI cuCTeMe KOOPAWHAT 3TOi (DYHKIINU COOTBETCTBYeT auddepeHiupye-
mas dyakuus f(g(t)) u eé nuddepennuan Beraucasiercs: noacTanoBkoii B auddepentnman Gyukiun f
Bmecto x dyuknuu g(t), T.e. dopma nepporo auddepenipana He MeHSETCsT TIPH 3aMeHaX KOODIANHAT.

5) Augpepernyuan obpamnots dyrryuu:

df~ = (df)™

rae (df)™! — nuneiinas Gyuxunus, obparHas K JuHeRHOI beHKL[I/H/I df. HeiictBurenbHO, DYyHKIUS X
1
f'(a)

y/k aBagerca obpartHoii dyuknneit kK y = kx (k # 0). Anasoruaubiv obpasom, dyHKIHsA h — h

siBsisiercst 0OpaTHoii K dbyukmn h — f'(a)h.
[IpowutiocTpupyeM npaBuia JuddepeHIupoBaHus Ha IpUMepe SKCIOHEHTHI U Jorapudma.
Hanmomuaum BTOpO# 3aMedaTebHBIN Ipeaer:

lim (1 + é)x =e.

T—+00

x
BamenHsst © HA —T, MOYKHO TOKa3aTh, 9TO MPH T — —OO Tpeaea (pyHKIun <1 + %) TaK»Ke PaBeH e.

Bonee Toro, 3amensis x Ha 1/x, 3aK/1109aeM, 9TO CIPABEITABO DABEHCTBO
: 1
lim (1+2)"" =e.
z—0

Dyuknus Inz (Jrorapudm M0 OCHOBAHUIO €) HENPEPBIBHA HA CBOEH 00JACTH ONMpe/IeeH s, I0ITOMY

o In(l+2 .
lim In(l +2) = lim In ((1 + x)l/“”): Ine =1.
x—0 X x—0
Bamenss 1 + z Ha €” U HOIB3YACH HEMTPEPHIBHOCTHIO SKCIIOHEHTHI, MOy IaeM
T 1
lim =1.
z—0 T

BBILII/ICJIGHHBIQ HaMHU 1peaejbl paBHOCHUJIbBHBI BTOPOMY 3aMe4daTeJbHOMY Hpeaciy, HO3TOMY HX TaKXKe
OTHOCAT K CIHCKY 3aMedaTe/IbHbIX. Takoe Ha3BaHUEe CBA3aHO C TE€M, YTO MMEHHO C IIOMOIIBIO ITUX
npeie/IoB 000CHOBBIBAIOTCS (POPMYJIBI TupPpepeHIIUPOBAHIS BCEX OCHOBHBIX JI€EMEHTAPHBIX (DYHKIIHI.
Hanpumep,

ot th _ ot -1
T T T
[To mpasuny auddepennupoBanust o6paTHON GYHKIIUNT HAXOIAM
(Inz) =1/x.
[Toste3HO UMeTh B BUJLY CJEIYIONLYIO MabAuLY npouseooHvi:
1) (const) = 0; 2) (x%) = az* Y
3) (a®) =a"Ina; (") =e% 4)(log,z) = ——; (Inz) =1
5) (sinx) = cosx; 6) (cosz) = —sinx;
7) (tgz) =14+tg%r = —5=; 8) (ctgr) = —1—ctg?z = ——5—;
9) (arcsinz) = —(arccosx) = ;;
\/511—7552
/ !/
10) (arctgzx) = —(arcctgz)’ = T2
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OcnaoBHBIE TeopeMbI 0 audepermumpyemMbIxX (pyHKIIIX

Crrenyomuii CIMCOK YTBEPAKIACHUIT ABIAETCS KBUHTICCeHTHeH audbepeHmaaibHoro nCancaeHns.

Teopema 53 (Pepma). Hycmo dynryua [ onpedesera 6 Hekomopoll OKPECMHOCU MOYKY 4, KOMO-
PAA ABAACCA MOYKOT N0KAALHO20 MaKcumyma (Munumyma) dynruyuu f, m. e. cywecmsyem maras
oxpecmuocms U(a), ywmo f(x) < f(a) (f(z) = f(a)) daa scex x € U(a). Ecau f dudpdepenuupyema 6
mouke a, mo f'(a) = 0.
> Ilycth @ — ToOYKa JOKAJIHHOTO MaKCHMyMa (DYHKIUH f.

Ecim x € U(a) u x < a, 1o f(x) — f(a) < 0u x — a < 0. CiiegoBareibHo,

z)— f(a
z—a—0 r—a

Ecm z € U(a) u x > a, 10 f(z) — f(a) <0 u x —a > 0. CrenoBaresnHo,

= 0.

f'(a) = lim f@) — fla) <0.
r—a—0 Tr—a
U3 nwepasercts f'(a) < 0u f'(a) > 0 3akaogaem, aro f'(a) = 0. <

Qusnyeckasg WHTEPIPETAINA: TP JABUKEHUN 110 MPAMOI B TOYKe MaKCUMAJIbHOIO yaaaeHns obsiza-
TEJHLHO JOJIKHA OBITH OCTAHOBKA.

[eomerpudecKkas uHTepIpeTalus: ecau rpadpuk GYHKIUN [ ©MeeT B TOUKe JJOKAJIBHOI'O MAKCHMYMa
(MEHIMYyMa) KacaTeJbHYI0, TO 3Ta KacaTeIbHasi TOPU30HTAIbHA.

Teopema 54 (Posutb). Eeau dynruua [ nenpepwsna na ompeske [a;b] u duddeperyupyema na un-
mepsane (a;b), npuuém f(a) = f(b), mo natidémes mouxa ¢ € (a;b), 6 komopoi f'(c) = 0.
> Ecanm MakcuMyM W MHEHUMYM JOCTHTAeTCs B KOHIAX OTpe3Ka, TO (PYHKIMs ecTh KOoHcTanTa. Ecan

MaKCAMYM WJIH MUHAMYM JOCTHTaeTCd BHYTPH OTpe3Ka, To o TeopeMe Pepma B ITOM TOUKe MPOU3-
BoJHASA (DYHKIIUU PaBHA HY.JIIO. <

DdusnyecKas HHTEPIPETAIMA: eCJId IIpU ABHXKCHUH 110 NPAMOM MaTepHaabHas TOYKA BEpHY/Iach B
TO HOJIOXKEHHe, B KOTOPOM ObliIa B HAYAJLHBIH MOMEHT BPeMeHH, TO 00A3aTeLHO ObLT MOMEHT, KOTJIa
CKOPOCTD PABHSJIACH HYJIIO (MOMEHT Pa3BOPOTA).

leomerpudeckas mHTEpHpPETAIMA: €CJIM B KOHIIAX OTPe3Ka 3HaYeHus (PYHKITUH COBIAIAIOT, a rpapuk
uMeeT KacaTeIbHYIO BO BCAKON BHYTPEHHel TOYKe 3TOro 0Tpe3Ka, TO CPeJid KacaTeIbHbIX 0043aTeIbHO
eCTh TOPU30HTAILHASL.

Teopema 55 (Jlarpanxk). Feau dynkyua [ nenpepuwena na ompeske [a;b] u duddeperyupyema ra
unmepsase (a;b), mo natidémesa maxas moura ¢ € (a;b), wmo f(b) — f(a) = f'(¢)(b — a).

