H.JI. KyapsaBuen

JleKmum 1mo MareMaTu4ecKoMy
aHaJsinzy. acrtpb 11

Bepcud: uioHb 2024

MockBa
2024



VIIK 517
BBK 22.161
K88

Kynpasues H.JI.

K88 Jlekiuu o maremarudeckomy ananusy. dacto 1I: YVuebuoe mocobue.
M.: 2024. — 197 c.

VuebHOe MOCOOVEe BKIIIOYAET CJIEIYIONINE PA3IETbl MATEMATH-
9eCKOro aHaan3a: (pyHKIINOHAIBHBIE TOCIEI0BATEIHHOCTH U Psi-
JIbl; MHTErPAJIbI, 3ABUCHAIINE OT MAPAMETPA, BKIII0OYasi HECOOCTBEH-
Hble MHTErPajbl; KPATHBIA HHTerpas PuMana; KpUBOJIHHEHHBIE 1
IIOBEPXHOCTHDBIE NHTEI'DAJIbI; 3JIEMEHTBI TaPMOHUYECKOI'0 aHaJIn3a.
TTocobme mammcano wa 6a3e JIEKIWI, YUTAEMBIX aBTOPOM OoJjiee
JBAJIATH JIeT Ha reojiormdeckoM axymprere MI'Y um. M.B. Jlo-
MOHOCOBA CTyAEHTaM, 00y JaIoIuMCs IO HampaBIeHnio "reodusn-
ka". [IpenHasHayeHo I CTYIEHTOB €CTeCTBEHHBIX (PaKyIbTETOB
YHUBEPCUTETOB, & TAKKE /I 00y IeHNS CIEIHATICTOB [0 HAIIPAB-
JIEHUSIM, TPEOYIOMHUM yrTyOJIeHHON OATOTOBKH IO BBICIIIEH MaTe-
MaTHUKeE.

YIK 517
BBK 22.161

(©H.JI. KyapsiBues, 2024



Moum podumesam noceawaemcs

IIpenucnoBue K Tekyineii Bepcun aexiuii (MIOHD
2024)

B sroii Bepcuu Jiekiuii (110 CpaBHEHUIO € paHee OyOJIMKOBAHHbI-
MU) UCLPABJIEHbI 3aMEYEHHbIE OIIEYATKH, & TAKZKE B HECKOJIbKMX MECTax
BHECEHBI HEDOJIBINNE M3MEHEHNST B U3JIOYKEHNE MATEPHUaIa.

Mockga, 2024 H. Kyapssres

IIpeancioBume KO BTOpOMY U3JTaHUIO

OTa KHHUra gBJISeTCs HOBBbIM U3JaHueM ydeOHoro mocobus "Jleknun
o Maremarudeckomy aHauusy", mzgannoit B 2016 r. B HOBOM m31a-
HUW WUCIPABJIEHBI 3aMEYEHHBIE ONMEYATKN U HETOUHOCTHU, MEPEPabOTAHO
U3JI0KEHNE HEKOTOPBIX BOIPOCOB, MO0ABJIEHBI MPUMEPHI U 3aMEYAHUS.
Ccpuikn Ha "Jlexkiuu o maremarnydeckoMmy anannsdy. Jacts 1" umeror
cremyfomuit (popMarT: mepesl HOMepOM JIEKIUU CTABUTCA 1, OT/Ie/IeHHasd
OT HOMEpa JIEKIUU TOYKOH. ABrop OjaromapeH reojorudeckomy da-
kysabrery MI'Y um. M.B. Jlomonocosa 3a noiepkKy, 6€3 Koropoii 3ta
KHUTa He ObLIa ObI M3JaHA.

ABTOp He BO3parkaer MpOTUB KOMUPOBAHUS JAHHONH KHUTY U €€ pac-
MPOCTPAHEHHUS B TIEYATHON ¥ 3JIEKTPOHHOM dOpMe B HEM3MEHHOM BH/IE
B HEKOMMEDPUYECKHUX MEeJIAX U ¢ COXPAHEHUEM KOMUPANTa, MPUHAIeKA-
Eero aBTopy.

Mocksa, 2021 ror, H. Kynpssren

IlpenucaoBue

Hanmoe mocobme HAKMCAHO HA OCHOBE Kypca JIEKIHWI 10 Mare-
MATHYECKOMY aHAJIM3y, YUTAEMOr0 ABTOPOM B TEYEHHE MHOTUX JIer



crynearaM—reodu3nkam reosjorudeckoro daxymaprera MIY uv. M.B.
Jlomonocosa. OHO sABAsSeTCS NPOMOJIZKEHHEM paHee W3JAHHBIX JIEKIIAN
asropal. B Hero BKJIIOYEH Marepuas 3 CeMecTpa, B KOTOPOM H3yda-
TOTCS CJIEIYIONHe TeMbl: (DyHKIIMOHAIbHBIE ITOCIEI0BATEIbHOCTH U Ps-
JIbl; WHTErpPaJIbl, 3aBUCAIINE OT MapaMerpa, BKJIIOYAs HECOOCTBEHHbBIE
WHTErpaJibl; KPaTHBIH wHTErpaja Pumana; KPUBOJIMHEHHBIE W ITOBEPX-
HOCTHBIE MHTErPaJibl; 3J€MEHThI FapMOHUYECKOro aHaiu3a. CcbLIKHA B
HACTOsAIEM mocobnn maiorca Ha Kaury 2013 r.

IIpun manucanum JaHHON KHATH ABTOP CTPEMUJICSI K TOMY, ITOOBI
YUTATENH IOy YU OA30BbIe 3HAHUS, HEOOXOIUMBIE JIJIsi TPUJIOKEHUN 1
OCBOEHUS APYTUX MATEMATUIECKUX TUCIUIIINH, & TAKXKe YTOOBI JIUIA,
3aMHTEPECOBAHHBIE B YIUIYOJIEHHOM U3y49E€HUN MATEMATHIECKOTO AHAJIN-
3a, MOIJIH CAMOCTOSITETbHO OCBOUTH 0OJTee TITyOOKNEe W TOHKHE ACIIEeKTHI
TEOpHH, U3JIaraeMble KaK B (PyHIAMEHTATbHBIX KypPCax aHAIN3a, TaK U
B CIEIUAJIHLHON JINTEPATYPE.

B wacrosmem mocobum HAIIM oTpaxkenne 6ojee dem 30-IeTHMi
OnbBIT paboOThI Ha Kadeape MATeMaTHIECKOrO AaHAJIN33d MEXAHUKO—
MaTeMaTHIeCKOro (aky/nabTeTa W IMPEnoJaBaHus Ha PA3TUIHBIX (a-
kymabrerax MI'Y um. M.B. Jlomonocosa. Be3 mocrosimHOro obrienwus
¢ Kosuteramu 1o Kademape, Koropoe ¢chOpMUIPOBAJIO IPEICTABICHUS aB-
TOpa O TOM, KaK JIOJI?KEH BBITVISAETh KypPC MATEMATHIEeCKOrO AHAJIN3a,
JaHHAs KHUTA ObLaa ObI HEBO3MOXKHA. Becem uMm aBTOp rIyOOKO mpu3Ha-
TeseH u OarogapeH.

B saksogenune xoTemoch O6bI TaKKe MOOJIATOTAPUTD MO0 HIeCKU
dakynprer MI'Y um. M.B. JlomorOoCOBa 3a 1TOMOIIb B U3IAHAN JIEKITHIA.

Mockga, 2016 H. Kyapssren

1H.JI. Kynpsasues "Jlexnuu mo MaTeMaTmdeckoMy anammsy”. M.: 2013.
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JIEKIINA 1
DyHKIMOHAIBbHBIE TTOCJEI0BATEITbHOCTA U PAIbI.
IToroueunass 1 paBHOMEpPHASA CXOAUMOCTUA PYHKIIMOHATIHHBIX
nocJgeaoBaTebHOCTel. sup—kKpurepuii u Kpurepuii Kommn
PaBHOMEPHOM cxoauMocTu PYHKIIMOHATBHBIX
mocJje0BaTeJIbHOCTE .

ITycts E — mpom3BOMBHOE MHOKECTBO. ECIn KaykaoMy HATYDah-
HOMY 4ucay k comnocrapiena GpyHkuus fr : £ — R, 10 rosopsar, 4ro
(ma muoxecrse E) 3ajiana nociaenosarenbnocts gynknuit (f) 2] =
(fr(@) {25

Onpenenenne 1. Qynxyuonasvran nocaedosamenvrocms (fr)i25
ozparunena na muodsceemse E | ecau cywecmeyem nocmosmnnas C > 0,
m.u. das ecex k € N u ecex x € E: |fr(x)| < C.

Onpenesenne 2. Pynxyuonarvras nocaedosamenvrocmsy (fr) 25
cxodumea 6 moure xg € E, ecau umeem npedea wucao6ai nociredosa-
meavnocmn (i (20)))25.

Onpegenenne 3. Pynryuonasvras nocaedosamenvrocms (fr)iS
cxodumes wa muodcecmee E (nomoueuno cxodumes wa muodcecmee
E), ecau ona cxodumes 6 kasicdoli mowke muoocecmea E, m.e das ao-
601 purcuposannot mouku x € E cywecmeyem npedes limy_, o fr(x)
wucao6oti nocaedosamenvrocmu (fr(x)){S. B npomuenom cayuae
Pyrxyuonasvnas nocaedosamenvrocmo (fr(x)){2S nasweaemes pac-
xodawetica na muodxrcecmee E.

Ecnu nocienosarenbHocTs ( fk)g;“i cxomurea Ha E, To HA 3TOM MHO-
xkecrse onpexnenena Gyukmus f(x) = limg_s o0 fx(2), KOTOpas HA3BE-
BAETCA NOMOY%EYHbLM TPEIEIOM (DYHKIUOHAIBHON OCIEI0BATEIHHO
cru (f);2]. dnst 0603HAMEHHS! IOTOUEHOM CXOJMMOCTHU HCIIOIb3YeTCst

3amuch fi(x) 2N f(x) (B — 400), unu limy_ 4 o fr(x) L f(z).

IIycts ma MHOXKEcTBe F 3amaHa TOCIEIOBATENHHOCTH (DYHKIWIA
(ak(a:));l'jl’. O6pa3zyeM HOBYIO TOCTEIOBATEIBHOCTD, YIEHAMU KOTOPOi
ABJAIOTCA PYHKITAN

Sp(x) =a1(z) +az(x) + ...+ ap(x) = Zak(x).
k=1



Oupenenenne 4. QYHKYUOHAALHOM PAIOM ¢ useramu ag(x),
k= 1,2,..., He3weaemcs @PYHKUUOHAALHAA NOCALIO8aMEND-

noemnv (S, ()2, Qynkyuonasvnuii pad 0603HAMAEMCA CUMBOAOM
—+o0
j—1 @k ().

Yienst nocienosarenbuoctu (S, (7)) npunaTO Ha3BIBATL Wa-
CIMUMHOLMAL CYMMAMU DI S js Ak (T).

Oupenenenne 5. Pad EZ:ZH ar () Ha3LIBAEMCA TL—M OCTNATNKOM
pada ZZ:OI ap(x).

Onpegenenne 6. Qynxyuonatsvhoi pad S 5 ax(z) crodumes 6
mouke o € E, ecau crodumes wucao6ol paod Z::{ ak(xo).

B cmny ompenenienusi CXOMUMOCTH 9HCIOBOTO PAfa (DyHKIMOHATE-
mbii psas Y2 ay () CXOmUTCs B TOUKE 0, €CTH B TOUKE 0 CYIECTBYeT
mpesent limy, o0 Sp (o) MOCIETOBATETHHOCTH €10 YACTUIHBIX CYMM.

Onpenenenne 7. Qynxyuonarvnoi pad >, a(x) crodumea na
mroocecnee B (nomoueuno cxodumea ma E), ecau on cxodumces 6
Kastcdoti mouxe muosicecmsa E. B npomushom cayuae pad Hazvweaem-
¢ pacrodausumes va E.

Jpyrumu cjioBaMu, CXOJUMOCTb Ps/a Z::{ ar(x) HA MHOKECTBE
FE o3magaer cxomuMocTh Ha F DYHKIMOHAIBHON MOCJIEI0BATETHHOCTH

(Sn(2)),r2. Ecamm mocenosaremsrocts (S, ()12 cxomures ma F, To
Ha 3TOM MHOXKecTBe onpezenena dyukuusa S(x) = lim, 4o Sp(x),

KOTOpasg HA3LIBAETCA CyMMOH pazna ZZ:; ar(z), 4ro 3amuchiBaeTcs,
kax >4 ax(z) = S(z). Mpo dbymkmmo S(z) roBopsT Taxwe, €TO
ona packmapmaerca B psa S(z) = 3., °% ay(x) no cucreme byuximuit
{a1(x), as(x), ..., a(x),...}.

Onpenenenne 8. Fcau wna wmuooscecmee E  cxodumesa psad
Z;:{ lak ()|, mo dynryuonarvrvit pad ZZ:? ai(x) nasveaemncs ab-
COMOMHO CTOOAUUMCA Ha MHOMHCECTNEe F.

Omnpenenenne 9. Pad cxodumcs Ycro6HO Ha MHONCECTNEE, ECAL OH
CTOOUMCA HA HEM, HO HE GOCONOMHO.

Teopema 1. Ecau @yHukyuoHasvhoil pad cxodumces adcoiomHo Ha
Mmuoorcecmee E, mo on cxodumes na E.

CupaBeyIuBOCTb YTBEPKJIEHUsI CJIELYET U3 COOTBETCTBYIOIIErO
CBOICTBA YUCIOBBIX PSAJIOB.



ITpumep. Hccaenyem Ha CXOAMMOCTD M AOCOIOTHYIO CXOANMOCTD (DYHK-
(_ 1 ) k $k

MUOHAJILHBIN PATT ZZ‘;’? . OueBngno, 9TO B TOUKe & = (0 P CXOOUT-

cst (1 Tipu TOM aBCOJIOTHO).
k, k
—1)%xg
V™0 o
k
HeM C U3y4deHusd €ro abCoMI0THOM CXOOMMOCTH. BOCHOﬂb3yeMCH IIPU3HAKOM

_ (=D)kaf | ansa(zo) ag 'k
HamamGepa (ax(xo) = ): ar (o) 2k (k+ 1)

Sadukcupyem zo # 0 ¥ paCCMOTPUM YUCTIOBOMH PIT Zz:i

= |20

k
k 1
|zo| mpu k — +oo = mpm |xo|] < 1 psx cxomurcs abCOJIIOTHO, a LIpU
|zo| > 1 pan pacxomurcs (uGo B srom ciaydae |ax(xo)| He crpemmrcs K
mymo upu k — 400, a rorma u ap(ro) He crpemurcs K Hyuao). Ocra-
JIOCh BBISICHUTB, 4TO IIPOMCXOMT, ecju To = F1. B rouke x9 = —1 pag

—1)F(=1)* 1
it % =30 7, bacxozures (cm. mpumep 2 sreknum 1.44). Ecom

+o0 (71)k
zo =1, 1o pan ) ;% T

1.45). CnenoBarenbno, psaz cxoqurcs Ha nosynarepsase (—1, 1] u abcomorno

CXOJIUTCS, HO HE a0COJTIOTHO (CM. TIPAMED JIEKIIIN

— na unTepsasue (—1,1).