> Ilpumensem teopemy Posng K dhyHKImM

P@) = fa) - 0Dy o)

(BbranTaeM u3 OYHKIHH CEKYILYIO). <

Qusnveckas WHTEPIPETANNS: MPU JBUKEHUW IO TPSIMO BCeTIa eCTh MOMEHT BPEeMeHH, B KOTOPBIi
MTHOBEHHAs CKOPOCTb paBHA CpeJiHeil CKOPOCTH.

leomerpudeckas mHTEpHIpeTays: ecjiu rpauk UMeeT KacaTeJbHYI0 BO BCAKOW BHYTpPEHHEH TOYKe
OTpe3Ka, TO CPeJiu KacaTeJbHbIX €CTh TaKagd, KOTOpas lapaJlielibHa CeKyllell, coeJIMHANel TOYKN
rpaduka, COOTBETCTBYIONINE KOHIIAM OTPE3Ka.

Teopema 56 (Kormmn). FEeau ¢ynryuu f u g nenpepwsns wa ompeske [a;b] u dupdepernyupyemor na
unmepsane (a;b), mo natidémea maxas mouka ¢ € (a;b), wmo

(f(0) = f(a))g'(c) = (9(b) — g(a)) f'(0).

> Ilpumensem Teopemy Posunsg K dhyHKInu

Fla) = (f0) - f@))glz) = (9b) - g(a)f() = = | 1)~ T Py, )

Dusnueckast 1 reomerpudeckast unrepuperanus rteopembl Komm. Ilycrs 3agana 3aBucumocTtb
(f(x),g(z)) aBuzKeHUs] TOYKH MO MJIOCKOCTH OT Bpemenn x € [a;b]. Torma ecam nmoaydaemass Kpupast
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(TpaekTOpHsl JIBUKEHUsS] TOYKH) UMEET BEKTOP CKOPOCTH HpH BeexX x € (a;b), TO CylecTBYyeT MOMEHT
BpPEMEHH, B KOTOPBI BEKTOP CKOPOCTH KOJLIMHEAPEH BEKTOPY MOJIHOTO TepeMeIeHus.
Baxkubim nnpumenenuem teopembl Korn sipisiercst nmpasusio Jlomuralis.

Teopema 57 (Bepuysuiu — Jlonurans). pednoaosicum, wmo gynruuu f u g duddepenuupyemo, 1a
unmepsane (a;b), npuuém g'(x) # 0 npu x € (a;b). Hycmv makoice sunosnaemca 00Ho u3 cAedYOULUT
deyx ymoem’i

Toz0a ecau hm :(I) = A, mo lim @) _ 4.
o—b— 9'(@) z—b— 9

> Ilycts x,y € (a;b). ITo Teopeme Korn HaliAETCsT TAKOE YUCIO ¢, JIEZKAIIEE CTPOTO MEXKY & U ¥, 4TO

fl) _f'of, 9@\, f
o0 g\ e ) oy

[IycTh BBIIOJTHEHO BTOPOE yCJIOBHE: hm g( ) = co. Bymem caurarb, uro a < y < ¢ < x < b. Beibupas

!/
Y JTOCTATOYHO OJIU3KO K b, MOXKHO HpI/I6JII/I3I/ITI> OTHOIIIEHHE £ ,8 K A ¢ 1000t Hamepé 3a1aHHOI TOYHO-

cThio. Tenepsb 3adukcupyem y u yerpemuM = K b. Torna BeIpazKeHusI % u % npuOINKAIOTCS K HYJIIO,

a BCsl IpaBas 4acThb npub/nzkaercs K A. AHAJOrHIHBIM 00Pa30M IIPOBOJASITCS PACCY 2K JIEHUs], KOT1A Bbi-
noJiHeHo mnepsoe yejaosue. Popmasmzanus MPOBEACHHBIX PACCYKIACHUN Ha SI3bIKE € — 0 IIPeJIaraeTcs
YUTATEI0 B Ka4eCcTBe TOJe3HOT0 yIIParKHEeHNU . <

[Tpoussoauas muddepennupyemoii GbyHKIun He 06s3aHa ObITH HenpepbIBHOM (yHKIHEH (Hampu-

2 _ . . )

mep, dyuknus f(x) = x*sin(1/x) npu x # 0 u f(0) = 0 auddbepernupyema Ha Beeil IUCTOBOH TPAMOI,

a e€ IPOU3BO/IHAs pa3pbiBHA B HYJIe). OHAKO Yy TPOU3BOIHOMN 003aTETHHO 6CTh TOUKA HEITPEPHIBHOCTH.

Teopema 58. ITycmo ¢pynrxyua f ecrody duddepenyupyema na unmepsanre 1. Toz2da eé npouseodnasn
f'(x) umeem scrody naommuoe 6 R mroorcecmso mowex HenpepueHoCcmu.

> Oyuknus f'(x) gBaseTcss MOTOYETHBIM IIPEJEJOM MOCJIEI0BATEIBHOCTH HENPEPBIBHBIX (DY HKITHI
gn(x) = n(f(x + 1/n) — f(2)). <
Kpowme Toro, nmpoussojinas mpuHAMAaET BCE CBOU HPOMEKYTOYHBIEC 3HAYCHUS.

Teopema 59 (1apby). ITycmo dynryusa f duddepenyupyema na nexomopom unmepsane I wa,b € I,
a < b. Toeda das ecaroeo wucaa C, seocawsezo meocdy A = f'(a) u B = f'(b) natidémes mouka
¢ € [a;b], 6 komopot f'(c) = C.
> Ilycte A < C' < B. Pacemorpum dynknuio F(z) = f(x) —Cz. Iockoubky F'(a) < 0u F'(b) > 0, na
HEKOTOpOM mHTepBaJie (a;a + 0) BepHo HepaseHncrBo f(x) < f(a) u Ha Hekoropom uHTepBase (b; b — J)
BepHO HepaBeHCTBO f(x) < f(b). CiegoBaTesibHO, HAa KOHIIAX OTPE3Ka HE MOYKET JTOCTHIATHCS MUHUMY M
dbyukuun F. CnenoBare/ibHO, MUHUMYM JOCTUIaeTCd BHYTPU OTpPE3Ka M B ITOH TOUYKE IO TEOpeMe
®epma dyukIma [ pasHa HYJIIO. <

Takum obpa3oM, y MPOU3BOAHON He MOXKET ObITh YCTPAHUMBIX PAa3pPbIBOB WK PAa3PBLIBOB IIEPBOIO
poaa.

®opmyaa Teitsopa. Psa Teitiopa

[TorsaTne MPOU3BOAHON N-TO MOPSAKA BBOAMTCA MHIYKTHBHO. IIycTh B Kaxkmoil TOUKe HEKOTOPOii
okpecrHoctu U(a) Touku a cymecrByer npousBognast dyukmun f. Torga onpenerena dbyukus f/
U(a) — R. Ecau sra dynkuus nuddepeHnnpyema B TOUKe @, TO €€ TPOM3BOHAS HA3BIBACTCS 8MOPOl
npouszsodrotl Gyuknuu [ B Touke a u obo3nadaercs depes [”(a). Jasee, eciu B OKPeCTHOCTH TOYKH a
onpezenena dynrkuus f™Y, to snauenne (f"V) (a) (ecan oHo cymecTByeT) Ha3BIBACTCA NPOUSEO0HOT
nopadka n B ToUKe a 1 obosnadaetca uepes f((a). Hampumep, Tpou3BoaHas n-ro nopamka GpyHKIHT

™ rue m € N, pasua 0 upu n > m, pasua m! upu n = m u pasga m(m —1)---(m —n+ 1)x™ " upn
n < m. Y106HO canTtarh, 910 GYHKIMS [ ABISETCS CBOEH «HysIeBoii» mpomssomnoi, T.e. (O = f.
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Teopema 60 (oGobmenune npasuwia Jleibuuna). [ycmo dynkyuu f u g Juddepenyupyemv n pas 6
mouxe a. Toeda dynxuyua fg umeem npouseodnym nopAdKa N 6 MOYUKE 4 U CNPABLOAUBO PABEHCNEO

(f9)"(a ZC’“f““ ).