PaBHOMepHaﬂ CXOONMMOCTDb (byHKI_II/IOHaJ'II)HI:IX
HOCJ'Ie,HOBaTe.TIbHOCTeﬁ

ITycts mmeercs cxomsimasics Ha MHOXKecTBe E QyHKIMOHATbHAS
nocseznosarensuocts (fi(2))F25. Toraa BO3HMKAIOT BOIPOCHI O CBOM-
crax upeneabnoit Gynkuuu f(z). Kak onu casanbl co csoiicrBamu
YieHoB TocsenoBaresnbHocT? Korma, HanpuMep, MOYKHO TOBOPUTH O
HepPEepPbIBHOCTH, JuddepeHInpyeMOCTH Wl HHTErPUPYEMOCTH (hyHK-
mun f(2)? OTBeThl HA 9TH BOMPOCHI MOXKHO JaTh B T€PMHHAX DABHO-
MEPHOM CXOAUMOCTH.

Onpepesenne 10.  DYnKyuonaAvHaA  NOCAEIOEAMENLHOCTD

(fk);;"; cxodumcsa pasrwomepro ¥ Pynkyuu f na muoocecmee E
E
(fx = f) npu k — +oo, ecau
Ve>0 Jk.eN, mau. VE>k. uVereE: |fi(r)— flz)] <e.

Hanumewm s cpaBaenust Ha € — k sI3bIKE OIIPeIeIeHNE TOTOY€THOM
CXOIMMOCTHU HA MHOYKeCTBe E:

10



Ve e EuVe>03k =k (z,e) e N, mu. Vk > K : |fe(z) — f(2)] <e,

T.€. BBIOOP k', B OTJIMYKME OT PABHOMEPHOM CXOMUMOCTH, OIPEIEIACTC
HE TOJIBKO 33/JAHUEM 4YUCJIA £, HO U BBIOOPOM TOYKH T, T.K. JJIsI KA2XK/I0I0

GUKCUPOBAHHOTO T PACCMATPUBAETCS CBOST YMCJIOBAST TIOCTIEIOBATEIh-

nocts ( fr(2))723.

13 onpeenennit paBHOMEPHO U TOTOYEYHON CXOIMMOCTEH HA MHO-

xecrBe E cuenyer, uro ecuu fi g f upu kK — 400, T0 fi X f.
CrenoBaTeIbHO, YTOOBI MOC/IEI0BATEIBHOCTD CXOIUIACH PABHOMEDPHO
Ha HEKOTOPOM MHOKECTBE HEOOXOTMMO, 9TOOBI OHA CXOIHUIACH IMOTO-
9eYHO HA HEM K TOMY XKe Tpeaeiry.

E
Bameuanue. Ouesunno, yro fi(z) = f(z) upu k — +oo & fr(x) —
E
flz) =o0.
dcHO, 9TO ecm TOC/IeI0BATEIBHOCTD CXOIWTCS PABHOMEDHO HA,
HEKOTOPOM MHOXKECTBE, TO OHA, CXOAWTCS PABHOMEDPHO ¥ HA JIIOOOM ero

TOJIMHOKECTBE.
Teopema 2(sup—kpurepuii paBHOMepHO# cxomumoctn). /lis

E
mozo wmobw fr(z) = f(z) npu k — +00 neobxodumo u docmamouno,
WmMobblL “UCA08aA NOCAI08AMENLHOCTIL SUD, 1 | fi(x) — f(2)] — 0 npu
k — +oo.

ﬂOKa3aTeHbCTBO.HyCbek§f(k—>+OO)=>V€>O
Jk. € N, na. Vk > k. u Vo € E: |fi(z) — f(2)] < /2 = B cuny
omnpeneneHus Bepxuell rpanu Vk > ki sup,cp | fr(z) — f(2)] <e/2<e
= UMeeT MeCTO PABEHCTIBO limy 4o SUp,ep | fr(x) — f(z)| = 0.

O6parro, ecant limy s 1 oo SUP,ep | fr(2) — f(2)] = 0, To Ve > 0 Fk, €
N, 1.4. Yk > k. BBIIONHSIETCS HEPABEHCTBO SUP,cf | fr(x) — f(x)| < e.
W3 ompenenenns BepxHeit rpanm ciaemayer, 9ro Vk > k. m Vr € E.

[fu(z) — f(x)] <e= fi i& f (k= +00). Teopema nokazana.
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IIpumepsl.

1) Beakag 9mcioBasg IOC/IEI0BATENPHOCTD CXOMUTCA K CBOEMY HPEIEILy
PaBHOMEDHO Ha, JIIO60M MHOYKECTBE.

2) Hccmemyen mocaeoBaTe bHOCT, Gyukmmii fi(x) = ¥ ma paBHOMep-
HYIO CXOIMMOCTB Ha a) orpeske [0,q], ¢ € (0,1) m b) nonymnrepsase [0,1).
Kak 6p110 0OTMeEUeHO, PAaBHOMEDPHBIM TIPEIETOM (DYHKITMOHAIHHOM MOCIen0-
BaTEJIbHOCTHU MOZKET 6I)ITI> TOJIBKO €€ II0TOYEeTHbIIA upeaeJ. HOSTOMy CHa4vaJIa
BBIACHUM, YTO ABJIAECTCA TTOTOYECHYHBIM TIPpEIEJIOM ,Z[aHHOﬁ IIOCJIe 10BAaTEJIHLHO-
¥ & 0 mpu k — +oo. Temeps
BOCITIOJIb3yeMCs SUD—KPUTEPHEM PAaBHOMEPHOI cxofuMocTH. B mepBom cirydae

ctu. Ha oboux muOXkectBax 0 < = < 1 = x

MMeeM SUP,c(o,q) lzF — 0] = SUP,e0,q] F < g8 = 0= 2k i{ 0 (k = +00).
Bo BTopom cimyHae sup,cp1) |zF — 0] = supze[oyl)m’“ = limg102® = 1
(mpenmocsienHuit Epexo/; BBIIOJIHEH HA OCHOBAHUU TEOPEMbl 1 U3 JIeKnuu
1.13. Bupowuewm, 3Ta BEepXHsisi TPAHb JIETKO MOACYUTHIBAETCI HEITOCPEICTBEH-
1o) = ma mosyumrepsase [0, 1) nocresosaremsuocts (zF)% e cxomures
PaABHOMEDHO.

Teopema 3(kpurepuii Komm paBHOMepHO# cxomumocTn).

E
Hocaedosamenvrocms fr, = [ (kK — 400) mozda u moavko moeda,
Ko2da

Ve >03k. € N, mu. Yk > k., Vpe N uVe € E: |fipp(z)—fr(z)| <e
(1)

E
Hdoxaszarensbcrtso. [ycrs fr = f, 1.e. Ve > 0 Jk. € N, n.u.
Vk>k.uVe e E: |fu(x) — f(z)| <e=>Vk >k, VpeNuVz e E:

| frtp(®) — fe(@)] = [frtp(z) — f(z) + f(2) — fulz)] <
| frap(@) = f(2)| + [f(z) = fr(z)] <e+e=2e.

O6paruo. Ycnosue reopembl (1) 03HA4AET B 4ACTHOCTH, YTO B KAXK-
Jnoit bUKCHPOBAHHON TOYKe x € F YHCIOBasi MOC/IEI0BATEIHLHOCTH
(fx(2)){2y sBasercsa nocaenosarensHocTbi0 Ko 1, cieoBaTessHo,
cxomnresa. 3uaunt, OII fi(r) cxomures morodedHo Ha MHOXKecTBe E.
Mycrs f(z) = limg— 400 fx(z), x € E. Ilepexond k npemesy upu p —

12



+o00 B (1), nomyuum, uro Ve > 0 k. € N, 1u. Vk > k. u Ve € E :

If(x) = fe(x)] <e = fi g f (k — +00). Teopema nokazaua.
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JIEKIIN A 2
PaBuoMepHasdg cxoamMocTh (PYHKIIMOHAJIBHBIX PSAJIOB.
Kpurepunit Ko paBHOMepHOII CXOAMMOCTH ps/ia.

sup—KpuTtepuii paBHOMepHOii cxomumocTtu. Heobxomumoe

ycJjioBue paBHOMepHOIT cxomumoctu. Kpurepuii Komm.

IIpusnaku Beiiepinrpacca, Ilupuxie u Abesis paBHOMEPHO
cxogumocTtu. CBoiicTBa paBHOMEPHO CXOIAIINXCI PASOB U
0CJIeOBATEJILHOCTEN.

o0
Onpegenenne 1. Pad 22;1 ax(x) cxodumes pasHOMEPHO HA MHO-
oicecmee E, ecau nocaedosamesvhocms €20 wacmuunor cymm Sy (x)
CTO0UMCA PAGHOMEPHO Ha MmHONHCecmee F.

Ecmn Sy, (x) g S(z) mpu n — 400, To mHITYT S5 ag(x) g S(x).
Iycrs psn ZZ:; ar(x) cxomurcd morodedHo Ha MHOKecTBe F 1
S(z) — ero cymma. Torma dyuxuua rp(z) = S(r) — Sp(v) asua-
eTcst CyMMOI n-TO OCTATKA pAA: Tn(T) = S peo 41 ak(z). Cremosa-
TeJIbHO, PABHOMEPHAs CXOAMMOCTH Dsifia Ha MHOXKecTBe F, T.e. ycio-

E E
Bue Sp(z) = S(z) mpu n — o0 & rp(r) = S(x) — Sp(z) 2 0 &
SUPcp |Tn(z)| = supweE\Zz:;H ag(z)] — 0 npu n — +oo. [omy-
YeHHAS 3aMuCh YCJIOBHAS PABHOMEPHOH CXOOWMOCTHU PSIa HE COMEPKUT
B SBHOM BHJIE €r0 CYMMY, 9TO JEJIAeT ee yJOOHOW IJIs MPUMEHEHWS,
u60 Ha NpPaKTUKE FBHBIA BUI CyMMbL psaga S(z) B GOMBIIUHCTBE CIIy-
4aeB He M3BeCTeH. IIpeIoozKeHre 0 MOTOYEYHOM CXOMUMOCTH PsAla He
OIPAHMYMBACT OOIIHOCTH, T.K. IOTOYEUHASA CXOJAUMOCTD PAJ/Ia AB/ACTCS
HEOOXOIWM YCIIOBWEM €r0 PABHOMEPHOI CXOINMOCTH.
Teopema 1(He06x0aMMOE yCJIOBME PAaBHOMEPHOI CXOIMMO-
cru paga). Ecau pad Z;:fl’ ax(T) cTooUmCs PasHOMEPHO HA MHOJICE-

E
emee E, mo a(x) = 0.
Hdoxkas3arTeabcTB 0. YIBEPKIEHHE TEOPEMbBI CJIEIyeT W3
upezcrasienus ay(x) = Sk(x)—Skp—1(x), k = 2,3,.... HeiicrBurensHo,

E
sadukcnpyem e > 0. [Tockonbky Sk (x) = S(z) (K — +00), To Ik € N,
ra. Vk > k. u Vo € E: |Si(z) — S(x)| < e. Hosromy Vk > k. + 1 m
Vo € E uMmeeM
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lax ()] = [Sk(z) — Sk—1(2)| = [Sk(z) — S(2) + S(2) — Sk—1(2)| <
1S(x) — S(2)| + |S(x) — S_1 ()] < 2¢.

Buauut, a(z) é 0 mpu k — +o0.

Teopema 2(xkpurepmuii Komm paBHOMepHOM CX0aMMOCTH Psi-
na). Jaa moeo, wmobo, pad E;;’ol ar () cxoduaca pasHOMEPHO Ha MHO-
oicecmee E neobxodumo u docmamouno, umobn, Ve > 0 k. € N, m.u.
Vk > k., VpeN uVx € E:

Z an(z)

n=k+1

‘ak+1($)+ak+2($)+...—l—aker(x)‘ — <e.

JokasaTeabcTB o PaBHOMepHAA CXOOUMOCTH PAIA,
Z;ﬁi ar(r) Ha MHOXKEecTBe E 03HA4YaeT, 4TO MOC/IEZ0BATEILHOCTD €r0

E
9acTUIHBIX CyMM Sy, () = S(x) mpu n — +00. A 970 PABHOCHIBHO TO-
My, ITO JJIsI IOCIEA0BATENBHOCTH Sy, (1) BhIIOIHSAETCA Kpurepuii Komm
PaBHOMEPHOI CXOAUMOCTH, T.€.

Ve>03k. €N, ta. Vk > k., VpeNuVr e E: |Spp(x)—Sk(z)| <e.

Tak Kak a41(x) + akyo(z) + ... + apyp(x) = Skap(z) — Sk(x), TO
TeopeMa JI0Ka3aHa.

Jlemma 1. ITyemo pad Zk 1 ai(z) cxodumea pasnomepro Ha MHO-
oicecmee E x pynxyuu S(z) u b(x ) — 02PaHUYEHHAA HG MHOICecmee E

Pyrwyusa. Tozda S5 b(x)ag(z) :; b(x)S(z). B wacmnocmu, das npo-

E
U3604b1H020 delicmeumerthozo wucaa X pad > o5 Aay(z) = AS(x).
Joxaszareuasbcrt s o HNueem Y, bx)ag(z) =
b(x) > i, ax(z) = b(x)S,(z). CrenosarensHo,

sup [b(2) Sy (z) — b(2)S(z)| = sup [b(2)[|Sn(z) = S(2)| <

z€EE
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sup |b(z)|| sup |Sn(z) — S(z)| — 0 mpu n — +oo,
zeE el

E
ubo S, (z) = S(x), a byaxuua b(x) orpanmyaena na MaOKecTBe E. 3Ha-

GUT, HA OCHOBAHUH SUp-KpuTepus Y ;g b(z)ag(z) i& b(x)S(z). Jlemma
JIOKa3aHa.

Jlemma 2. Ilycmo padw 3,55 ax(z) u 22_51 bi(x) cxodamea pas-
nomepto na muoscecmee E. Tozda pad 3025 (ay(x) + by (x)) maxorce
cxodumces pasromepro na E.

Hoxkaszartennctso. Hycrs §(z) = S0 ap(x), S(z) =
Sy ax(z), §7(2) = 5% byle) m S)(w) = Sp, bi(). Torma

n

sup Z ) + by () = (§'(z) + " (2))| =

el e

sup |5, (z) + S, () — §'(z) = §"(x)] <

rel

sup(|Sy, (z) — §'(2)| + 15 () — §"(2)]) <

zel
sup |S) () — S"(z)| + sup |S) (x) — S”(x)| = 0 upu n — +o0.
zeFR reE

B cuny sup—kpurepus jiemma JI0Ka3aHa.

Teopema 3(upusnak Beitepmrpacca). ITycmv dan  psd
Zzz ar(x), ma. Ve € E u Yk € N: |ag(z)| < ag. Ecau wucaosod
pad 3125 ay cxodumesn, mo pad 3125 ax(x) crodumea abeomommo u
pasHomepHo Ha muooicecnee E.

JokaszareunbcTso. 3apukcupyem € > 0. B cuny kpurepus
Komu CXO,ZLI/IMOCTI/I YHUCJIOBOIO PSAIA Z;oi ai Ine € N, 9. Vn > n. u
Vp € N: Zk oy < €. Mockonbky Vo € E: |ag(z)| < ak, 10 Vn > n.,
Vpe NuVe e E:

n+p

> ar()
k=n

n-+p n-+p

< a(@)| <D <
k=n k=n
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CrenoBaTebHO, HE TOJNBKO I DAL ZZ(:X{ ar(x), HO WM mud
S ak(2)| Bomommsierca kpurepuii Komu pasHomepoi cxomumocTu
Ha MHOXKecTBe F. Teopema moka3zaHa.