> Bocrnoib3yemcs MEeTOI0M MaTeMaTuieckoit nuayknuu. g n = 1 Tpebyemoe yTBepzKjieHre — 00bIY-
Hoe mpaBmwio Jleftonuna. [Ipenmosoxkum, 9TO 7T HEKOTOPOTO N YTBEPXKJIEHHE YzKe TOKA3aHO; TOTJIa
ansa n + 1 uMeeMm

(F9)" 0 = ((fg)™Y (ch o) =

n—1

:f(n+1g+fg n+1)+ZCk k+1 (n—k) +ch (n— k+1).

3aMeHss B MepBOil cyMMe WHIEKC cymMMmupoBaHus k Ha k + 1 m yYHTBIBas, 9TO C’,’ffl + CF = C’kH,
noJydaem Tpebyemoe pasencrso s (fg) L. <

Hanpuwmep,
z%e™) ™) }:Ck ()R = (Cha® + 2C)x + 2C2)e”

[Tycts muorousien P 3anucan B Bujie
P(x)=co+ci(z—a)+c(v—a)*+ ...+ co(z —a)™
uddepennupysd k pas MHOroweH P U MOJACTABIAA T = a, HOJIYIAeM
p(k)(a)
ko
DT0 HADMIOAEHHUE MTO3BOJIET HAIUCATH MHOIOYIEH, MMEIONUNA 33 IaHHble 3HAYEHHUA HEPBBIX 1 IIPOU3-
BOJHBIX B JAHHON TOYKE.

[Iycts B okpecTtHOCTH TOYKM @ 3ajaHa (PyHKIus f, UMEOIas B TOYKE @ BCE MPOU3BOIHBIE [0
HopsA/IKa N BKAIOYUTETbHO. MHOTOY/1eH

~ f*(a) k
T(r) = To(ai f.0) = 30 1 e~ a)
k=0
HA3LIBaETCA MHo204AeHoM Tetropa TopsaaKa n GyHKIUN f B TOUKE a. 3aMETUM, YTO 3TO MPOCTO MHOTO-
YJIeH CTEIEHU HE BBIIIE 1, Y KOTOPOro HPOU3BOJHBIE /10 MOPAIKA 7 BKJIIOYATEIbHO COBIIAIAIOT B TOYKE
a ¢ npowsogabiMu pyuknunu f. KEcrectBenno oxwumarh, 9o ¢GyHKnus f u eé MHOroWwreH Teityiopa B

C —

TOYKE a MaJIO OTJIMYAXOTCd IIPpU & — Q.

Teopema 61. [Tycmv dpynxuyus f umeem 6 mouke a 6ce npoussodrvie o NOPAIKA N BKAOUUMENDHO.
Tozda
flz)=T,(z) = a(z)(x —a)", lima(z)=0.
Tr—a

> Ilo mpasumy Jlonuraas n onpeeaeHuIo IPON3BOIHO MOy IaemM

f(x) = Tu(x) f () — f"V(a) — f™(a)(z — a)

lim = lim —

za (x—a)" z—a nl(z — a)
1y £7000) = 1

T ! \isa (x —a)

—fwm»:o.q

Hanomuum BBeaénubie B riiase 8 0603nadenus («0-CUMBOJHMKY» ). IlycTh B HEKOTOPO# 1POKOJIOTOI
OKPECTHOCTHU TOYKH ( BBINOJHEHO PABEHCTBO

h(z) = a(z)g(z).
Torna

ecsim lim o(x) = 0, To mumyt h = o(g) npu = — a;
r—a

ecan az) orpanndenna, To numyt h = O(g) pu x — a;
ecan lim a(z) = 1, To mumyr h ~ g npn x — a.

Tr—a
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Hanpumep, yTBep:KaeHne TeOpeMbl MOKHO TEPEHUCATD B CJICYIONEM BUJIE:
f(z) =T.(z)+o((x —a)") upuz — a.
D10 paBeHCTBO Ha3biBaOT opmynoit Teitiopa ¢ octarounabM wieHOM 6 gopme [learo.

Bomumem dopmysy Teitiopa ¢ octaTounsiM wieHoM B popMme [leano jsa snementapubix pyHKIUNR
B Touke a = 0:

. n (_1)kx2k+1 —
2) sinx = ZW + o(z*"?);
k=0 '

n -1 k. .2k
3) cosx:Z—( )’z + o(x*™thy;

L (2k)!
4) m(l+z)=>_ (_l)k Tt o(a");

k=1
5 (L+ae =3 2= ”"'li‘!)‘_k“)“" +o(a").

IIpescrasiager maTEpEC MOTydeHne OOJIee TOIHOTO BHIA OCTATOYHOTO YJIeHA

Rn(l‘> - Rn(xa f> a) = f(ZL‘) - Tn(xa fv a)'
Teopema 62. IIycmo dynruus [ umeem na ompeske [x;a] nenpepvishuie npouseodnvie do nopadka

n EKAOUUMEAbHO U Ha unmepsase (T;a) npoussodnyro nopadka n + 1. Ilyems, daree, Pynrxyus g
nenpepuena Ha [x;al u dupdeperyupyema na (z;a), npuwém g'(t) # 0 nput € (x;a). Toeda

(n+1) (¢
R, (Iv f7 CL) = f|—,()

nlg'(c)
ede ¢ — wekomopas mouka unmepsaaa (T;a).

(9(z) — g(a))(z — )",

> PaccmorpuMm dyHKIUIO

3aMeTuM, 4TO

ITo Teopeme Kot umeeT MecTo paBeHCTBO
Fla) = F(z) _ F'(¢)
gla) —g(x)  g'(c)

IOJICTABJIsAsI B KOTOpOe BbIpazkenue st F'(c¢), momydaem TpebyeMoe COOTHOIICHHE. <

PaccMOTpUM BazKHbBIE YACTHBIE CITyYan.
Ocmamownod waen 6 dopme Kowwu. Ilyers g(t) =t — x. Torma ¢'(c) =1, g(x) —gla) =z —an

(n+1)
R, (z; f,a) = fT'()(a: —o)"(z — a).

Ocmamounwt wien 6 gopme Jaepanoica. lyers g(t) = (t — x)" 1. Torma ¢'(c) = (n+ 1)(c — ),
9(x) = g(a) = —(a — )" n
f(nJrl)(c)

(n+1)!
[Tycrs dbyukims f umeer B TOYKe ¢ IPOU3BOJHBIE JIIOOOTO MOPsiAKa (FOBOPST, 9TO (DYHKIHS Hecko-
newno dugdepernyupyema B 310it ToUKe). Tloa€3HO UMETH BBHJLY CJIEYIOIIee YTBEPIKIEHHE.

Ry(z; f,a) =

(z —a)"*.

Teopema 63 (Bopenn). Jlaa ecakoti wucaosoli nocaedosamenvrocmu {c,} cywecmeyem maxas bec-
Konewno dugdepenyupyemasn na eceli wucaosot npamot dynxyusa f, wmo f*(0) = ¢ das scaxozo k.
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JloKa3aTeIbCTBO MBI OCTaBJIsSIeM B KAUeCTBe 33/1a9M /I CAMOCTOSTEIbHOTO PelleHus .
Ecmm dyuknusa f 6eckoneuno mpuddepeHmpyeMa B TOUKE @, TO PsiI

= ™ (a)(x —a)”
z%f (@)(z —a)

n!

HazpiBaeTcsa padom Tetinopa dyukiuu f B TOUKe a.

Moxker okazaTbcs, YTO TAKOU PsiI CXOTUTCS JIUMIb MPH £ = @ WU CXOJAUTCs, HO He K pyHKIUU f.
Ecnn B mHexoropoit okpectroctu U(a) psia Teitnopa dyuxmun f cxonures K f, 1o GyHKIHNIO f HA3BIBAIOT
anasumuyeckol B okpectaoctu U(a).

Oyuxmus f(r) =e Y*upnx > 0n f(r) = 0 upn 2 < 0 gBageTca Kaaccudecknm npuvepom Kot
dyukuu, y koropoit psii Teitsiopa B Hyjle He CXOAUTCA K [ HU B KaKOH OKPECTHOCTH HYJIS.

Teopema 64. ITycmo dynryus f 6eckoneuno duddepenyupyema na unmepsane (a—r;a+r), npuuém
£ (z)] < CM™n! dan scex x € (a —r;a + 1) u newomopwiz wucea C > 0 u M > 0. Ecau M < 1/r,
mo pad Tetnropa Pynryuy [ 6 mouke a cxodumes x f wa unmepsase (a — r;a + 1) pasHOMEPHO.

> Tlo dopmyae Teitnopa ¢ ocrarounbim dneHom B dopme Jlarpauzxka mis Besikoro © € (a — r;a + 1)
HAIETCI TaKasd TOYKA ¢ MEXKJY HUMH, ITO

‘f( ) i f(a) (@ — a)" ‘f(”“)(C) (z —a)"*!
xT) — =
— n! (n+1)!
Ocraérest 3aMeTUTh, 9TO IPaBasi 9acTh OleHHBaeTCst cBepxy Bhipazkennem C(Mr)™ u Mr < 1. <

JlokazaHnHasi TeopemMa 1M03BOJisieT 000CHOBATH CXOJMMMOCTH psijioB Teitiopa dyukimii e*, sinz, cosx
W HOJYYNTh PABEHCTBA

. o ol B 0 (_1)nx2n . B > (_1)nm2n+1
e _;H’ Cosx—;—(zn)! : Smw_;—(%ﬂ—l)!’

B KOTODBIX PAJIBI CXOAATCA PABHOMEDHO HA BCSAKOM OTPE3KE YHCI0BOI IIPAMOIA.
Croxuee pazobparbes ¢ psgamu Teitnopa qis dyaknuii In(1+ z) u (1 + 2)*. Pacemorpum f(z) =
(14 x)* npn a ¢ NU {0}. Bamernm, aro
fM@)=ala—1)--(a—n+1)(1+z)*™
[TosryuenHoe BhIIlIe JOCTATOYHOE YCJAOBHE CXOAMMOCTH psijia Teitsopa 1o3Bosisier 060CHOBATH PABEHCTBO

(1+1_>a:Za(a—l)--ﬁ!(a—n—i—l)xn

n=0
JIMIIb B MaJIO# OKpecTHOCTH Hy/Isd. OJIHAKO MOXKHO TTOKa3aTh, 9TO MpH || < 1 paa cXOAUTCA W €ro
cymma pasaa (14z)®. lnst obocHoBamms cX0AUMOCTH Ha nHTEepBaje (—1; 1) BMecTO 0CTaATOYHOTO WIeHA B
dgopwme Jlarpanzka cieyer ucnob30BarTh octarodnbiit dwien B popme Korm. Ilycrs x # 0. Ocrarounbrit
wied B ¢popme Ko nmeer Bu/I

fOE) (@ — o ala—1)(a—n)(1+c) 'z (x _ c>n7

n! B n! 1+¢

rae c jexkuT Mexxay 0 m x. Ecam x > 0, To

|z —c| = |2||1 — cx™!| < |z|(1+¢).
Ecim z < 0, To
v — | = |2]|1 — ca™| < Jal(L — |e]) = [2||L + ¢
Takum obpa3om, BepHa OIEHKA,
x—c
<
1+ c} <l

13 KOTOPOH HEMEJJIEHHO CJIeJyeT CTPEMJIEHIE OCTATOYHOIO 4jieHa K HyJto upu |r| < 1. AHajorudnbiv
06pa3oM MOXKHO HCCIIe0BATH cXoauMocTh psima Teittopa dyuaknun In(1 + z).
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Nccnenopanme pyHKIMIT: MOHOTOHHOCTD, SKCTPEMYMBI, BBIITYKJIOCTh

HpI/IMeHI/IM II0JIy49€eHHbI€ BbIII€ PE3YyJbTaThbl K HUCCJ/IEJOBaAHUIO (bYHKLLHfI

MOHOTOHHOCTH

UccrenoBanue nuddepennupyemMbrx byHKIUNE HA MOHOTOHHOCTH OCHOBAHO HA CJIEJIYIONIEM YTBEp-
JKJI€HUN.

IIpeanoxenue 11. [Tycmos dynkyus f duddepenyupyema na unmepsasre (a;b).
(1) Pynruusa [ neybwsarowas (Hesozpacmarowas) wa (a;b) mozda u moavko moeda, xozda ' = 0
(f" <0) na (a;0).
(ii) Ecau f' >0 (f' <0) na (a;b), mo f eospacmaem (yowmsaem) na (a;b).
(iii) f" =0 na (a;b) mozda u moavko mozda, xozda f = const na (a;b).
>> Cpasy ormernm, qato (iii) caenyer u3 (i). Jokazxkem (i). Eciu dbyukung f neyOniBaonias (HeBo3pac-
TAIOMIAs), TO OTHOIIEHHE
f(1) = f(a2)

I — T2
HEOTPHIATEJLHO (HEIOJOKUTEIBHO) TSl BCeX TOYEK 1 U Ty uHTepBaa (a;b). CiregoBaTenbHo, Ipeet
npu x1 — To, paBHbIi f'(13), TaKyKe HeoTpUIATETCH (HETIOJOKNTEIIEH).
B obparHyo CTOpOHY yTBep:KIeHHe CJeayeT u3 TeopeMbl Jlarpanka. s BCIKUX T1 ¥ To BEPHO
pPaBeHCTBO

fla1) = flz2) = f(e)(x1 — 22),
e TOUKa ¢ JeXKUT MEeXKIY 1 U To. BEcam f' > 0, 1o f(x9) > f(x1) upwm xo > x1 u dbyuknus [ neyObBa-
omast. Ecym f/ < 0, 1o upu xo > x1 nonyuaem f(xs) < f(x1), a 3nauur, byHkuus [ HEBO3PACTAIONIASL.
Jlnst okazarenbeTBa myHKTa (i) J0CTATOYHO 3aMETHTb, YTO B CJAydae CTPOroil mosokureaboctu f’
win crporoii orpurareasroctu f' HepaBeHcTBO MexRay f(z1) u f(x2) Oymer crporum. <