I Haii —+oo X

pumep. Haiinem MHOXKeCTBO, HA KOTOPOM P » ) °7 1 CXoAUTCs TI0-
TOYEYHO, U UCCJIE/lyeM PsiJi HA PABHOMEPHYIO CXOAMMOCTb Ha TOM MHOXKE-
crBe. VI3 npusnaka Janambepa ciemyer, 9TO HAHHBIA DAL CXOAUTCH abCO-
motao Vz # 0. Cxomumocts (ab6comorras) npm x = 0 ouesmmna. Crenosa-
TEJILHO, PSIJT CXOUTCH U pu ToM abcosoTHo Ha R. TIpoBepuM BhINOSTHSIETCS

1 HeoOXOIMMOe yCJIOBHE paBHOMEpHOH cxommmoctu psama Ha R. Tak kak

k

z o

1| = 71 8UPaer |2¥| = +o00, To paBHOMepHO#t cxommvocTH Het. O

HAKO Ha J000M oTpeske |x| < a psii CXOAWTCS PABHOMEDHO IO MPU3HAKY
k

+oo @&

k=1 k!

SUPzer

< —
_k!7

k!

cxomuTCs coryacHo npu3Haky Jlamambepa.

BeiiepmTpacca, u6o B 3TOM ciydae a 9UCJIOBOM psifyy »

PaBHOMepHas cXOOAMMOCTH 3HAKOIEPEMEHHBIX
bYyHKIIMOHANBHBIX PATOB

ITpueeem 6e3 TOKA3ATEIHCTB €IIIe JBa MPU3HAKA PABHOMEDPHO! CXO-
JquMocTH (DYHKIMOHAIBHBIX PAZOB (CpaBHATE C TeopeMaMu 5 U 6 Jiek-
uuu 1.45).

Teopema 4(mpusuak JTupuxie). Pad 31> ax(x)by(z) czodum-
cA pasromepHo Ha muodcecmee E, ecau evinosnens, caedyrousue ycao-
6uA

1) 3 nocmoannas C >0, m.n. Vn € N uVz € E: | Y )_ ap(x)] <
C,

2) Vx € E wucaosas nocaedosamenvrocmn (by(x)) 2 mornomonma,

E
3) bi(z) = 0 npu k — +oo.
Teopema 5(npusnak AGess). Pad Y% ay(x)bi(z) crodumes
DPABHOMEPHO Ha MHONHcecmee E, ecau sunosnenvs credyousue Yciosus
+oo
1) pad Y, 7] ar(x) cxodumea pasromepro na muoocecmse E,
2) Vx € E wucaosasn nocaedosamenvrocmn (b ()25 monomonna,

3) 3 nocmoannas L >0, m.u. Vk € N uVz € E: |by(x)| < L.
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CsaoiicTBa PaBHOMEPHO CXOAAIIIUNXCA pAJ0OB 1
HOCﬂeﬂOBaTeHBHOCTEﬁ

IIycts D — mpousBosbHOEe moaMuO)KecTBO R”.

D
Teopema 6. Ilycmov fi, = f npu k — +oo u Vk dynxyuu fi €
C(z0), o € D. Tozda f € C(xg).

HdoxaszarennpcTso. Ouenum npupamenue
|f(x) = f(zo)| = |f(z) = f(®) + fru(z) = fr(x0) + fr(wo) — fwo)| <
|f(x) — fr(x)] + | fr(x) = fu(xo)| + | fu(20) — f(z0)]

(k BBIDEPEM TIO3KE).

D

Badukcupyem € > 0. Ilockoibky fr, = f, To Fke. € N, 1.u. Vk > k.
uVr € D (a3uaawur u qus x = xo): |fr(z) — f(z)] <e.

Tenepn BozbMeMm Kakoe—iubo k > k.. Ilo ycuosuio fi € C(zg) =
30 = d(¢, k), na. Vo € Uz, d) N D: |fi(z) — fru(zo)] < € = Vo €
U(xo,0) N D: |f(x) — f(zo)| < e+e+e=3c= f e C(xg). Teopema
JTOKA3aHA.

3ameuanue. I3 yTBepxkeHnsi TeopeMbl 6 Ciie/IyeT, 9YTO WMeeT MeCTO
PaBEHCTBO LOBTOPHBIX IIPEJIEJIOB

lim lim z)= lim lim T).
T—x0 k—+o00 fk( ) k—+4o00 z—x0 fk( )
Heiicturensro, ¢ omuoit cropoHsl f(zo) = limpojoeo fe(zo) =

limp 4 oo limy a0y fi(z)(ucnonb3oBamum 1o, uro fr € C(xz0)). C xmpyroit
croponsl, cornacao teopeme 6 dbymkmus f € C(xo) m rorma f(zo) =
lima ey f(2) = lima— g limeo 4oo fr(2).

Canencreue. Ecau fy, 2; f npuk — +o0o uVk dynxyuu fr, € C(D),
mo f € C(D).

Jloka3aTensCTBO CleIyeT U3 TEOPEMBI 6 M OIPEIeIeHIsT HEIPEPHIB-
HOCTHU H& MHOXKECTBE.

ITepedopmynupyem Teopemy 6 mjist GyHKINOHATIBHBIX PSIOB.

Teopema 7. ITycmo S5 ax(x) % S(x) u ar(z) € C(xg) k.
Tozda cymma pada S(x) € C(xg).
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CrpaBeJInBOCTb TEOPEMBI 7 Cpa3y CJeAyeT H3 TeopeMbl 6 u
OIIPE/IEICHUsT PABHOMEDHO! CXOAUMOCTH (DYHKIMOHAIBHBIX PATIOB, T.K.
Sp(x) = Y p_jar(z) € C(z0) KaK KOHEYHbIE CyMMbI HENPEPbIBHBIX
byHKIIMIIL.

3ameuanue. I1ockoIbKY paBHOMEDHAsST CXOAUMOCTD PIA 03HAYAET PaB-
HOMEPHYIO CXOAUMOCTHb IIOCJA€A0BATEIbHOCTU €r0 YaCTHUYIHBIX CyMM, TO CO-
IJIACHO IPEIBIAYINEeMY 3aMeYaHUIO

lim lim Sp(z)= lim lim S,(z),
T—x) n—>+00 n—-+o00 r—xQ
T.€.
n n n
lim lim ap(z) = lim lim ar(z) = lim lim ax(x)
r—x9 n—+oo n—+o00 x—x( n—r oo T—x(
k=1 k=1 k=1
T

—+o0 “+ o0
lim E ak(z) | = E lim ag(x)
Tr—xQ T—xTQ
k=1 k=1
3HauuT, U3 TEOPEMBL 7 CIIEAYeT, YTO 3HAKYU IPEeeIa U CyMMUPOBAHUS [IEpPe-

CTAHOBOYHBI, T.€. YTO ITIPU CAEJIAHHBIX IIPE/IIOIOKEHUAX Pl BeIeT cebs Tak
K€, KaK U KOHEYHAsI CyMMa HEIPEPBIBHBIX B JAHHON TOYKe byHKIHI.

[e.d]
Teopema 8. ITycmsv fr(x) = f(z) npu k — +oo u Vk fr(x) €
Cle,d). Tozda Vo € [c,d]:

c,d|
/ fr(t)dt [:; f( )dt, k — +oo.
xo
Hoxaszareunncrtso. o ycuosuwo fi € Clc,d] = na ocnopanuu
teopembl 6 npegenbuasa Gynaknusa [ € Cle, d]. osromy fi, f € Rle,d]
(reopema 2 mexnuu 1.25). U Torga B cuiry jgemmbl 4 jiekiun 1.25 unTe-
rpasIbt f;o fr(t)dt m f;o f(t) dt mmeror cmbica. Onernm

/fkdt/fdt‘

[ 150 - g1 < | [ sup 15~ s ae -

0 u€lc,d]

(fk() f@))di| <
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sup |fi(u) — f(u)]

u€le,d]

[ = sw 150 - sl -0l <

w€le,d]

sup |fi(u) = f(w)l(d — o).

u€le,d

CrreoBaTesbHO,

/fk dt—/ £() dt'< sup |fi(u) — F(w)l(d— ) 0

sup
z€[c,d] u€le,d]
[c,d]
mpu k — 400, ubo fr = f. Teopema mokaszana.
3ameyaHusi.
1. 13 Teopembr 8 CJIe,HyQT paBeHCTBo limy s 1 oo f fu(t y 1] f f(@)
TTockonbky limg_ 4oo [k (x) = f(m), TO mosyvaem, 4ro Vz € [c, d]

Jim / Frlt) dt = / Jm fie)dt,

O3HAYAIOIIEee, YTO B CAEIAHHbIX IIPE/IIIOI0KEHNAX OIIePALMYA HHTEI PUPOBAHUA
U IIpeseIbHOIO IIEPeX0ia MepeCTaHOBOYHBI. B 9acTHOCTH 471 o = c U & = d

d d
Jim [ o= [ i g

2. B Teopeme 8 MOXKHO OTKa3aThCA OT TPEOGOBAHUS HEMTPEPHIBHOCTH UJI€-
HOB TOCJIEZIOBATEILHOCTH HA OTPE3KE [C, d]: PABHOMEDHBIH ITPEIeJl COXPAHIET
HE TOJIbKO HEIPEPBIBHOCTh, HO U UHTEIPUPYEMOCThb. A MMEHHO, €CJIU YJIeHbl

c,d
nocuegosarensuoctu (fi(x)); 2 unrerpupyembt na [c,d] u fu(z) = f(z)
upu k — 400, 10 f € R[c,d] u cupaBemuBo yTBepxaeHue TeopeMbl 8. [leit-
CTBUTE/TbHO, IOKAYKeM, UTO B 3TOM CJIydae s DYHKIUK [ BBIIOJTHAETCH KPU-
repuit Tap6y unrerpupyemocru (cm. Teopemy 1 sexuuum 1.25). Cuagana upo-

[e,d]
BepnM, uro byuknmsa f(z) orpanmuena Ha [c, d]. ockomsky fi(z) = f(z),
To it € = 1 Fko € N, u. Vo € [¢,d]: |f(z) — fro(2)] < 1 = Vz € [¢,d]:

|f(@)] = 1f(x) = fro (@) + fio (@)| < [f (@) = fro ()] + | fro ()| < 1+ Mo, ubo
| fro (2)] < Mo VY € [c,d], Tak Kak fr, € R[c,d] (cm. Teopemy 1 jmexumm 24).
Buaunut, pyuknust f(r) orpanudena Ha oTpeske [c, d].
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Baduxcupyem ¢ > 0. B cumy paBHOMEDHOH CXOZUMOCTH IOC/IENOBATE b
wocru Jk1 = ki(e) € N, ru. |fi,(z) — f(2)] < € nna Vz € [e,d] =
frr(x) —e < f(x) < fu, (x) + € mna Yz € [c,d]. TTockombky fr, € Rlc,d], T0
36 = (k1,e) =6(e) > 0, 7. VT'[¢,d] ¢ A(T) < 8: S(fur, T) — s(fr,, T) < &.

Bosbmem kakoe-snbo pasbuenue 1'[c,d] ¢ A(T) < §. B cuny onenok st
f(z) nmeem

sup f(x) < sup (fi,(z) +¢€) = sup fi, (z) +e,
TEA; TEA; TEA;

nf J(@) 2 inE (@) — <) = inf fiy(2) — <,
Crenosaremsuo, S(f,T) = 3, sup,ca, f()Az; < D7.(sup,ea, fr () +
e)Ax; = S(fx,,T) + (d — ¢)e. Ananoruuno s(f,T) > s(fr,,T) — (d — c)e.
Buaunt, VIc,d] ¢ AM(T') < § umeem S(f, T)—s(f,T) < S(fr,, T)—5(fr,, T)+
2d—ce<e+(d—c)e=e(1+2(d-c)) = byuknus f € R[a,b].

MozkHO JI0Ka3aTh, YTO WHTEIPHPYEMOCTH TPeJe/IbHOl (YHKIIMU U BO3-
MOKHOCTb IPEJIE/ILHOTO IIePEXo/ia 110/l 3HAKOM UHTErpaJia BbITEKAeT U3 Io-
Pa3o MeHee 0OpeMeHUTe/IbHbIX yCJI0BUIA, HEXKE/IU PABHOMEPHAS CXOMMOCTh
MOCTIEIOBATETHHOCTH.

[Tepedopmynupyem mist hyHKIINOHATBHBIX PSIIOB U 9Ty TEOPEMY.
[c,d]
Teopema 9. ITycmv Y75 ar(r) = S(z) u ap(x) € Cle,d] Vk.
Tozda

i/ ax(t) dt:/mj S(t) dt,

npusem pad croOumMCca PasHoOMePHO Ha ompeske [c, d).
JokazaTenbCcTBO cleayeT m3 TeopeMbl 8 m Toro, uto Vn € N:

2kt f;a a(t) dt = ffo(ELl ak(t)) dt = ffo S (t) dt.

3ameuanue. I3 yrBepxkienusi TeopeMbl 9 ciie/lyeT, 94TO MMeeT MEeCTO

paBeHcTBO
—+o0 x T —+oo
Z/ ak(t)dt:/ ( ak(t)) dt,
k=1" %0 Zo k=1

KOTOpPO€ O3HAYAET, YTO IMPU CAECJAHHBIX IIPEATOI0KEHUIX OIEePAIi CyMMU-
POBAaHUS W UHTErPUPOBAHUSA MEPECTAHOBOYIHBI (77151 KOHEYIHBIX CyMM JTO CJIe-
nIyer m3 CBOMCTBA 2 mHTErpasa aexmum 1.24).
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JIEKITN A 3
CBoiicTBa paBHOMEPHO CXOAAMINXCHId PYHKIMOHAIBHBIX PAIOB
" mocJiemoBaTenabHocTell (mpomoskenue). Iloanora
Merpudeckoro npocrpancrsa C[a,b]. CTeneHHble psi/ibI.
Panuyc cxogmmocTu cTereHHOro psjaa.

Teopema 1. [Tycms dan pad > 525 ay(x), m.«.
1) ax(z) € Ctle, d] Vk,

o [e.d]
2) Z 1ak'( ) = U(f[,'),
3) Jxg € [, d], m.u. wucroeol pad Z:j ar(xo) crodumes.
Tozda :
c,d)

1) 202 arlx) = S(a),
2) S(z) € Ce,d),

3) S'(z) = o(z) na ompeske [c,d], m.e. (3125 an(z)) =
121 4 ().

Jokas3aTeabCTBOo. HOTeOpeMngIeKL[I/II/IQPH,ELZk L ar(x)
MOXKHO IMOYJIEHHO MHTErpUupOBaThH:

/wja(t)dt:/:ioak dt = Z/x :oo(ak(x)_ak(xo))

TO fp—1 1

NpUYEM MOMTYYEeHHBIH PAJI CXOAUTCS PABHOMEPHO HA OTpeske [c, d]. Ilo
YCJIOBHIO YUCJIOBOM PsiJ Zﬁj ag (o) CXOIUTCs, & TAK KAK €ro 4IEHbI He
3aBUCAT OT I, TO OH CXOAUTCA PABHOMEPHO Ha [¢, d]. [Tockonbky ay(z) =
+oo
(ax(z) — ar(xo)) + ar(xo), To pax >, ar(x) cxoauTcss paBHOMEPHO
Ha [c, d] K cBoeii cymme S(x) Kak psJl, OOl Y4JIeH KOTOPOTO SIBJISIETCS
CYMMOIi 4JIEHOB PABHOMEPHO CXOIAIIMXCs pAnoB (emma 2 jekiuu 2).
3uaqur,

+oo +o00
Z(ak( ) — ak(wo)) Zak Zak(xo) = S(z) — S(xo)
k=1 k=1

u, caeaoBaTeabHoO,



Otkyna

x
S(z) = / o(t) dt + S(xo).
Zo

ITockomnbky o Teopeme 7 jekmuu 2 o(t) € Cle,d], To mo cBoiicTBy
UHTErpajioB € IEPEMEHHBIME [IPeIeJIaMi UHTErpUpOBaHus (Teopema 2
neknun 1.27) f;o o(t)ydt € Clle,d] n (f;o o(t)dt) = o(x). Nosromy
S(z) € Clle,d] u S'(z) = o(x). Teopema nokazama.