DKCTPEMYMBI

Touka a Ha3BIBAETCST TOYKOHN A0KAALHO20 MakcuMmyma (munumyma) byrknnu f, ecan f onpenenena
B nekoropoit okpectaoct U(a) Toukn a u f(a) = f(z) (f(a) < f(x)) ans Beex @ € U(a). Ecau npn
T # a HEPABEHCTBA CTPOTHE, TO TOBOPSIT O CMPO2OM MUHUMYME WU CIMPO2OM MAKCUMYME DYHKIANR
f. Touku JIOKAJIBHOIO MAKCUMyMa WJIM MUHHMYMAa HA3BIBAIOTCS TOYKAMU A0KAALHOZO IKCMPEMYMA
(GYHKIMN, & TOYKH CTPOro JIOKAJTHLHOTO MAaKCHMyMa MM MHUHAMYMa Ha3bIBAIOTCI TOYKAMU CIMP0O2020
AOKAALHO20 IKCMPEMYMA DYHKITUH.

Ecim dyuknus f nuddepennupyeMa B TOUYKE a JOKAJIBHOIO SKCTpeMyMa, TO 1Mo Teopeme Pepma
f'(a) = 0, T.e. paBeHCTBO HYJTIO TPOW3BOIHON SBISIETCS HEOOXOMUMBIM YCJIOBHEM JIOKAIBHOTO IKCTPe-
MyMa.

Ucnonw3yst mocTarodnbie YCI0BHS MOHOTOHHOCTH, MOYKHO C(OOPMY/IHPOBATH JOCTATOYHOE YCIOBHE
9KCTPEMyMa, HanmpuMep: ecan bYHKIHs Onpe/iejeHa u HernpepbiBHa B OKpectHOCTH Ul(a), muddepen-
nupyeMa B mpokoJiotoit okpecraoctu U'(a), mpuuém f' > 0 npu x < a u f' < 0 mpu z > a, T0 TOYKA @
SIBJITETCS TOYKOM JIOKAJIBHOTO MAKCHMYMA.

®opmyna Teitnopa MO3BOASET MOAYIHTH JTOCTATOYHBIE YCIOBHS IKCTPEMYMa B TEPMHHAX IIPOU3-
BOJHBIX BBICOKOI'O ITOPAJIKA. Hpe,ZLHOJIO}KI/IM, q9TO0 f umMeeTr N IpOu3BOAHLIX B OKPECTHOCTH TOYKH A,
NPUIEM

fla)=fla)=...= f" V(@) =0 u fa)#0.
Torna mo dpopwmysie Teitnopa moaydaem
f"(a) .
f@) = fla) = (F 2 +a@) )@ —a, lma(w) =0,

Ecan n = 2k, 10 B 1ocTaTOMHO MaJIOif OKPECTHOCTH TOYKH @ pasuocTs f(z) — f(a) umeer ToT ke 3HAK,
aro u f™(a). Ecu n = 2k +1, 1o pasnocts f(x) — f(a) cipaBa u cjieBa OT @ WMeeT pasIndHble 3HAKM.
TakuMm 06pa3oM, HMEET MECTO CJIeYIONIee YTBePKICHHUE.
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Teopema 65. IIpednonootcum, wmo pyrruus f umeem n npoussoodnvLr 8 OKPECMHOCTIU MOUKY A U

fla)=fla)=...= f" V@) =0 u fa)#0.
Ecaun =2k u f®(a) <0 (f™(a) > 0), mo a — mouka aokarvrozo maxcumyma (munumyma). Ecau
n =2k + 1, mo mouka a me ABAAECMCA MOYKOT AOKAALHOZ0 dKCMpPemyma Pynkyuy f.

BemykaocTs

Byznem roBoputh, uro dbyHKIws f ewnykaie Ha nHTEepBase (a;b), ecam s Beex xq1,xo € (a;b) u
Beakoro A € [0; 1] BbITOIHSIETCS HEPABEHCTBO

SOz + (1= Naz) < Af(21) + (1= A)f(x2).
Ecan nag Becex © # y u A € (0;1) HepaBercTBO cTporoe, 10 MYHKIM f HA3BIBACTCS CMPO20 GbLNYK-
s01. Hakoner, ecam dbyrkims (—f) BeIyksa (CTPOro BBIMYKJIA), TO TOBOPAT, 9T [ 6oenyma (cmpoeo
602HYMA).
BaMeTHM, 9TO TOYKA ¢ KOOPAHHATAMHU

(A1 + (1= Nz, Af(z1) + (1 = A) f(z2))
JIEZKUT HA XODJIE
_ flz2) — f(a1)
T2 — I
crsiruBatonieit rouku (xq, f(r1)) u (x2, f(x2)), a
(Axy + (1 = XNxe, f(Az1 + (1 — N)xo))

ecTh TOYKa Ha jyre rpaduka byskmun y = f(r), KoTopyIo crsaruBaer sra Xopia. Takum obpazom,
reOMeTPHIECKHH CMBIC BBIMIYK/IOCTH COCTOUT B TOM, UTO JII00as XOpIa JIe;KUT He HIKe IyTu rpadpuka,
KOTOPYIO OH& CTSITUBAET.

(x - 33'1) + f(‘rl)v

IIpenmnoxenne 12. Qyuxyus [ swnyraa na unmepsase (a;b) moeda u moavko mozda, ko2da 0k
A00BLT Mmovek T1 < T < To U3 IMO20 UHMEPBAAG GHNOAHEHO HEPABEHCTNEO
<

f(x) — f(21) < f(@)‘f(x).

r — T To — T

> O6osnaunm Beipazxkenue \r; + (1 — A)xg gepes x. [Noxyuaem

- T W
To — I1 Ty — 1
Hepagenctso f(Axy + (1 — AN)xg) < Af(x1) + (1 — A) f(22) paBHOCHABHO HEPABEHCTBY
Ty — T T — T
S — - ;
F@) < 2 ) 2 )

KOTOpOE, B CBOIO 0Yepe/ib, MOKHO 3allUCATDL B BUJIE
f(z2) — f(2)

f@) = flo) _ | g

r — I To — X

Taxum o6pazom, eciu byHKIHUS f BRITYKIA HA WHTEpBaJIe (a;b), TO IIs TIOOBIX YeTBIPEX TOUEK T1 <
Ty < T3 < X4 W3 ITOTO WHTEPBAJA HAKJIOH XOPbI, COOTBETCTBYIOIMEH TOUYKAM T, T3, HE TPEBOCXOIUT
HAKJIOHA XOP/IbI, COOTBETCTBYIOMIEH TOUYKAM Lo, Ty, T. €. HAKAOHGE TOPJ 2papuka sunykiol PYHKUUY He
yboviearom.

Teopema 66. [Tycmv dynrkyus f swnykia na unmepsane (a;b). Toeda das scaroeo ompeska [c;d] C
(a;b) cywecmeyem makoe wucao L, wmo das ecex x,y € [c;d] 6vnosneno nepasencmeo

[f(z) = f(y)| < Llx =yl
6 wacmmuocmu, gynkyua [ nenpepuena na (a;b).

> Ilycth a <u < cud<v<b Torma nmsa Becex ¢ < < y < d BBITOJHIETCS HEPABEHCTBO
<

a1 -1 fly) = fl2)  flv) — f(d)

x =B
c—u y—x v—d

Y

13 KOTOPOTO CJejyeT ucKoMoe HepaBeHcTBO i L = max{|A|, |B|}. HeupepoiBrocts dynkun f cie-
JIyeT U3 JOKa3aHHOTO HEPABEHCTBA. 4
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Crenytoree yTBepK/IeHNE COIEPKUAT PABHOCHJIBHBIE ONpe/IeeHUs BRITYKJIOCTH s JuddepeHIm-
pyeMbIX (DyHKITHIA.

Teopema 67. Ilycmo dynkyus [ updepenyupyema na (a;b). Tozda caedyrouue ymeeporcderus
IKBUBANCHITVHDL:

(i) f — evwnykaa (cmpoeo evinykaa) na (a;b);
(i) f" — neyowsarowasn (eospacmarowasn) na (a;b);

(iii) f(z) (2 f'(2)(x — 2) + f(2) daa ecex x,z € (a;b), x # 2.
>)

> Boiegem (ii) u3 (i). Ilyers s < 21 < u < v < 29 < t. HakJIoHBI XOp/ He yOLIBAIOT, TIOITOMY

f(x1) = f(s) < fu) = f(x1) < fw2) = f(v) < f(t) = flaz)

Tr1— S U — T (<) To —V t— a9

Yerpemiasist § — xp Ut — g, 3aka049aeM, uto f'(x1) < f'(zg) ans Bemykaoit dyaknum f u f(x1) <
f'(x9) nuist cTporo BuImyKJI0# byHKIHA f.

ITokaxkem, aro (iii) caeayer u3 (ii). Ilo Teopeme Jlarpamxka cnpaseminBo papenctso f(x) — f(z) =
f'(c)(x — 2), tae ¢ nexkur Mexay « u z. CiaesoBaTenbHO,

f@) = (f'(2) (@ = 2) + f(2)) = (f'(c) = f'(2))(x — 2) > 0,
IJIe MOCJIe/Hee HePABEHCTBO BBIIOJHACTCH B CUIYy MOHOTOHHOCTH [, IPUYEM B CJIydae CTPOrOil MOHO-
TouHOCTH f' TOCTIEHEe HEPABEHCTBO CTPOTOE.
Brisenem (i) u3 (iii). Samernm, uro yreepzKaenne (iii) o3HaYAET, YTO HAKJIOH XOPbI, CTSATUBAIOIIEH
roukn (z, f(x)) u (2, f(2)), tme © < z, orpannven cHU3Y 3HadeHueM npousoaHol f'(x), a cBepxy —
snavenneM npoussognoil f'(2). Ilycrb 27 < x < x9. Torma

f(z) — f(z1) f(x2) — f(z)
—— =< flle) < ————,
r — I To — T
T. €. HAKJIOHBI XOP/1 He yObiBaoT u f Boinykiag ¢yukimusa. OTMeTuM, 94TO B Caydae CTPOroro HepaBeH-
crBa B yrBep:kaeHun (iii) u 371ech MOJydaeM CTPOroe HEPABEHCTBO MeKIy HAKJIOHAMH XOD/I, & 3HAUWT,

U CTPOTYIO BBIIIYKJIOCTb. <

Tperbe yTBep:KIeHHE TEOPEMbI UMEET HALVISAIHBIH FeOMeTPHIECKUN CMBICT: IT'PadUK BBITYKJION Jud-
depenrupyemoit GYHKINUN JEKAT He HUXKE BCIKOM CBOeil KacaTe/IbHOM.
Bropoe yrBepxKienue 3Toil TeopeMbl 1103BOJIAET JIOKA3bIBATh BBIIYKJIOCTH JBaZKJibl Juddepeniiy-

pyeMbiX (DyHKITHIA.

Caencrue 16. [lycmo gynryua [ deascov duddepenyupyema na (a;b).

(i) Pyuruyusa [ ewnyraa na (a;b) mozda u moavko moeda, xozda f” > 0 na (a;b).

(ii) Ecau f" >0 na (a;b), mo f empozo ewnykaa na (a;b).

IIpuBengm moJie3HOE yTBepZK/EHHE, JOKA3aTEIbCTBO KOTOPOTO SBJSETCS YIDAasKHEHHEM Ha MeTO]
MaTeMaTHIeCKOH WHIYKITUH.

Teopema 68 (nepasencrso Mencena). ITycmo dynsyus f evnyraa na unmepeane (a;b). Tozda das
6CET wucen Ti,...,T, € (a;b) u ecex wucea Ay, ..., N, € [0;1], daa xomopwz A\ + ... + A\, = 1,
GOINOAHACTICA HEPAGEHCTNEO

Pacemorpum npumep. Ilpumenss mepasencrBo lencena K BuInyk/0# byuknuu — Inx u nosjaras

A= ...= )\, = 1/n7 oJIydaeM I IIPOU3BOJIbHLIX IIOJOXKUATEJAbHLIX YHCeJT X1, ..., T, U3BECTHOE
HEPABEHCTBO MEXKY CPEJIHHUM apu(PMeTHIECKUM U CPEIHUM I'eOMeTPHICCKUM:
1+ ... +x,
— 2= Y1 Ty
n
OTMeTHM, 9TO HEpABEHCTBO 00paIlaeTcs B pABEHCTBO TOTIA W TOJBKO TOTA, KOTIA L1 = Ty = ... = Ty,.

loopsr, uro auddepenmupyemas B TOUKe o QyHKIUA [ UMeeT nepe2ud B TOUKE Ty, €CJAN CyIIe-
crByer Takoe 4ucyao 0 > 0, aro dyHKIms f BbIyK/aa (BOrHyTa) Ha mHTEpBaJe (rg — J;Z0) ¥ BOPHYTA
(BbimyKJ1a) Ha wHTEpBase (xg; o+ J). s quddepenupyemoit B OKpecTHOCTH TOYKH Ty byHKIuN f
Haauane neperuba B TOUKE T( O3HAYACT U3MEHEHHEe B3AUMHOIO paclosioxkenud rpaduka GyHKIUU I
KacaTeJbHOH K HeMy IIpHU Iepexoe 4epes3 3Ty TOUKY.
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B zakmodenmne paccMOTpPUM MTPOCTERIAHY BapuaHT 3HAMEHUTOTO MeTo/1a KacaTeabHbIX HbpoTOHA.

Meron kacareababix HbroToHA

[Tpeamonozxum, uro Ha uHTepBaste (a;b) 3amana HenpepbiBHAs QYHKIUSA f, TPUIEM B TOUKAX U <
v 3ITOrO WHTepBasa 3HadeHus: [ WMeIOT pasHble 3HakW. Kak Haiitu perenne ypasuenusi f(x) = 07
OJHO U3 JIOKA3aTeabCTB TEOPEMbl O MPOMEKYTOYHOM 3HAUYEHHH (MMEHHO 3Ta TEOpeMa IapaHTHPYeT
cymecTBoBaHue perienns ypasuenus f(r) = 0) ocHOBaHO Ha Mmemode Oucekyud, COCTOSIIETO B TOM,
9TO OTPE30K [u;v] JesuTes HomoJaM, 3Hadenue f B cepejuHe OTPe3Ka CPABHUBACTCS € HYJIEM, U B
cllydae, KOrJa OHO OTJIMYHO OT HYyJIsd, JEJUTCS TOIOJaM Ta MMOJOBHHA, HAa KOHIAX KOTOPOW 3HAYEHUS
dbyukME [ wMeroT pasHble 3HAKH, W T.J. 3a 7 IMAaroB Mbl OyjJeM 3HATh pPeieHre ¢ TOYHOCTHIO JI0
(v — w)/2™. Oka3biBaeTCs, 9TO HPU HEKOTOPHIX JOMOJHUTEJbHBIX YCJIOBUAX HA (DYHKIWMIO [ MOXKHO
JIOOUTLCS TOrO, 9TO 3a 1 MIAroB pellleHue GyeT u3BecTHO ¢ TouHocTbio 1o /2% rie C' — nekoTopas
KOHCTAHTA, HE 3aBUCAIIAS OT 1.