3ameuanue. Dr1a TEOPEMa LIOKA3bIBAET, YTO LIPU CAEJIAHHBIX LIPEIII0JI0-
JKeHUAX oneparnyn g depeHInpoBaHNs U CYMMIPOBAHUS [T€PECTAHOBOYHEI,
T.€. P BeJeT cedst TaK e, KaK W KOHEYHasl CYMMa HempephiBHO auddepeH-
NUPyeMbIX (DyHKIHIA.

s pyHKIMOHAIBHBIX MOCJIeI0BaTeIbHOCTEN Teopema 1 nepernu-
CBIBAETCSI CJELYIONUM 00pa3oM.

oo

Teopema 2. [Tycmv dana nocaedosamenvrocms (fr(x)){2S, m.u.
1) fr € Clle,d] Vk,

[e,d]
2) fi. = ¢ npu k — 400,
3) 3zo € [e,d], m.u. wucaosas nocaedosamenvrocmo (fi(20))2]
crodumca.

Tozda
le,d]

1) fi = f npuk — +o0,
2) f € C'e.d,
3) f(z) = () na [c,d], m.e. (limp_s oo fr(2)) = limg_ 400 fr.(2z).
[e,d]
Bameuanwue. U3 ycnosuit gx = g, g ,gx € C'lc,d], k € N ne ce-
JIyeT fmaxe MOTOYedHAd CXOMUMOCThL mociemosarenbuoctu (gi,(x)) ma [c, d].

. coskx (07
HeiicrBurenbno, gi(z) = 0, HO MOCJ/IEeIOBATEHHOCTD C O0IKUM
Vk
. ™
wnerom gy (x) = —vksin kx pacxomurest B ToUKe T = —.

2

ITonHoTa MeTpuyeckoro npocrpaucrsa Cla, b

IIpesparum muOKecTBO Cla, b] Bcex HEMPEPHIBHBIX HA OTPE3KE [a, b]
dyHKLUME B METPUYECKOE [POCTPAHCTBO, BBEJs B HEM paccrosinue. A
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MMEHHO, Jia mpon3BonbHbIX dhyukuuii f, g € Cla, b] monoxum

d(f,g) = sup |f(x) —g(z)|.

z€[a,b]

OtmeruM, xOTdg 3TO He Oyaer HUCHOJB30BAHO JAJIbINE, YTO
SW,cap) /() — 9(x)] = maxgeu|f(z) — g(x)| (310 crenyer
U3 TOrO, Y4TO HelpepbiBHAsg Ha orpe3ke [a,b] dyukuus |f(z) — g(x)]
corsiacHo Teopeme 2 Jjekuuu 1.14 jocruraer CBOEro MaKCUMYyMa).
Hosromy d(f,g) = max,efa |f(2) — g()|-

Kaxk u Bo BCSIKOM MeTpu9eckoM mnpocrpancTse, B Cla, b] onpenenena

cxomumocrs: ecau fi, f € Cla,b] (k € N), 10 f 4 f (k — 400) o

d(fr, f) = 0 (k = +00) & sup,ciq | fu(@) = f(@)] = 0 (k = +00) &
[a,b]
fi = fupu k — +00, T.e. CXOAUMOCTb B METPUYECKOM [IPOCTPAHCTBE

Cla, b] — 910 paBHOMEPHAA CXOAMMOCTD.

Teopema 3. Mempuueckoe npocmpancmeo Cla,b] asasemes noa-
HOUM MEMPUMECKUM TPOCTPAHCTIEOM.

JdokasareascTso. llyers nocaerosareasuocts ( fi ()25
dynnamentanbia B MerpuueckoM npocrpancrse Cla,b], T.e. Ve > 0
k. € N, nu. Vb > ke, Vp € N: d(fk, fotp) = SUPgeia [fr(x) —
Jrap(x)| < e =Vk >k, Vpe NuVe € [a,b]: |frrp(x) — fu(z)] <e.
10 o3Hauaer, uTo Jist mocienosareasroctu (fi(x))} 2 BhIMONHIET-

cst kpurepnit Ko paBHOMEDHO# CXOAUMOCTH Ha oTpe3ke [a,b] = 3f,
[a,b]
9. fr = f upu k — 4oo u npn arom f € C[a,b] Kak paBHOMEpHBIH

npesies MOoC/IeI0BATEILHOCTH HENPEPBIBHBIX (ByHKIWMA (CM. CjeacTBue

[a,b]
reopembl 6 u3 gexkuuu 2). Ilockonbky yciosue f, = f < fi 4 f

(k — +0o0), To dynmamentambuas nocaegosarenbHocTs (fi(2))2]
uMeer Tpesiesl B MeTpudeckoM mpocrpancree Cla, b, pasusrii f. B ciry
MTPOM3BOJIHHOCTH TIOCIEIOBATEIHHOCTH TEOPEMA JTOKA3AHA.
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Crenennbie p4aabl

Onpepnenenne 1. Cmenennvim padom Hasveaemcsa pad euda
—+oo
a0+ Y ai(z - 20)", 2)
k=1

20e z, zp, ar, € R(C), k=0,1,.... ucaa ay, naswsaromes kosdduyu-
EHRMAMU CMENEeHH020 PAJa.
Ecim cantats, uto 0° = 1, 0o V2: ag = ag(z — 20)°. Torga

—+o0 —+o0
ap + Zak(z - zo)k = Zak(z — zo)k.
k=1 k=0

Samenoit © = z — 7o creuenHoii psy (2) upeobpasyercs K Buiy

—+oo
Z apzt. (3)
k=0

[TosTomy B manbHEiimeM B OCHOBHOM Oy/lyT PacCMATPHUBATBLCS CTE-
LeHHbIe PsAabl Buja (3).

Teopema 4(nepBasi Teopema A6Genst). Ecau cmenennold psao
Z;ﬁ% apr® cxodumea 6 mouke o # 0, mo Vr € R (C), m.u. |z| < |xo
cmenennoti pad crodumces abCosOMHO.

Ecau cmenennoti pad Z;ZO% apz® pacrodumca 6 mouxe xy # 0, mo
on paczodumea u Vr € R (C), m.u. |x| > |zl

Hdokaszarenbctso. 1) Iycrs Z;ﬁ% arpzf cxomures. Cremo-
BaTeILHO, limy,_, 1 o axzh = 0. Torma 3C > 0, T.4. Vk: |apah| < C. das
POU3BOJIBHOIO T MUMEEM

z ¥ z ¥
lagz®| = |apzl| | —| < C|—
0 o
T
IIycts ¢ = |z—0\ Ipu |z| < |zo| 3HaUeHNS ¢ NMEKAT B MOIYHHTEPBA-

ge (0,1). CrenoBaTesbHO, Dsij ZK% ¢* cxomurca. A torma cormac-
HO Npu3HaKy cpaBHenus (reopema 5 jekuuu 1.44) cxomurcs U psf

+
Zk:()) |ak$k|-
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2) Ilycrb psg Z;ﬁ% aprf pacxomurca. Torma Va: |z| > |xo| cre-
nenHoit psz (3) cxomuTbes He MOXKeT, u6O B IPOTUBHOM 110 JIOKA3aH-
HOMY B IyHKTEe 1 OH ObLT ObI AOCOMIOTHO CXONAIMMCSA B TOYKE T H,
CJIEJIOBATE/ILHO, CXOAANMMCA. [0y 4eHHOE TPOTUBOPEYnE JOKA3bIBAET
YTBEPKICHNE.

IIycTh mam cTeneHoi psm Zz‘ja apz®. O Bcerma cxomuTes B TOUKe
z = 0. Paccmorpum muOXKecTBO F, cocTosiiiiee U3 HEOTPUIATETbHBIX
JefiCTBUTENbHBIX Yucesl ¥, T.49. upu © = y pan (3) cxogurca. Tak kak
0€ E, 0 E# (. Ilycrs R =sup E. Torna R € [0, +00].

Ecmn R > 0 (R moxer obpamarhcs U B +00) u |z| < R, TO 10
onpenesernio sup Jy € E, tu. x| < y < R. Tak xak y € E, 10
e ZZ:B ary”® cxomurea. A Torna no nepsoit reopeme Abesis cXoauTCsa
> reolaxz®|. Takum obpasom, aas Vo, T.4. |2| < R crenennoil psn
Z;:Of) apz® cxomures w mpu TOM aBCOMIOTHO.

Ecmm R < +oo u || > R, To Jz9, T4. || > 20 > R. B cnuy
onpenenenuss R psi Z::a axTE PACXOIUTCS, CIE0BATETHHO, TIO Tep-
BOIT Teopeme AGes pacxomuTes n EZ:OE apz®.

Nrak, R obiamaer tem cBoiicTBOM, 9to Ve, T.4. |x| < R cremneH-
HOI psizt (3) cxomurcs abComoTHO, a Vi, T.4. |x| > R creneHHol psf
PACXOIUTCS.

Onpenenenue 2. Beauuuna R € [0, +00] nasweaemesa paduycom
cxodumocmu cmenennozo pada (3), ecau Vx, m.u. || < R cmenen-
HOU pad crodumces abcoatomno, a VY, m.w. |x| > R cmenennoli pad
PACToOUMCA.

Ounpenenenne 3. Humepsanr (—R, R) nasvieaemces unmepeaiom
cxodumocmu cmenenrnozo pada (3).

g pana Zzﬁ) ap(r — x0)* unrepsas cxomumocTu uMeer B |T —
xo| < R, mmn (xg— R, zo+R), ecain R < 400, u coBnazaer ¢ (—oo, +00),
ecn R = +o00.
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JIEKIIN A 4

CyurecTBoBaHUE PAINyca CXOJAUMOCTU y MPOU3BOJIBHOTO
cTerteHHOTOo psaaa. HenmpepbIBHOCTh CyMMBbI CTEIEHHOTO psijga

Ha uHTepBaje cxoauMocTtu. PopmyJibl JJjisi BHIUYNCIEHUS
paamyca cxogumocTu. Jlemma o Tpex paamycax CXOJAAMOCTH.

Beckoneunasi quddepeHIupyeMocTh CyMMBbI CTEIIEHHOTO

paaa. Teopema o ko3 duiimeHTax cTemeHHOTO pAaa.
EauHCcTBEHHOCTh pa3yioyKeHus (pyHKIMU B CTEIIEHHOU PsI.
Ananurndeckue pyHKIIUA.

Teopema 1. V ai06020 cmenennozo pada (3) cywecmeyem paduyc
cxodumocmu R € [0, +o0]. Jaa awbozo v € (0,R), pad (3) cxodumcea
PABHOMEPHO Ha ompeske [—r,T].

JdoxkaszarTeabcrT B o. CymecrBoBanue R J0KAa3aHO BbI-
me. JlokaxkeM paBHOMEPHYIO CXOAMMOCTh. Tak Kak r < R, TO BBHUIY
OIIPEJENICHAS PAIIYCA CXOMUMOCTH YUCIOBOM P Z;:OB apr® exomures

abcomorHo. A st siroboro x, T.4. |z| < r cupaBeiMBa OLEHKA

|arz®| = Jax||2®| < |ax|r® = |axr"].

k exomurest

CresloBaTenn o, o npusnaxy BeiiepmTpacca ps Y700 ajx
pPaBHOMEDHO Ha [—7, 7).

Caencrue. Ecau R > 0, mo cymma S(x) cmenennozo pada (3)
ABAALMCH HENPEPLIBHOT Ha unmepsase crodumocmu (—R, R) dynxyu-
et.

HJokaszaTeanbcrtso. lycrs zg, T.9. |z9| < R. Torma moxuO
ykazarh uncio r > 0, T.4. |z < r < R. Tak kKaK “ieHaM# CTEeHHOTO
psifia SIBJISIIOTCS HENpepbIBHBIE (DYHKIMH, TO B CHJIYy €ro PABHOMEDPHOI
cxommMOcTH Ha oTpeske [—r,r| ero cymma S(z) € C[—r,r]| (cM. Teo-
pemy 7 nekmun 2). Cneposarensro, S(z) € C(xg), ubo xg € [—r,7].
ITockonbKy 9 — IPOU3BOJIbHAA TOYKA M3 MHTEPBAJA CXOAUMOCTHU, TO
CyMMa DsiJia HEMPephIBHA B KaXK0# Touke wHTepBana (—R, R), uro u
O3HAYAET HEMPEPBIBHOCTH cyMMbI psina S(x) Ha (—R, R).
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Boruncienne paanycoB CXOAUMOCTHU CTEII€EHHbIX PpAJ0B

1) IIycrs y crenennoro psana (3) xoaddurmentsr ap # 0 Vk. 3a-
dukcupyem x # 0 u uccaeayeM MOTYIUBIIANCT IUCTOBON DSl PAT HA
abCOMOTHYIO CXOIUMOCTD C IMOMOIIBIO Mpu3Haka Jlasambepa:

k+1
o |aggaatt |k
lim |————|=|z| lim = oz,
k—+o00 arx k—+oco | ap
-1 ak41
rae a = limg 4 o0 a:
Ecmn o = 0, To B cuy npusnaxa [lanamGepa psa >.,_; agz”

cxonutest abcomotHo Vo € R. CremoBarenbHO, pajuyc CXOAUMOCTH

1
R = +o00. lonaras 0 = +00, TOyduM, uTO0 R = —.
@

Eciu a € (0,+0c), To mo npusnaky Jdamambepa psag >, axz”
cxomurest abcomotHo Vo, T.4. afr| < 1, Te. mpu || < 1/a, u pax
pacxonurcs, ecian ofz| > 1, r.e. mpu |z| > 1/a. CremoBarenbHo,

1 1 .
R=—=—————= lim
o : Qg k—
limy_ 4 oo T:l +ee

ag

ak+1

Ecm a = +00, T0 cornacuo npusnaxy Jdamambepa pam ), apx®

pacxomurcsa Vx # 0. Ilosromy R = 0. [lonaras —— = 0, MOKHO Hammu-
00

1
caTh, 9T0 R = —.
o}

. Qg . "
Urak, ecian Ilimy_, 4o | ——| KOHeUHDIH uin GECKOHEUHDIH, TO OH
Q41
PaBEH PAINyCy CXOIWMOCTH R CTENeHHOTO psma.