[Tycrsb dyukuust [ jBazx /sl HenpepbiBHO auddepeniupyemMa Ha uaTepsase (a;b), npuuém jis Beex
r € (a;b) M HEKOTOPHIX TOJOKUTEIbHBIX YHCET (v U [3 BBINOJHEHB HepaBeHcTBa f'(x) > a > 0 m
g = f"(x) > 0. Ilpeanonozxkum, 410 cyiecrByer takasg Todka ¢ € (a;b), aro f(c) = 0. Ilpm s1ux
ycaoBHSX (DYHKIUSA f CTPOTO BO3PACTAET W, CJIEIOBATEIBHO, TaKasd TOYKA ¢ TOJBKO OJTHA.

[Iycts 1 > c. Bagaaum TOCIETOBATEIbHOCTD {X,} PEKYPPEHTHO: eCIM 3HAUEHUE T, yZKe Ompejie-
JIEHO, TO Tp41 — TOUYKA Iepecedenust Kacareapnoii y = f'(x,)(x — x,) + f(z,) ¢ ocvio Oz, 1. €.

B f(xn)
T4l = Ty — .
IIpeanoxkenue 13. Bo esedénnvir 0603nauenuar nociedosamenviocms {x,} crodumes x wucay c.

> Ilokaxkem, uTo x, > ¢ g Beex n. Ilo yemosuio 1 > c¢. Ilpenmonoxkum, 9T0 I HEKOTOPOTO N
9TO HEPaBEHCTBO JIOKA3aHO U JoKaxkeM ero jjid n + 1. 'paduk crporo Beinyk/i0it (pyHKIMYM JIE2KUT HE
HIKe BCAKOH CBOEH KacaTe/JbHOW M MMeeT ¢ Hell e IMHCTBEHHYI0 001y TouKy. [lockoabKy f (xn) > 0,
nostydaeM f(z,41) > 0, 9T0 HEMeJIEHHO BJIEYET HEPABEHCTBO Tyyq > C.

[TockonbKy x, > ¢, noaydaem f(z,) > 0. Kpome toro, o yciaosuwo f'(z,) > 0. CiaemosaresbHo,
Tpi1 < T, U TOCTET0BATEIBLHOCTD {1, } yObIBaet. Ilo Teopeme Beitepirpacca {x,} cxonurcst K HeKOTO-
POMY 3HAYEHMIO 2. YCTPEMJIsid 1 — OO B PEKYPPEHTHOM COOTHOIIEHUU, OIPEACJISIONEM Ly, TOJLYYAEM
f(2) =0 u, 3nauur, z = c. <

OneHuM CKOPOCTH CXOAuMOCTH T, K c. Ilo dopmyne Teityiopa ¢ ocrarodnbiM djaeHoM B hopme
Jlarpamxka nmeem
f"(u)(c = @n)?

2 Y

fe) = f(xn) + f'(xn)(c — 2,) +

re u JIeXKAT MexKay &, u c. Ilockoabky f(c) = 0, nonaydaem

GO C‘ _ ‘f”(U)(c — xn)”
() 2f"(xn)
3ameTnM, 4TO JieBas 9acTh paBHa |r,.1 — c|. Ucnonb3ya uepasencrsa [/ < S u [ > «, umeem
s
|Tns1 — | < M|z, — cf?, =00
a

13 sTOro mepaBeHCTBA, CJeAyeT ONeHKA
—1 on
|Tpy1 — | <K M (M|zy —¢|)” .
_ n
Ecmu M|z; — ¢| < 1/2, To momyqaem |x,41 — ¢|] < M~1/2%". TlocnenoBaTeabHOCTh T, CXOMATCS K
¢, OITOMY HadmHAas ¢ HeKoToporo Homepa N HepasencTBo M|ry — ¢| < 1/2 BBINOJHEHO W MOXKHO B
KauecTBe Ty B3ATh Iy .

TunuaaplM TpUMepOM HMpUMEHEHUs MeToa KacareJbHbix HbloToHa dB/gercd urepanuonnas pop-
mysta LepoHa 1 BRIYACIEHUST BEJTUIUHBL \/C, ¢ > 0:

1 c
Tpt1 = s\ Tn+ — ).
2 T
3 H =% —
neck Meron Helorona npumensercs x Gyukiun f(x) = 2° — ¢ 1 HOCII0BATEIBHOCTE {X,, } CXOANTCS

K +/C.
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3aJIa9¥ U YIIPaXKHEeHWsl, KOTOPbIe MPUBOIATCS MOCIe KaXKI0ro naparpada. Pemenne stux 3aga4 momo-
JKET YUTATENI0 TUIyOOKO OHATH U IPOYyBCTBOBATH OCHOBHBIE OIIPEJIEICHUS U METO/bI MATEMATHIECKOTO
aHa/In3a.

3. Apxumnos I'. ., Cagopununii B. A., Uybapukos B. H. Jleknuu nmo MmaremMaTnieckoMy aHaau3y. 4-e
uzj., ucup. — M.: poda, 2004. — 640 c.

Y4aeOHUK TpecTaBIsgeT co00i 3aMUCh PeaTbHBIX JIEKIHi, KOTOPble aBTOPhI MHOTHE TOJbI UYNTAJIH
Ha MexaHuko-MaremarudeckoM (akysibrere MI'Y umenu M. B. JTomonocoBa, u orjim4aercs JIJAKOHUIHO-
CTHIO U OTTOYEHHOCTHIO N3/I0KeHnsA. KHura coepKuT nHTepecHblie T0MOJTHUTETbHBIE TEMbI, KOTOPbIE HE
BCETJIa BKJIIOYAIOTCS B KyPC aHaIm3a, HanpuMep, Teopemy A. A. KapaiyOst 0 ObICTPOM YMHOXKEHUT JBYX
gyucest u Kputepuit ['. Beilsis paBHOMEPHOTO pacipe/iesieHus 3J1eMeHTOB YUCJIOBOI MOCTeTI0BATETHHOCTH.

4. Hatancon I. I1. Teopus ¢dpyukiuit BenmectBennoit mepemennoii. 13a. 2-e, nepepab. — M.: TUTTJI,
1957. — 552 c.

Kuura U. T1. Hatancona gBjsgercs BBeJeHUEM B TeOPHUIO (PYHKIUI U, 6€3yCJI0BHO, OYIET MMOJIE3HBIM
JIOTIOJTHEHNEM K 0a30BOMY Kypcy aHaan3a. MarepuaJ uzjiaraercs siCHO U OY€Hb HATJISJIHO, TTPOBOIUTCS
DOJIBITIOe YUCI0 KPACUBBIX (PAKTOB, KOTOPBIE B IPYTOil JTUTEpPAType He 3aTPAruBaloTcs BoBce. YuTaresrio
TaKKe PeKOMeH/yeTcss OOpaTUTh BHUMAaHWUeE Ha 33JIa9M U YIPayKHEHUS MOcye KaxK/I0i TIaBbl.