2) Buosb 3adukcupyem x # 0 B (3) u wucciaemyeM HOJy9IUBIIAA-
Csl YMCJIOBOM peAll HA aOCOJIOTHYIO CXOAMMOCTH C HOMOIIBIO IIPU3HAKA,
Kormu:
kll/k

lim |agz =|z| lim |ax|'* = alz],
k— 400 k—-+o0

e o = limy_ 4 oo |ag| /.
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Ecmm o = 0, 1o psan cxomurces adbcomorao Vo € R. Cremosaresnbho,

1
R = +4o00. IlosTOMy MOKHO CUNTATh, YTO R = —.

@
Ecimu « € (0,400), TO psan cxoaurcs abcontoTHo Vi, yaoBIeTBOPSs-
I0IUX HepaBeHcTBY «|z| < 1, re. upu |z| < 1/a, u pax pacxogurcs Vi,
9. alz| > 1, .e. npu |z| > 1/a. BHauwur, R = —.
Ecim a = 400, T0 Va # 0 psapg pacxogurcs. [losromy R = 0. Ousrb

mosy4daem, 910 R = —.
o

. 1
Urax, ecar Ilimy_, 4 o0 |ax|'/*, To on pasen 7 BeJIMYKHE, 00paT-

HOW paguycCy CXOJUMOCTH.
IIpumepsnl.
1) Haiizem pamuyC CXOAMMOCTH W MHOXKECTBO CXOJMMOCTU CTEIEHHOIO
1 .
para 3,25 x¥ /k. TIo Bropoit dbopmyse = hmkﬁjLoo(l/k)% =1=R=1

Tockonbky nipu |x| < 1 paa cxomurces u npu ToM abCOJIOTHO, a npu |z| > 1 —

PaCXOIHUTCs, TO OCTAIOCh MCCIEA0BATL CXOIUMOCTL B TOUKax ¢ = —1, x = 1.
IIpu z = —1 nory9aemM CXONAIUNACS P Ezz(—l)k /k (pan JleiGauma).
Ilpm © = 1 monmygaem pacXOmsAIIMHACT DS, Z::i 1/k (rapmonmaeckuit

pan).

Takum 00pa30M, MHOKECTBOM CXOJAWMOCTH JTAHHOTO Psa SBJIAETCS TI0-
smymaTepBaa [—1,1).

2) Onpenesmm paamyC CXOAUMOCTY CTEIEHHOTO PAIA Z::i k*z". Nmeem
limkﬁjLoo(kk)l/k = limgs 400k = +00 = R = 0 1 JAaHHBIA pAg CXOOAUTCS
TOBKO Tipu = = 0.

JIemma 1 (o Tpex pagmycax cxogumoctn). Paduyco cxodumo-
emu R, RI', R' mpex cmenennviz pados

+oo

o0 a +00

k _

E apzh, 2y E kagz® !
k+1

k=0 k=0 k=1

cosnadarom.

JMokaszaTenbctso. [lokaxkeM cHadana, ato R < R < R/,
HeficTBUTETIHHO, U3 OINEHKHN
|z

k k
= ——\arz”| < |zllarx
(k—i—l)'k ‘_|Hk |

ak k+1
(k+1)
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CJIEYeT, 9TO BTOPOH Psif CXOAUTCA abCOMIOTHO B JIIO0OON TOYKE W3 WH-
TepBaJia CXOAUMOCTH TIepBOro psiaa. [Tosromy R/ > R.

3 nenovuku HEpaBEHCTB

laraz®| < |karz®| < |z||kara®1

CJIEyeT, YTO MEPBBIA Pl CXOOAUTCS abCOJIOTHO B JI000it Touke = # 0
73 MHTEPBAJIa CXOIUMOCTH TpeThero pana. Ciaemosarensno, R > R’.

Ocranocs nokazath, uto R > RJ. Baduxcupyem x # 0, r.u. |z] <
RJ u mpeobpazyem

IR

2 |k+1”

(Bei6upaem uucio r € (|z|, R)) u npeacrassem = xak r%)

k(k+1) ’ Ak k+1

k+1
xT ag
‘ ’ < C ‘ ,,,kJrl

|22 |k+1 " r k+1 '
(Besmunna M z e OrpaHMYeHa HEKOTOpOi KoHcTaHToi C
|y p D :
E(k+1) a k1
TE ‘f‘ — 0 (k — 400) Kak wieH cxoAgerocs psja, (Cxo-

JAUMOCTD pPdJa C TAKHMH YJICHAMHW BBITEKa€T, HaIlpDUMED, U3 IIPHU3HaAKa

E(k 41 k+1\ /k
Kormu: limg_, 4 oo ((H ’E‘ ) = ‘%‘ < 1))

lz[* Ir
Qg
B cuny BeiOOpa 1 psia Z::O% P lrk‘H cxomurces abcosorHo. Io-

5TOMY W3 MPU3HAKA CPABHEHWS CJEYET, UTO TPETHil DS CXOMUTCST ab-
COJIIOTHO B KasKJIOf TOYKE M3 WHTEPBAJA CXOAMMOCTH BTOPOTO DPSiZia.
Buauur, R/ < R'. JleMMa joka3ana.

Teopema 2. I[Iycmb cmenennoti pad Z“,::S aRT
paduyc crodumocmu R u S(x) = 3,25 apa®.

Tozda

1) cymma cmenennozo pada S(x) umeem na unmepsare (—R, R)

npoudsodnvie a106020 nopadka (m.e. S € C*(—R, R)), xomopwie mo-

k umeem nemny.aesot
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2ym 6vumb HatdeHbl NOUAEHHBIM OUPPEPEHUUPOBAHUEM PAOG:

“+oo
SM(@) =Y k(k—1)-... (k—m+apz"™

k=m

2) Vo € (R, R):

_ k _ k+1
/O S(t)dtkz_:/ apt® dt = k+1:c

3) ece nanucannvie cmenennvie Padv. UMEOM 00UH U TMOM JHce Pa-
duyc crodumocmu.

HokazaTenabcTso. U3 gemmsr 1 cnenyer, 9To TaHHBIA CTe-
MEHHON PSAM U PsIIbI, MOJIYYEHHBIE U3 HErO MOCJIEI0BATEILHBIM TOYJIeH-
HBIM I HEepEeHIIPOBAHNEM WA MOYJIEHHBIM WHTEIPUPOBAHUEM, AME-
0T OJIMHAKOBBIE PAJIUYCHI CXOJUMOCTH.

Tak Kak J1060i1 crenennoii psi (3) ¢ paguycom cxonumocru R > 0
CXOINTCST PABHOMEPHO Ha Kaxk oM orpeske [—r,r] C (—R, R), 1o 1) u 2)
CJIEAYIOT U3 COOTBETCTBYIOIIUX TEOPEM O MOUJIeHHOM auddepeHiupo-
BAHWU W MHTETPUPOBAHUEA PABHOMEDPHO CXOIAMAXCA (DYHKITHOHATBHBIX
PAIIOB.

3ameuanne. Bce yTBep)aeHnst MOTYT OBITH mepedOpMyIMPOBAHBL ISt
CTETIeHHBIX PAMOB BUAA Y ) o ak (% — 20)*. Tax dopmyra mowrennoro naTe-
IPUPOBAHUS IIPUMET BUJT

x +oo x +oo
— _ kg, ak o k+1
/EO S(t)dt = ,;:0 LO ak(t — xo)" dt kgzo P (x —x0)" ",

Trae r — IpOU3BOJIbHadA TOYKa MHTEPBaJla CXOAUMOCTH.

Teopema 3(o kosddumuentax cremeHnoro psazna). Ecau e
nexomopot oxpecmuocmu U(xg) mouku xo Pynryus f packaadvsa-
emcs 6 cmenenHol pad No CMenemsm x — g, m.e.

—+o0
) = Zak(:c — x0)* Vo € Ul(xp),
k=0
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f(k) (z0)

mo ay = T U, caedosamenvho,
T R (o TX R (g
£la) = flao) + 30 T o gy = 3 IO
k=1 ) k=0 )

2de 0! =1, fO(z0) = f(z0).
HdoxkaszareabcTs o. llonoxus x = xg, moayIaeM, 9TO
f(xo) = ap. Janee, na ocuoBanuu Teopembl 2 Vo € U(xg) u Vm € N

—+o00
Fm (z) = Z k(k—1)...(k—m+ Dag(z — )" ™.

k=m

B Touke z = x( Bce WiIeHBL pAla, KpoMe IepBoro, pasuel Hymo. Cie-
nosarensuo, f™(zy) = mla,,. Teopema moxazama.

CaencrBue. Ecau 6 nexomopot oxpecmuocmu U(xg) mouku xg
Pyrryus packaadvieaemcs 6 cmenewnol pad no cmenenim T — Ty, mo
MO paszaoscenue eduHCMeerHo.

JoxkazaTeancTBso. Ecim

+oo “+o0
flz) = Zak(x - l’o)k = Zbk(x - xo)k,
k k=0

=0

[k (z0)
TO TH PsAJIbI UMEIOT OJMHAKOBBIE KOI(MDPUITUEHTDI, T.K. U Gf = AR
F®) (o)
u b, = i CremoBaTebHO, PA3IOXKEHNS COBIATAIOT.

Omnpegenenne 1. Pyuxyus [ HA3b16AEMCA GHAAUMULECKOT 8 TOYU-
ke xg (f € A(xp)), ecau ona packaadvieaemcs 6 cmenennol paod
S an(x — 20)* 6 nekomopoti oxpecmmocmu mowku .

Ecmm f amajutmueckas B TOUke xg, TO f Oeckomewuno muddepen-
mupyeMa B HEKOTOPOH OKpPecTHOCTH 3Toit Touku. O6paTHOe HEBEPHO.
[Ipumep Geckoneuno muddepennupyeMoit (pyHKINE, KOTOpas HE Pas3-
JIATaeTcs B CTEMEHHON psifl OyIeT JTaH HuKe.
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JIEKIIN A 5
Pannbr Teitnopa. Kpurepnii cxonumoctu pgaga Teitopa.
docTarouHoe ycjoBue cxomumocTu psana Teiisopa. Paabi
Teilsiopa HEKOTOPBIX 3JjieMeHTapHbIX PyHKIuii. leiicTBusa
HaJI CTENEeHHBIMU PsSJaMU.

ITycrs f oupenesena B nekoropoit okpecruocru U(zg) ToYKU o 1
WMeeT B 3TOH TOYKE MPOU3BOIHBIC JIOOOTO TOPSIKA.
Onpegnenenne 1. Cmenennoti pso

0 £(k) (o 0 £(k)
f(zo) + Z fi(o)(x — g;o)k - Z fi(o)(x . Io)k

! k!
k=1 k=0

Hasveaemcs psdom Tetiaopa dynkyuu f 6 mouke xg.
3ameuanne. Teopema 3 sekimnm 4 O0O3HAYTAET, YTO CTENEHHOMN DS
420 ap(z — wo)* aBnserca pamom Teitmopa cBoeit cymmsr S(z) B TOUKe To,
u6o ar = S® (x0)/k!.

EcrecTBenno BO3HUKAIOT BOIIPOCHL O CXOIUMOCTH U cyMMe psina Teii-
Jopa: 1) MOXKHO Jm yTBepKIaTh, 4T0 paj Teilsopa jiro6oii 6ecKkoHEYHO
nuddepenupyeMoit GyHKIUKM CXOAUTCS LUPU T # To; 2) eciu pay Teii-
Jopa beckoreuro auddepenimpemoii byHKIun f CXOTUTCS, TO CXOIUAT-
sl J OH Tipu & # xg K f(2). OTBeTHl Ha 3TH BOIPOCHI OTPUIATE/ILHBIE.

IIpumep. Ilycts f(z) = eil/”z, x # 0 u f(0) = 0. Iokaxkem, 9T0O
f € C*(R), Te. uro byHKHMs [ WMeeT MPOM3BOIHBIE JIOOOTO TOPAIKA B
m060it Touke R, u maiinem ee psang Teitopa B Touke xo = 0.

TTockombky limg o f(z) = 0 = f(0), To f € C(0). HempepsiBHOCTH BO
BCEX OCTAJIbHBIX TOYKAX UHCJIOBON IPSIMOi OI€BUIHA, MO0 () YHKITHUS SIBIISIETCS
KOMITO3UIHEH HePePhIBHBIX bYHKITIIA.

Ecm z # 0, ro f'(z) = 2/173671/902, f'(z) = 76/5134671/052 +4/{L'6671/I2.
Boobme, Vk € N

n A
m

b /a2 /g2
™ () = Py, (1/z)e” V" =/ Zom—m
me

Takmm o6paszom, byrkmua f(x) Geckoneuno mud depermmpyema ma R\ {0}.
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13 mostyternoit hopMysiBI CileyeT TakxKe, 9TO
(k)
lim fiff‘) =0,k=1,2,...,1=0,1,...
z—0 x

T.K. Vm € N

lim e /% /2™ (til/xQ):tlirE t"? /et = 0
— 400

z—0

(cM. upumep 2 mexuun 1.20).
JoxaxeM, 9T0 u B Hyse y GyHKIUM f CyIeCTBYIOT IPOM3BOIHBIE JIIO-

Goro nopaawa. Hyeew ['(0) = limgo LD =IO iy, SO
0, f(0) = limxﬁow = limg_0 f'(x) -0, ..., f(k>(0)
£ () - 54 0(0) 4D ()

limmHO - hmmHO

=0 = byukuua f umeer
x

IPOM3BOHBIE BCEX TOPAIKOB B Hyse u Vk € N: f““)(O) = 0 = pax Teisiopa
dbyukmmn f B Touke g = 0 MMeeT TOJBKO HyJIEBbIE IJIEHBI => €r0 CyMMOI
sapasgercs QyHKns, paBHas HYTIO BO Becex Toukax R. ITockombky paccmar-
pusaeman Gynaknmsa f(z) # 0 upu x # 0, To ee pax Teiopa cxonurca na R,
HO HE K f.

DTOT MpUMeEp TMOKA3BIBAET, UYTO HE BCAKAS OECKOHEUHO muddepeHmpye-
Mad (byHKL[I/If[ ABJAAETCSI aHAJIUTHIECKOM.

Jlemma 1(kpurepumii cxomumoctu psga Teisiopa kK yHK-
muu). [Tycme pynxyus [ onpedeaena 6 oxpecmmocmu U(xg) mouxu
To U umeem mpoudeoduvie A10b6020 nopadka 6 mouke ro. Toeda s

(k)
crodumocmu pada Teiiropa > 520 fT(lmo)(a: —x0)* ® Pynryuu f(x)

na U(zg) Heobxodumo u docmamouno, 4mobv n-G 0cmamourvil wiek
rn(x) dopmyan Tetnopa crmpemuncs k nyao wa U(xg) npu n — +oo.
Joxkaszarenbctso. Cxomumocts psana Teitopa Kk f o3naqaer,

4q9TO0
f
Z

WU, 4TO paBHOCI/mbHo,

(k)
“”0 —a0)* "8 f(@) (n = +o0)

flx) = S,(x) RSN mpu n — +o0.
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Ho S, (z) coBnamaer ¢ muorowienom Teitopa dyukuuu f nopsi-
ka n. [Hosromy f(x) — Sp(x) = rn(z) ABNSETCH OCTATOUHBIM YTIEHOM
dopmysbr Teitnopa nopsaka n. CiaegoBaresbHO,

f(z) = Sp(z) = 0ma U(zg) & ro(z) = 0 Ha U(z0)(n = +00).

Jlemma nokaszaHa.

Teopema 1. I[Tycmov pynxuyusa f onpedesena u beckonewro dugdgde-
penyupyema 6 oxpecmuocmu U(xg) mouru xo (f € C°(U(xg)), npu-
wem 3C, m.w. Vo € U(zg) u Vk € N: [fF)(2)] < C. Tozda dynryua f
packaadweaemes 6 U(xg) 6 pad Tetiropa 6 mouxe xqg, m.e.

(k)
Vo € U(xo) : Z ~/ :co (x — x0)".

HdokaszaTenabcTB 0. 3aMUChIBasg N~ OCTATOYHBIA UIEH
dopmyasr Teiiiopa B dbopwme Jlarpanxa Va € U(xg) numeem:
FOHD (20 4+ 0(z — x0))
(n+1)!

|n+1

<C\x—x0

(:U o l,o)n+1 < W

rn ()] =

|z — zg|(FY)
IMpu kaxxkmaom (HUKCUPOBAHHOM X (DyHKIHS W ABJIACT-
n !
|n+1

T —
€A YJEHOM CXONAIICroca peAna EJ”X’ | (mna x # xg

(n+1)!
CXOIMMOCTEL  CllefyeT w3 mpu3Haka JlamamOepa). CremosaTesnHo,
|z — 20|71

(n+1)!
cuay JTeMMbI 1 O3Ha4aeT pasaokuMocTh dyaknun f B pan Teitnopa B

U(S(}())

lim,, 4o C = 0, a 3wauur u lim, . r,(x) = 0, uro B

Paapr Teitsiopa HEKOTOPBIX 3JIeMEHTAPHBIX (DYHKIIUA

B sexrum 1.21 ObLn MoJIydeHbl PA3JIOXKeHHUsT B TOUYKe g = 0 1o
dopmyse Teitnopa naru yukumit. 13 3tux dbopmysr u Kpurepusi CXo-
JauMocTr psga Teiytopa MOXKHO TOJYYUTh PA3JIOKEHUsT ITUX DYHKIIAN
B paanl Teitmopa B Touke xg = 0.
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1) Pasnioxkenue B crenennoii psaj dbyukimu e”. 3adukcupyem 9ucsio
a > 0. TTockomsky Vn € N u Vo € R: (e*)(F) = e, 10 ma unrepsare
(—a,a) somommsercs onenka (e”)F) < e = mo Teopeme 1 pss Teii-
Jjopa B Touke xo = 0 dynkuuu e® cxoqurcs K Heit Ha (—a,a). B cuny
TIPOM3BOJILHOCTHU a A Teitopa e cxoanTes K e¥ u Ha BCeil YMCI0BOI

IpAMOIt, T.e.
T €
Z o

2) Pazsioxkenue B crenennoit psay dyukuuu sin z. Iockonbky Vn €
N u Vz € R: (sinx)®) = sin(x + kn/2), To Ha Beeil TnCIOBOI TPAMOL
pumosHseTcs onenka |(sinz)®)| < 1 = 1o Teopeme 1 psn Teiizopa B
touke zo = 0 dyukiuu sinx cxomurcs K Heit Ha R, T.e.

too 1 p2k-1
Sll’ll‘:Z(—l) - m, .’EER
k=1 ’

3) Pasnoxkenue B crenennoii psiy dynkuuu cos x. Ilockoubky Vn €
N u Vo € R: (cosz)*) = cos(x + kn/2), To anamormano 2) 10Ka3biBa-
ercs, uto pan Teiimopa B Touke zg = 0 GyHKIME COS T CXOMATCA K HEd

Ha R, T.e.
too 2k

x
cosT = g (—1)* ,r€R.
(2k)!
k=0
Ecin Bocmiorp30BaThCst APYTUMHE CYIIECTBYIONMME (hopMamu 3ariu-
CH OCTATOYHOrO wieHa (popmyasl Teitopa, TO MOKHO J0KAa3aTh, ITO

+0° k Lok
(12 =3 T e 1

k=1
u

-1 k+1

(I+2)? Zp (p )xk,ze(—l,l),

p#0,1,2,... (;LJI;{ HaTypaJbHBIX MOKa3aTesJeil p pas3/oKeHHe TOoxKe
WMEeeT MECTO — OHO MPOCTO TPEIACTABIAECT CO0OH (opMyTy OHHOMA

Heiorona u, cienosaresnbho, cupaseiuso Vo € R).
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eiicTBusi HaJi CTeNEHHBIMU pPAdaMu

1) YmuO)enne Ha uncsio A # 0:

+oo +oo
A Zak(az—xo)k = Zx\ak(sc—xo)k,
k=0 k=0

IpUYeM PAIUYChl CXOAMMOCTH CTEIIEHHDBIX DsAJIOB COBIAAOT.
2) CreneHnbe Psibl MOKHO MOYIEHHO CKIAJBIBATH B OOIMIEM WH-
. _ +oo k _
tepsasie cxomumoctu: mycre Si(x) = Y Coarp(x — x9)", Sa(x) =
+o0 k
> reo bk (z — x0)". Torma

+oo

Si(z) + Sa(x) = Z(ak + by (z — x0)F.
k=0

3) YMHOXKeHHUE CTENeHHBIX pAI0B. B 001eM nHTEpBae CXOAUMOCTH

+oo
S1(x)Sa(x) = ch(aj — xo)k,
k=0

TIe
cr = aogbg + a1bp_1 + asbr_o + ... + agbg.

CopasegyuBocTh 1) u 2) cieayer u3 CBOWCTB YUCIOBBIX psimos. Ha
JIOKA3aTeIbCTBE MYHKTA 3) OCTAHABIUBATLCS HE OyIeM.
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JIEKIIN A 6
PaBHOMepHas cXoaMMOCTh ceMeiicTBa dhyHKIuii. VIHTerpaJbl,
3aBuUcHAIME OT napamerpa. HenpepbIBHOCTD, IIpe/iedbHbIN
mepexo/i 1o 3HaKOM WHTerpaJa.

PaBHOMepHasi cCXOAMMOCTDh cemMeiicTBa pyHKIMH

IIycts X — mpoumsBonbHoe muOXKecTBO, ¥ C R™, yg — TOUKa mpu-
KOCHOBEHUsI MHOXKecTBa Y (Yo MOXKeT ObITh U GECKOHEYHO Y/IaJIeHHOI
roukoit), f(x,y) u p(x) nekoroppie uucnosble Gyukuuu (r € X, y €
Y).

ITpn kaxkaom durcnpoBanuoM y € Y byukuus f(z,y) apasercs
dyuknueit nepemennoit x. [losromy Oysiem Ha3bIBaTH (DYHKIUIO JIBYX
nepeMeHHbIX f(x,y) cemeticmeom Pynkyul, 3aBUCAIIUX OT HAPAMETPA,
y (umorma BMecto f(x,y) mumyt f, () DO aHATOIHE C HOCTEIOBATENDb-
HOCTSIMU (DYHKITHIA).

Onpepenenne 1. Cemeticmeo gynxuyuts f(x,y) (nomowewno) cxo-
dumcea nwa muoorcecmee X nNpu Yy — Yo, €CAU NPU KAHCIOM PUKCUPO-
sannom © € X Ppynxyua f(x,y) umeem npedea npu y — yo.

Oupenenenne 2. Cemeticmeo gynkyui f(x,y) crodumcs pasro-
mepno Ha muooicecmee Xk dynkyuu (x) npu y — Yo, YIMO 3aNUCH-

X
saemen kax f(x,y) = p(x) npuy — yo, ecau Ve > 0 FU(yo, ), m.u.
Vy € Ulyo,6) Y u Ve € X: |f(z,y) —o(x)] <e.

Teopema 1(kpurepuii Kommu paBHOMepHO# cxomumocTH).

X
s mozo wmobws f(x,y) = p(x) npu y — yo Heobxodumo u docma-
mouHo, 4mobvl

Ve > 03U (yo,d), m.w. Vy', y' € U(y076)mY uVre X :

|f(x,y") — flz,y")] <e.

JoxkaszaTenanbcTB o kpurepust Komum paBHOMEpPHOI CXOI1-
MOCTHU CeMeiCcTBa (hyHKIUI MPOBOAUTCSA AHAJOTUIHO JTOKA3ATEIHCTBY
COOTBETCTBYIOIIEH TeopeMbl i (PYHKIIMOHATBHBIX MTOCTEI0BATETHHO-
creii.
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Teopema 2(sup—kpurepuili paBHOMEPHOU CXOJAMMOCTH).

X
flz,y) = p(z) npuy — yo & sup |f(z,y) —¢(x)| — 0 mpu y — yo.
TE

JlokazaTeabCTBO TaKoe Ke, KaK U JJId [OCJIeI0BATeTbHOCTEH.

Cuenyroniast TeopeMa IO3BOJISIET HCIOJB30BATH DPE3YJIbTATHI s
PaBHOMEDHO CXOJIAIIUXCA HOCIEJ0BATEIbHOCTEH IPU U3y YeHUN PaBHO-
MEPHOH CXOAMMOCTH CeMeHcTB DYHKITTIL.

X
Teopema 3. ITycmeo f(x,y) = (z) npuy = yo. Tozda daa mobot
nocaedosamenvnocmu (yr)iSS C Y, m.u. yp — yo: nocaedosamens-

X
nocmn dymmuuis fi(z) = F(z,u5) = 9(z) (k> +50),
dokaszarTeuasbctso. 3apukcupyem € > 0. Ilo ycraoBuio Teo-

X
pembr f(z,y) = ¢(z) mpu y — yo = 3U(yo,9), T.1. Vy € U(20,0) Y
uve € X: |f(z,y) — p(z)] < . Bo3bMeM HMPON3BOJBHYIO TTOCIEI0-
BatesbHOCTD (y) )23, yaoBIeTBopaomyio yenosuam Teopembl. Toraa
ko = ko(d(e)) = ko(e) € N, 1a. Vk > ko y € U(yo,d)NY =
Vk > ko n Vo € X: |fr(x) —p(z)| < . Tak KaK € ObLIO IPOUIBOILHBIM,

X
10 fr(z) = p(x) (k — +00).
ITockonbky pamHee mpenesl pacCMATPUBAJICH s (DYHKIWMA, 3aTaH-
HBIX Ha ToAMHOXKecTBax R™, T0 B mpuBOAMMOIT HUXKe TeopeMme moma X
MMOHUMAETCsT HEKOTOPOe MOonaMHOKecTBO R™

X

Teopema 4. ITycmo f(z,y) = p(z) npu y — yo. Ecau Vy € Y
dynryua f(x,y) € Clxg) (xo € X) mo p(x) € C(xg).

JokasaTeabcTs 0. Bo3bMeM MPOU3BOJBHYIO MOCTIEIOBA-

TenbocTh (Yp)isS C Y, T4 yi — yo. Hyers fi(x) = f(x,yx). Toraa

fr(z) € C(xp) m mo Teopeme 3 fi(x) é& o(x) mpu k — +o00. Crenosa-

TenbHO, ¢(x) € C(zp) KaK PABHOMEPHBII LIPEIEIT MOCJIe[0BATEIbHOCTH

byHKuuit, HeUpepbIBHLIX B TOYKE To (Teopema b Jjekuuu 2).
3ameuanue. HemnpepslBHOCTS mpenenpHON (DYHKIHMH (¢ 03HAYAET,

aro limg a2, @(z) =  @(xo). Hockomsry @(x) = limy .y, f(z,y) n
limg—a, f(z,y) = f(zo,y), TO mocmemHee PABHCTBO MOXKHO 3alld-
carb Kak limzaglimysy, f(2,9) = (@) = limyoy, f(zo,y) =
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limyy, img 2, f(2,y). TakuM 06pa3om, IpuBejeHHAS TeOpeMa JAeT JOCTa-
TOYHBIE YCJIOBUSA COBIAECHW TIOBTOPHBIX npenenos dbyukuun f(x,y) B TOUKe

(w0, yo)-

WNnuTerpaJsibl, 3aBUcHIIE OT HapaMeTpa

Mycts ¢, ¥: Y — R (Y — npousBoibHOE MHOXKECTBO) u Yy €

V:ip(y) <¥(y), D=A{(@yly €Y ¢y <z <v(y}nf D
R, nputien Vy € Y ynxima f(z,y) € Rlp(y), o(y)] xax bymcmus
HepeMeHHON .

Omnpenenenne 3. Oyuxyus 6uda

¥(y)
1) = [ fy)ds (4)
o(y)
HA3LIBACTNCA UHTNEZDAAOM, 3AGUCAULUM OTI napaMempa y
B uacruocru, eciau o(y) = a, ¥(y) = b, ro I(y f f(z,y) de.
IMoncranoskoit x = ¢(y) + t(¢Y(y) — <p(y)) [O 1] unrerpan (4)
CBOIUTCS K MHTEIPATY fol g(t,y)dt, vae

g(t,y) = fley) +tW(y) —e(y), v) (W (y) — ¢(y)).

Nsyunm croiicTea narerpana (4), korna Y = [c, d].
TeopeMa 5. ITycmo @, ¢ € Cle,d], f € C(D).
fw(u f(z,y)dz € Cle,d].
,ZL 0OKa3aTeJlbcCTB 0. Bo3bMeM MpoU3BONBHYIO TOUKY Yo € [¢, d]
U OICHHUM

Tozda Ppyrryus

P (y) P (yo)
I(y) — I(y) = / f(y) do - / F(ayo) de =

(y) #(yo)

¥(y) ¥(y)
[ swan= [ ) des
©

e (y) (v)

P(y) P(yo)
/ f(%yo)dfc—/ f(@,90) dz = Ii(y) + L2(y),

»(y) #(yo)
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rae

P(y) P(y)
Mm:/ f@wM—/ F(yo) da,
%)

(v) e (y)

P(y) ¥(yo)
Ir(y) = / [z, y0) dz — / f@,yo) dw.
e(y) ©(yo)

Badwukenpyem ¢ > 0. o yemosuto f € C(D), a D — xkoMmaxT
(orpanmentoe u 3aMKHyTOe MHOXKecTBO B R?). Torma coracHo Teope-
me Kanrtopa (cm. reopemy 1 jekuuu 1.36) dynkuus f(x,y) paBHoMep-
HO HeIpepbIBHA Ha D u, 3HAYMT, Ij1g gaHHOro € 3dg > 0, Ta. VA =
(x/,y’), A — (x”,y”) €D, d(A/,AH) < 8o If(sc’,y’) _ f(x”,y”)\ < e
B wactaOCTH, M 17151 MH00BIX ABYX ToweK A’ = (z,y) m A" = (x,yo), 7.9
ly — yo| < do mepasencrso |f(x,y) — f(z,y0)| < € Gymer BHIMOTHEHO,
nockosbKy d(A’, A”) = |y — yo| < 4. Ilosromy miust Beex y € [c,d], 4.
ly — yo| < dp mmeem

P(y) P(y)
|h@ns/ Iﬂ%w—ﬂamﬂm<s/ dy =
]

(v) e (y)

e((y) —v(y) < Eyrél[gf;](w(y) —p(y)) =L,

rae L = maxyepe q(¥(y) — ¢(y)) (L komewno, T.K. MO BTOpOi Teope-
Mme Beiipmrpacca (aekunst 1.14) HenpepsieHas dbyaknus (Y (y) — o(y))
JIOCTUraeT CBOEro MakCHMMyMa Ha oTpeske [c, d)).

OcraJjioch OeHUTH

P (y) ¥(yo)
La(y)] = /‘ —/ F(ayo) de
»(y) e (yo)

(ucmosb3yeM aIUTUBHOCTD WHTErPAJa Mo OTPe3KaM)

(yo) P(y)
[ L o) s =
e (y) ©(y0)
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<

(o) P (y)
/ / f(z,yo) dx
»(y)

@ (yo) P(y)
/ (e, y0)| de| + / Fa,y0)| do
w(y) ¥ (yo)

M(le(yo) = W)l + [¥(y) = (yo)l),

rae M = max(, ep |f(z,y)| (Bocmomb3oBammucy TeM, 4TO HEIpepbIB-
Has HA KOMIAKTe (DYHKIUSA JOCTHTAET CBOErO HAMOOJBIIErO 3HATCHUS
TeopeMa 2 sekipu 1.36).