5. sapm JI. Ananus. I-it tom. — M.: Mup, 1972. — 824 c.

Kuura uzsectaoro dpanity3ckoro maremaruka J1. [IIBapia MoxkeT ObITH peKOMEHI0BaAHA KAaK JIOOJI-
HeHue K 0a30BOMY KypCy MaTeMaTHYeCKOro aHan3a U MOTpedyeT OT duTaTesis n3HavaIbHO TIyOOKOTO
HOHUMAaHUs ero ocHOB. OHAKO 3HAKOMCTBO C 3TUM yIeOHUKOM IMTO3BOJIAT IIVPe B3IJISHYTH HA HU3yda-
eMBIil MaTepHuaJ | JIydllle OCO3HATh CYTh HJIeil U MeTOJ0B, KOTOPbIe BCTPeYaroTcd B DA30BOM Kypce U
JACTO KaXKyTcsd HADOPOM BechMa M300PETATEILHBIX TPIOKOB.

6. Jlemunosua B. [1. Coopruk 3aa4 u yrnpakHeHuUil 110 MaTeMaTHIECKOMY aHAIH3y: Y 1el. mocodue.
— 13-e uzp., uctnp. — M.: zn-Bo Mockosckoro yuuepcurtera; YePo, 1997. — 624 c.

DT0 KJaccudyecKuii cOOPHUK 3a/1a4 MO BCEM TeMaM Kypca MaTeMaTH4ecKOoro aHaan3a, KOTOPBIH
VCIIENTHO WCMOIb3yeTcs Uil NPOBeIeHNsT MPAKTHIYeCKAX 3aHATHH Ha MaTeMaTHIeCcKUX (DaKyIbTeTax
BeJIyIINX BY30B. Ynurarenb HAlAET 37ech KaK MPOCTHIE YIIPayKHEHUs aJTOPUTMUYIECKOTO XapaKTepa,
TaK M CJIOKHBIE TJIyOOKHE YTBEpZKJIEHUS, JOKA3aTeJbCTBA KOTOPBHIX TPeOyIOT YBEPEHHOI'O BJIAJICHU
METOJIAMHU U UICAMU aHATIA3A.

7. Bunorpagosa 1. A.; Oyexuuk C.H., Cagoanunit B. A. Maremarndaeckunii anaan3 B 3a7a49aX u
yupaxuenugx: B 3-x T. Tom 1: /Iuddpepennuanbioe u unrerpaibioe ucuauciaenue. — Hopoe u3ix. — M.:
Nsn-Bo Mockosckoro yuusepcutera; MIITHMO, 2017. — 412 c.

[Tocobue copepKuT OTIMYHYIO 1IO00PKY 3a/1a4 110 BCEM TeMaM Kypca MaTeMaTHYecKOro aHa/u3a u
OCHOBAHO Ha 0DOOIIEHUN aBTOpaMu HOTATOro ONBITA MHOTOJIETHErO BE/ICHUS TPAKTUIECKUX 3aHATHI Ha
MexaHuko-maremarnaeckom ¢akyabrere MY umenn M. B. JlomonocoBa. OrananrenbHON 0COOEHHO-
CTBIO 33J/I[AYHUKA SBJIAeTCd HAJNINe B Havase KaXKJI0! IVIaBbl MOIPOOHOTO BBeIeHNs ¢ 0030POM MeTOI0B
U pazdbopom npumepoB. laHHOE MocobIe MOXKeT OBITh PEKOMEHIOBAHO ISl CAMOCTOSTETLHOIO OCBOEHUS
METO/IOB PellleHus 3a/1a4 110 MaTeMaTUu4eCKOMY aHAJIU3y.

8. Makapos B. M., Tonysuna M.T., Jlonkur A. A., T[lonkopsiros A. H. I136pannsbie 3a1a4n 1o Berie-
CTBEHHOMY aHaju3y: ¥ 4eb. mocodbue jig By3o. — M.: Hayka. 1. pen. dus.-mar. qut., 1992. —432c.

[Tocobue comep:kuT pa3sHOOOpa3HbIE 33Ja9d, B OCHOBHOM BBICOKOTO YDOBHS CJIOXKHOCTHU TOYTH IO
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BCEM TeMaM MaTeMaThdecKoro anajusa. Cpeau 3aJad BCTPEYaeTcd psiji BayKHBIX TeopeM, HMPHUMEPOB
1 KOHTPIPUMEPOB, 3HAHIE KOTOPHIX CYIIECTBEHHBIM 00OPAa30M JOMOIHAET CTAaHIAPTHBIA KypC aHaIn3a.
KpOMe TOro, IIpu pelieHuun 3ada4 U3 JaHHOI'O C60pHI/IKa MOZKHO IIO3HAKOMHTLCA CO MHOTMMHI METOJaMH
" IIpueMaMu, IIPaKTUYIECKHU HE O6cy}KﬂaeMbIMI/I Ha O6quHbIX 3aHATUAX 110 aHAJIU3Y.

9. Bepemarua H.K., [lleap A. Jleknun mo MareMaTH4ecKoii JIOTHKEe W TEOPUH aJTrOPHTMOB. acTb
1. Hagasia Teopun muoxkects. — 4-e usju., gon. — M.: MIIHMO, 2012. — 112 c.

Kuura npeacrabiser coboii 3aMedaTe/IbHOE M0 CBOet TpoCcTOTe U JAKOHUYHOCTH BBEJICHHE B TEOPHUIO
MHOZKECTB. O6cy)K,ZLaIOTCH BIIOJIHE YIIOPAJOYE€HHBbIEC MHOZKECTBa U TpaHCCbI/IHI/ITHaH NHAYKIOUA, aKCHOMa
BeIOOpa, Teopema Ilepmesno n semma [lopHa.

10. JTangay 9. OcHorwr ananuza. 2-e w3m. — M.: URSS, 2010. — 184 c.

B xnwure moapobHo 06CyK1aI0TCA OCHOBAHUS MATEMATHICCKOTO aHAJIM3a, B YACTHOCTH, IPUBOIUTCS
aKKypaTHOEe MOCTPOCHHE OCHOBHBIX UUCJOBBIX MHOYKECTB. 3J€Ch MOXKHO HAUTHU MOAPOOHOE 00CYKICHIE
akcuomaruku lleano, a Takzke MHJIYKTHUBHOE HOCTpOEHUE apuPMeTuyecKuX ouepanuit u OTHOIIEHUS
MopAadKa Ha MHOZXKECTBE HATYDAJIbHBIX YHCEJI.

OrmeTnM, 9TO HAPSAY € YKA3aHHBIMH BBIIIE, TOAOHIYT W APyTHe U3JaHUs MePEeUNCTeHHBIX KHHT.
Koneuno, oxBaTuTh BCIO JIUTEPATYPY, KOTOPas MOYKET ObITH MMOJI€3HA U3YYAIOIMM KypC MaTeMaThu4de-
CKOT'0 QHAJU34, HE MPEJICTaBAACTC BO3SMOXKHDBIM.
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