ITo ycmosuio ¢, 1 € Cle,d], cnenorarenbro, Ijisi JaHHOTO € > 0
3d1 > 0, 7. Vy € [e,d], [y—yol < 012 [p(y)—p(vo)| < &, [¥(y) = (yo)| <
. Bnaunt, Yy € [¢,d], |y — yo| < J, vae § = min(dy, d1) BBITOTHSAETCS
HEPABEHCTBO

I(y) —I(yo)| <eL+ (e +e)M =e(L+2M).

<

IMosromy I(y) € C(yo). Tak kak ypo — NPOU3BOJIbHAS TOYKA U3 OTPE3KA,
[e,d], o I(y) € [e,d].

B mocnenyrommux Teopemax mnpeamosaraeTcs, 9ro byHKnus f ompe-
JleJieHa Ha mpsiMoyrosbuuke P = [a,b] X [¢,d] u, crano 6birh, I(y) =

b
Jo f(z,y) dz.
Teopema 6. ITycmv f: P — R uVy € [¢,d] pynryusa f(x,y) €
[a,b]
Cla, b xax Pynryus nepemennot x. Ecau f(x,y) = ¢(z) npuy —
Yo € [c,d], mo

Y—=Yo

b
im 1(5) = | (o) da.

b b

lim fz,y) dm:/ lim f(z,y)dx.

Y—=Yo Jq a Y7
HJoxkxaszaTenabcTB o. BodbMeM IpOU3BOIBHYIO MOCTEI0BA~
teapHoCTDb (Y5 )15 C e, d), ra. y, — yo. Iycrs fi(x) = f(x,yx). Torna
fx(z) € Cla,b] n o Teopeme 3

[a,0]
fe(x) = ¢(x) upu k — +oo.
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ITosTomy (cM. Teopemy 8 siekiuu 2)

b b b
kgrfoo/a fr(z) dx:/a kEToofk(x)dx:/a o(x) du.

Otciona B cuiy ompezenenus mpenena o Leiine (cm. Jjeknuio 1.10)
zakJouaem, uro byuxius I(y) = f; f(x,y) de umeer npenen npu y —
yo u limy,_,, I(y) = fj ©(x) dz. Teopema mokasama.

Bameuanue. [na cemeiticTB dyHKINH MOXKHO J0KAa3aTh IOJIHBII aHAIOT
Teopembl 8 siektmu 2. JIOKa3pIBAETCsT OH TI0 TOM YKe CXeMe.

Teopema 7. Ecau ¢ynryus f(x,y) Hnenpepuiena ma npamoyzons-
nuxe P = [a,b] X [¢,d], mo

/cdf(y)dyz/: (/Cdf(x,y)dy> dz.

B sroit Teopeme comepKuTCA ABa yTBEPKIECHNE — 00 WHTErpUPYe-

moctn dyukinn I(y) = ff f(z,y) dz Ha orpeske [c,d] (sT0 caencreue
HernpepbiBHOCTH [ (Y)) ¥ paBEHCTBE OBTOPHBIX HHTETPAJIOB

d b b d
Y = y .
[ ([ i) ar= [ [ sma) o

He Oynem 371ech 10Ka3bIBaTh 3Ty TEOPEMY, T.K. OHA SIBJISETCS CJIEI-
crBHEM O0JTee ODIIEro yTBEPXKIACHNS JI/sT KPATHOTO WHTEerpaaa Pumana
(cm. sekuuio 12).
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JIEKIINA 7
AunddepeHnimpoBarne NHTErpaoB, 3aBUCAIINX OT TapaMeTpa
(mpaBuiio Jleiitounna). HecoGecTBeHHBIE MHTErPAJIBI,
3aBHcCHAINE OT MapaMerpa. PaBHoMepHas CXOJUMOCTbD.
sup—kpurepmuii paBHoMepHoii cxomumocTu. Kpurepmit Komm
paBHOMepHoii cxonumoctu. [Ipusuaku Beiiepinrpacca,
dupuxie u Abejis paBHOMEpPHOii CXOIMMOCTH.

Teopema 1(npaBuiio Heﬁ6HI/IL[a) Iyemo f, f, € C(P), 2de
P = [a,b] x [c,d]. Toeda I(y ffacydeCl[cd]

b
- / £ (2, y) de (5)

JokaszaTrenbcTso. Bo3bMeM Npon3BOIBbHYIO TOUKY Y € [c, d]
u g Vh # 0, 1.4. y + h € [¢, d] paccmorpum

Aly) I(y+h) (/fxy+h dx—/fxyd:c)z

h h

b b
i [ G = ) de = [ sy onnds -

b
/ fo(xz,y +6h) dx
a
(x pasuocru f(x,y+h)— f(x,y) 6puia npumenena Teopema Jlarpanxa,

0 =0(x)c(0,1)).

Temepn omennm

y /fxy

b
| iy 00 - fy(a )l da.

<

/fynyr@hdxf/fyxydm
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Badukcupyem € > 0. Tak kax f, € C(P), a P aBigercs KOMIaKTOM
(reopema 3 sekuuu 1.34), To o reopeme Kanropa (reopema 1 nexiyu
1.36) dyuxius f; paBHOMepHO HemnpepbiBHA HA KoMmmakTe P. [Tosromy
36 > 0, u. Vh, |h| <6 uVz € [a,b]: |f(z,y+0h) — f(z,y)| <&, ubo
npu |h| < § u Vzr € [a,b] mas paccrosmust Mexay toukamu A'(x,y) u
A" (x,y + 6h) umeem d(A’, A") = |0h| < |h| < §. Caemosarennuo, Vh,
|| < é:

= /f (2, y) de

Papencreo (5) mokaszawno. Hempepoierocts dbyukunn I'(y) cremyer u3
TeopeMbl b jekiun 6. Teopema JoKa3aHa.
3ameuanmne. Ycaosme [ € C(P) mcmosb30BaaoCch JANIb B TOW €acTH,

b
<5/ dx =¢(b—a).

9TO OHO TapaHTHUPyeT mpu 00M y mHTEerpupyemocts Gyakmmu f(x,y) Ha
orpeske [a, b] kak GyHKIMYU HEpEeMEHHON T .
Tenepb moyuanM (hOPMYJy JIsT TPOW3BOIHON WHTErpajia BUIA

fw((yy) f(x,y) dz B npeanonoxernuu, aro f, f, € C([a,b] x [c,d]),

1/) € Dle,d], a < o(y) < ¢¥(y) < bVy € [¢,d]. s sroro BBe-
,D;eM dbyHKuuIO 3-X HE3aBUCHMBIX NEPEMEHHBbIX U, U U y: J(u,v,y) =
Ji F(z,y) dz. Ouesumno, wro 1(y) = J(¢(y), ¥(y),y).

Yoéenumest, aro byukuns J(u, v, w) mubdepennupyema. st sro-
rO MOKAKEM, 9TO €€ JYACTHBIE MPOM3BOAHbBIE HEMPEPHIBHGI. [Ipn B3aTHN
9aCTHON npou3BoAHON dbyHKmMU J(u, v,y) M0 IEPBOMY apryMeHTY Iie-
peMeHHble v U Y (PUKCUPYIOTCs, CJIeJoBaresibHo, uHrerpan J(u,v,y)
SIBJISIETCS MHTETPAJIOM C IIEPEMEHHBIM HU2KHUM IIPEJEJIOM HHTETPUPO-
Banus. I103TOMy BOCTIOIB30BABIIUCH (GOPMYJION 711 TIPOU3BOTHON WH-
TerpaJa rmo HUKHEMY [peJie/ly HHTerpupoBanus (cM. jeknuto 1.27), mo-
ayunm, 9ro J) (u,v,y) = —f(u,y). Ananoruano J, (u,v,y) = f(v,y).
BuaunTt, 06e HaliIeHHbIE YACTHBIE TPOM3BOJHBIE HENPEPBIBHBI. Hako-
HEIl, IPH BBIYUCJIEHUN YACTHON MPOU3BOMHON II0 TPETHEMY APTYyMEHTY
nepeMenHble U u v Gbukcupyores, r.e. byuxuus J(u, v, y) aBisdercs uH-
TErpajioM, 3aBUCSIIAM OT TAPAMETPA Y, C TOCTOSTHHLIMU MTPEIeIAMU HH-
TerpupoBanus. HalokeHHbIE YCIOBHS MO3BOIAIOT MTPAMEHHATH TIPABHIIO
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Jletioruma: Jy (u, v,y) = [ [y(@,y) dr. dra TacTHAS TPOU3BO/THASA TaK-
K€ OKAsKeTCsl HEIPEPBIBHOM, T.K. IIPU CAEJIAHHBIX IPEJII0JIOKEHUIX UH-
TerpaJ f: fy(x,y) dr nenpepbisen kax dyukus 3-X nepemenHbIx (J10-
Ka3are/ibCrBO 9T0ro (hakTa 10 CyLIECTBY [OBIOPSET JI0KA3ATebCTBO
TeopeMbl 5 u3 jiekiun 6). TI03ToOMy MOKHO BOCIOIB30BATHCA IEMTHBIM
npasuyiom (Teopema 1 jekuuu 1.38)

I'(y) = (J(e), (W), y))y = Joe' (y) + T (y) + J), =

P(y)
/ £ y) de + F() ) @) — o), 9 (4).

©(y)

HecoGcTBeHHBIE HNHTerpaJibl, 3aBuUcdIilmue OoT IapamMeTrpa

IMycrs nana dysakuusa f(z,y) (npuHUMaOas JedCTBUTEIbHbIE 3HA~
yenust), —00 < a < x < b < 400, y € Y (mHOo)kecrBo Y moka npous-
BOJIbHO), T.4. Jlsl KazK0ro y € Y u sioboro 7 € [a,b): f(z,y) € Rla, 7]
Kak (QyHKINSA TIEPEMEHHON .

Omnpenenenne 1. Hecobcmeernnoim unmeepa/w./w (HH), sasuca-
WUM O NApamempa y, wasweaemes gynryus I(y,n) f" flz,y)dx.

HecobcTBerubIit mHTErpas, 3aBUCAINAN OT IapaMeTrpa Yy, 00o3HaTIa-
eTcst CHMBOJIOM f; f(z,y) dz.

Onpenenenne 2. Ecau das awbozo y € Y cywecmeyem
limy,p—0 I(y,n), mo HA ff f(z,y) dx naswsaemes crodsugumcs (no-
moweuno) na muooicecmee Y. B npomuenom caywae HU pacxodumcs
na muooicecmee Y. Ecau unmezpas crodumcs, mo 6eAUNUHG IMO20
npedeaa 0003HAUAETNCA MEM IHCE CUMBOLOM f; flz,y)dz, wmo u cam
unmezpan u Hazveaemcs snavenuem HU.

Onpenenenune 3. HI f; f(z,y) dz cxodumes pasnomepro ma mHo-
orcecmee Y, ecau cemeticmeo dynrkyud I(y,n) cxodumces pasromepro
Ha Y npun—b—0.

Takum 00pa3oM, HHTErpas f: f(z,y)dxr paBnomepHo cxoauTCsH
HA MHO}KeCTBe Y, ecim cymecrsyer dbyuxmms I(y), nu. I(y,n) =

[ f(z,y) de :Z I(y) mpu n — b — 0. TIoCKOJIbKY U3 PABHOMEPHOM CXO-

46



JIIMOCTH Ha Y CJle/lyer IoTOYedHast CXOAMMOCTD HA TOM Ke MHOXKECTBE,
. b
10 B cuily BBeJeHHbIX o6o3nauvennit I(y) = [ f(x,y) dx.
TTocMoTpuM Ha SUPp—KPHUTEPHH PABHOMEPHOI CXOMMMOCTH, HATIMCAH-
HbIit st HU npu peimonoyxeHnn, 9To eCTh MOTOYETHAST CXOIANMOCTh:

n b
I(y,n):/ f(amy)da:;i/ flz,y)dz upun—-b—-0 &

sup
yey

— O npun—b—0.

[lnf(x,y)dx—/llbf(z,y)dx

ITockonsky HU fab f(z,y) dx cxonurcs na MmHoxkecTBe Y, TO Pa3sHOCTD
uHTerpasios (cum. neximio 1.29)

b n b
,y) dx — ,y)dx = ,y)d
| s [ sy o= [ e
asngerca "xsocrom" HU f; f(x,y)dx.

Ilosromy sup—xkpurepuii paBaomepnoit cxomumoctu HU moxmO 3a-
MHUCATH TaK

n Y b
/ f(m,y)dx:;/ f(z,y)dx mpun —b—0 &

sup
yey

=0 mpun—>5—0 (6)

/nbf(lny) dx

Ora 3anuch sup—Kpurepus pasHoMepHoil cxomumoctu HU ynobHa B
UCI0Jb30BaHuu, 100 He copepxkut aBHO dyHkumo I(y).

3 (6) cpa3y e BHITEKAET CJIEIYIONIEe MOJIE3HOE YTBEPIKICHHUE.

Jlemmvma 1. PasHomepuaa wa mnoosicecmee Y cxodumocmo HU
ff f(z,y) dz pasnocusvra pasnomeprotli cxodumocmu na'Y a106020 ez0
"reocma” fcb f(z,y)dzx, c € (a,b).

Teopema 2(kpurepmit Komum). /as mozo, wmobw HHU
ff f(z,y) dx pasnomepro croduacs na mmoscecmee Y neobrodumo u
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docmamouno, wmobw, Ve > 0 In = n(e) € [a,b), m.u. V', 0’ € (n,b) u
VyeY: \fnn, flz,y)dz| < e.

HJoxkaszarTeunabcTB o. PaBHoMepHas Ha MHOXKeCTBE Y CXO-

mumocts HU f; flx,y)dz b=y I(y,n) ; I(y) mpu n — b — 0, 4r0 B
cuny Kputepus Kormm paBHOMEPHO#H CXOAUMOCTH cemeiicTBa (byHKImit
SKBUBAJIEHTHO TOMY, 4T0 Ve > 0 In = n(e) € [a,b), r.a. Vn/, 0 € (n,b)
uVyeY: |I(y,n")—I(y,n')| < e. Ilockonbky

n" n’ n"
I(y,n”)*f(y,n’):/ f(z,y) dw*/ f(xvy)dw:/ f(z,y) dz,
a a n’

TO TeopeMa JOKa3aHa.
Teopema 3(mpmsuak Beitepirpacca). [Tyems Vo € [a,b) u
VyeY:
[f (2, 9)| < g(x).

b b
Ecou HA [ g(x)dx cxodumcea, mo unwmeepan [ f(x,y)dx cxodumcs
abcoaommo u paeromepHo na mmnosicecmee Y .

HdoxaszaTenabcTs o. Ilokaxkewm, aro gia HU f(ff(x,y)dx n
fab |f(z,y)| dz Boinonusercs kpurepuit Kouu paBHOMepHOI cXouumo-
cTn Ha Y. To ycaoruio Ve > 0 In = n(e) € [a,b), nu. Vi/, 0 € (n,b):
|f77 z)dz| < e. Torma V', n” € (n,b) mVy € Y:

?7//
|/ fmydx|<|/ xy|dx|<|/ g(x)dz| <e.
77/

Ha ocroBanuu xpurepus Ko o6a HU f: f(z,y)dx n fab |f(z,y)| dx
CXOIATCA PABHOMEPHO Ha MHOXKECTBE Y .

[Ipusenem 6e3 nokasarenbcra upusHaku Jlupuxie u Abesst pas-
HOMEpHO# CXOINMOCTH HECOOCTBEHHBIX WHTETPAJIOR, 3aBUCSIINAX OT TTa-
pamerpa (cp. ¢ Teopemamu 2 u 3 u3 jexnuu 1.31).

Teopema 4(upusnak dupuxie) Humezpaa f: flx,y)g(x,y)dx
CTOOUMCA PAGHOMEPHO Ha MHOMHCecmEe Y , ecau

1) 3C > 0, m.n. Vn € [a,b) uVy € Y: |f77 flx,y)dx| < C,
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2) Vy € Y dynkuyua g(x,y) mMoHOMONNKG Kk PYHKUUSL Nepemer-
Hotl T,

Y

3) g(xz,y) =0 npuxz — b—0.

Teopema 5(upusnak A6Genst). Hnmezpas ff fz,y)g(z,y) de
CTOUMCA PABHOMEPHO HA MHOMHCECTNBE Y | eCAu

1) necobecmsennuiii unmezpaa fab f(z,y)dx crodumcs pasnomepro
Ha mHoocecmee Y,

2) Yy € Y ¢dynrxyua g(x,y) monomonna xax GyHKuuL nepemen-
Holl x,

3) M > 0, m.u. Vx € [a,b) uVy € Y: |g(z,y)| < M.

OTH TeopeMbl MIPUMEHSAIOTCS [IPU UCCIIETOBAHUE HA PABHOMEDHYTO
cxomumocTb HU ot 3HakonepeMeHHbIX DYyHKITAH.

IIpumepsi.

1) Uccmenyem HU mmTerpan f1+°° dz/z¥ ma PaBHOMEPHYIO CXOJUMOCTD
Ha MHOXKecTBax a) ¥y > 1 u 6) y > A > 1. ITockoibky paccMarpuBaeMbrit
WHTErpaJl CXOAUTCHA HA MHOYXKECTBe Yy > 1, TO ero paBHOMEpHAas CXOIUMOCTH
HA 5TOM MHOXKECTBE DABHOCH/IbHA CTPEM/ICHHIO SUp, < | [ ]+°° dz/z?| x mymo
upu 17 — +o00. 3adukcupyem 1 > 1 u paccmorpum

/ too dy
n
+o0 Y
crepoBarenbHo, uaTerpan [| 0 dr/r? He CXOAMTCS PABHOMEDHO Ha MHOMKe-
crBe y > 1.
Ecmry > XA > 1, to mpuw = > 1: 1/z¥ < 1/z*. Unrerpan f1+°° de/z*
cxomurest (cM. jexknumio 1.29) = no Teopeme Beitepmrpacca HU f1+°° dx/zv

CXOIUTCSI pAaBHOMEDHO Ha MHOXKECTBE Yy > A > 1.

sin(x
2) Uccaemyem HU f0+°° M dx Ha PaBHOMEPHYIO CXOIUMOCTD Ha, CJIe-

—y+1|+oo _ 1 1-y _
x n = Sup ——n = 400,

sup
y>1y—1

y>1

=su
y>Ii -y+1

Ayiomux MHOXKecTBax: a) Ha orpeske [0,b] u 6) ma orpeske [a,b], He comep-

si
xkameM Touky 0. IlompiaTerpampayio dbyukmuo f(x,y) = M MOZKHO
T

II0 HEIIPEePBIBHOCTH JOONIPeeuTh B TOUke & = (0, a MMEHHO, IIOJIOXKHUTH
f(0,y) = y. Torpa Yy u Vn € [0,+00): f(z,y) € R[0,n] xak Heupepbis-
Has GyHKums nepementoii x. [Iys Vy # 0, kak u B ipumMepe Jjekipm 1.31, Ha
OCHOBaHMHU IIpu3HAKA Jupuxie 3aKka09YaeM, ITO HHTErPajl SBJISeTCs CXOIs-
mumcest. Cxopumocts upu y = 0 oueBuHA.
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IIycrs y € [0,b]. Bocuosb3yemcs: sup—kpurepueM B dopme (6). 3abuk-
cupyem 7 > 0 (17 MoxkHO 6paTh AOCTATOYHO GObIIUM, KOO HAC MHTEPECYET
TIpeJIeT BEPXHUX TpaHeil "XBOCTOB" MHTETrpaJsIoB Ipw 17 — +00) U PACCMOTPUM

SUp, (o, | f:oo sin (zy)/z dz. Nmeem
0 sin(wy) de
" T

/+°° sin(zy )d:c
n x

sup = sup =
y€[0,b] y€(0,b] Y=t
+oo i +oo
t t
_ sup/ sint s / &dt‘m
Y=t ye(0,b] |/ yn t y=2n/n |J2r t

(oTm¥me oT Hynas WHTErpasa JIETKO NPOBEPSETCH: f2 (sint/t)dt =

limp— 400 22”"(sint/t) dt = limn s qoo 3 pry 22:k(k+1)(smt/t) dt =
S S (sint /) dt = Y025 ([T (sint/t) dt + [ (sint/t) dt) =
Si%ar > 0, wbo ar = 22::+7r(smt/t dt + f;::::ﬁ (sint/t)dt

;::“r int(1/t — 1/(t + m))dt > 0). Takum obpa3oM, HA OCHOBAHHUU
sup—kpurepust HU He cxomurcs paBHOMEpHO Ha orpeske [0, b].

IIycTs oTpesok [a,b] me comepxkut Hyns. B aToM cirydae Bocmomb3yemcs
JieMMoit 1 u uccsrelyeM Ha paBHOMEPHYIO CXOAMMOCTD ojuH u3 ""xBocToB' pac-
CMaTpPHWBAEMOrO WHTErpaJsa. Hampwvep, yao6HO B3STh f1+°°(sin (zy)/x) du.

Hanee Bocmop3yemcs pu3Hakom upuxiie:

22
ly| — min(|al, [b])

t
/ sin(zy) dx
1

1
= m| cos(ty) — cosy| <

1 1 [a,b]

~—J0(x = +0) = - = 0 mpu x — +oo . Takum obpazom, unTe-
T o x

rpan [, 7 (sin (zy)/x) dr Ha paccMaTpEBaeMOM MHOXKECTBE CXOIUTCH DaB-
HoMepHO B cuiay upusnaka lupuxue. CienoBarensuo, u ucxommbiii HU

f+<>o sin(zy)

0 dr paBHOMEDHO CXOAWMTCH Ha JAHHOM MHOXKECTBE (Iepexom K

1
"xBocry" GbLI 06ycoBIeH TeM, uro yHKmus — Ha [0, 4+00) HE YIOBIETBO-
x

pgeT ycnoBusM npu3Haka Iupuxie mpu sio00M ee TOONPE/IEICHAN B HYJIE).
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JIEKIIN A 8
CsoiicTBa HeCOOCTBEHHBIX MHTErPAaJIOB, 3aBUCAIIIAX OT
mapaMeTpa: HENPepbIBHOCTH, MHTerPUPOBaHUE,
munddepeHIpyeMocThb. BoluuciaeHne nurerpasaa dupuxie.
Kparnbriit uarerpas PumaHa: cxemMbl TIOCTPOEHUS .

Bcerony muke f(x,y): II — R, rae I = [a,b) x [c d = {(z,y)| z €
[a,b), y € [¢,d]} (b moxkeT obpamaThcs B +oo) n Iy f f(z,y) dx.

Teopema 1. Ecau f € C(II ) U HHf f(z,y)dx cwodumca Pa6Ho-
mepro na ompesxke [c,d], mo I(y f f(z,y)dx € Cle, d].

Jdoxkxasareascts o Ilo yciaosuo reopembr I(y,n) =

[ f(z,y)de :;] I(y) npu n — b — 0. Ilpu 9T0M B CUIIy CBOICTB MHTE-
IPAJIOB, 3aBUCANMX OT mapamerpa (Teopema 5 jekmuwm 5), Vn € [a,b):
I(y,n) € Cle,d]. Torna na ocHoBanuu TeOpeMbI 4 JIEKIUK 5 3AKII0YAEM,
aro dyukms I(y) € Cle, d).

3ameuanne. Hempepsisrocts I(y) Ha [c,d] o3magaer, uro Vyo €
[c,d]: limy_y, I(y) = I(yo). llosTomy B Teopeme 1 yTBep:KIaercs, dTO
limy—yy, fab flz,y)dx = f: f(z,y0)dz = f: limy_,y, f(z,y) dz, T.e. mmeeT me-
CTO IIEPECTAHOBOYHOCTD IIPEIETBHOrO IIEPEX01a N MHTErPAPOBAHNS.

Teopema 2. Iyem» f € C(II) v HH fabf(x,y)dx cxo-

dumcs pasnomepro wa ompesxe [c,d]. Tozda fcd dy f; flz,y)de =
ff dx fcd flz,y) dy.

Hdoxkaszartenscrtso. [lo reopeme 1 I(y) € Cle,d]. Tostomy
I(y) € R[e,d]. B03bMeM HpOI/ISBOJIbHyIO HOCTIEA0BATENLHOCTD 1), — b—0
u nonoxmm I (y) = [ f(x,y) dx. Torna I, (y) € Clc, d] xax coberren-
HEIE I/IHTerpanH 3aBHUCAIIME OT mapaMmerpa (TeopeMa 5 JIEKIuu 5) u

[e.d]
I(y) = I(y) upu k — +o0 (cm. Teopemy 3 sekuuu 6). B cuiy reopem
8 u 7 jmexkmnuiit 2 u 6 COOTBETCTBEHHO MMEEM

d d d
/I(y)dy:/ lim L(y)dy= lim [ Iu(y)dy =

k— 400 k—+oco J.

d Nk Nk d
= lim dy flz,y)de = lim dx/ fz,y)dy

k——+oo c a k—+oo a
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IMockosbKy —mocjenoBareabHOCTh (1)) — TNPOM3BOJbHA, TO Ha
OCHOBAHWM ONpeJeeHUs npejena 1o lefiHe 3ak/ao04aeM, 49TO
Ilimy s [, da fcd flz,y)dy = fcd I(y) dy. Teopema nokaszama.
Teopema 3(npasuiio Jleit6auuna). ITycmo
1) f, fyec),
) HI f: f(z,y) dz cxodumea na ompesxke [c, d),

3) J(y) = fj fy(x,y) dx czodumea pasnomepno 1a ompesxke [c,d].
Tozda

1) I(y) = ff f(x,y)dz € CYe,d],

2) I'(y) = J(y), m.e.

(/abf(:v,y)dx) /abf;(m,y)dx

JdoxaszaTenancTso. Kak u BbIe, BBeIEM OCIEIOBATETHLHOCTh
byuxumit I, (y) = I(y,mk), tae ny — b — 0 nmpn k — +00 1 moKazkeM,
9TO OHA yJOBJIETBOPAET yCJIOBUAM TEOPEMBI 2 JEKIHNH 3.

1) Tax kax f, f, € C(II), To u3 npasuma JleitGuuma s cOGCTBEHBIX

unTerpaios cienyer, aro I(y) € C'[c,d]. Ilpu sToM u3 yCJIOBI/H‘/’I TEeOo-

c,d]
pemsr cenyer, aro I (y) = ([ f(z,y) dx), = [7* fi(x,y) dx :; J(y)

npu k — 4o0.
2) CxommmocTh Ha oTpeske [c, d] HU f; f(z,y) dz o3nauaer cxomn-

19 Bo Beex TouKax oTpeska [c, d] K

MocThb nocsenoBarenbuocty (I (y))
f: f(z,y)dx u ecrecTBeHHO BjIEYET CXOAUMOCTb U B HEKOTODPOH TOYKE
OTpe3Ka.

[Ipumenssa Teopemy 2 jekmun 3, nomydaem, uro 1(y) € Clle,d] u

YTO CIIpaBEIJInBa HEII0OYKa PaBEHCTB

k—4o00 k—+o00

J(y)= lim I(y )—( lim I (y )) =TI'(y).

Teopema mokaszama.
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3ameyanue. YcaoBue 2 JOKA3aHHON TEOPEMbBI MOXKHO 3aMEHUTHh TPeDO-
BanueM cxoaumoctu HI f: f(z,y) dr B HEKOTODOI TOUKE Yo OTpE3Ka [, d] 1
TMOJIYIUTH QHAJIOT TEOPEeMBbI 2 JIEKITNN 3.

,Z[eﬁCTBHTem,Ho B 9TOM ciydae nocsenosaresnsHocts (I (y)), rme I (y) =
f "k f(x,y) dx yaoBaeTBOpseT ycaosuaM TeopeMbr 2 jtextun 3. CieoBaTeb-
HO, Tpu JI060M BBIGOpE TOCIEAOBATENBHOCTH 1)y — b — 0 mua Yy € [c,d]
cymecTByeT limy_ oo f;”‘ f(z,y)dz. Ho rorma nmpu xaxaom duKCHpPOBaH-
HOM Yy 3HAYEHWs 3TWX TIPEJIEIOB PABHBI MEXKIy COGOi (CM. J0Ka3aTeahCTBO
teopembr 4 gekmuu 1.11). CrremoBaTebHO, B CHTy OMPEIEJICHAS MTPEIEIa TI0
Teitne mus xaxzgoro y € [c,d] cymecrsyer limy o [ f(x,y) dz, T.e. HU
f: f(z,y) dx cxomurca ma MHOXKecTBE Y.

IIpumep. Haiinem 3magenue marerpana D(y) = f0+°° %fy) dx, Ha3bI-

Baemoro maTerpasom Jdupmxie. fcno, yro D(—y) = —D(y) u D(0) = 0.
T103TOMY BBIYMCJIEHUS ITOCTATOYHO TPOBECTH ;mﬁ y > 0. Ecm oasa y > 0
BBITIOJIHUTH B MHTETpaJe 3ameny t = xy, To D(y f+°° sint gy = D(1) =

D(y) = D(1)sgny.
ITar 1. Beemem Beomoraremsusit HU 1(y, z) = +°° %Iy) ~** dz, rme
y >0, z > 0. OgeBugno, aro I(y,0) = D(y). 3a(bHKcupyeM y > 0. Unrerpas
e sin(zy)
= 22t
rpajbHas (GYHKIUS He 3aBUCUT OT LEPEMEHHOI z. 3HaduT, STOT MHTErpas
CXOIUTCSI PABHOMEDHO Ha MHOXKecTBe z > (. @yHKIms e *¥ OrpaHUYeHa Kak
dyskims nepementsix x u z Ha [0, +00) X [0, +00) U MOHOTOHHA [P KaXK-
oM duxcuposannom z > 0. CirenoBaresbHo, 110 npusHaky AGesst UHTErpas
+oo SInZY
Jiy = ey
dbukcupoBanuom y > 0.

dz cxommres (mpm y > 0 mo mpusnaky Jlupwxyie) W MOIBIHTE-

e *? dx cxomuTCs paBHOMEPHO Ha MHOXKECTBE z > 0 mpu KarxK oM

nxye—zx

si
Hamee, mOCKOJIBKY (DyHKIHS KakK (DYHKIHST TEPEMEHHBIX & U

z menpepsiBaa HA [0, +00) X [0, 400) (upm z = 0 moonpemesieM ee 10 HEIPe-
PBIBHOCTH, TIOJIarasi ee paBHoOil y), 1o I(y,z) (mpym Kax10M (PUKCHPOBAHHOM
y > 0) sBageTcsa HENpepbIBHON GyHKIMEH Ha MHOXKeCTBE 2 > () KAk paBHO-
MEPHO CXOIAIMIACH MHTETPAI OT HenpepoiBHOH bynkmuu (Teopema 1). Torma
D(y) = I(y,0) = lim.—0, 250 {(y, ) (cm. nemmy 1 mexnmm 1.12). Crenosa-
TEJIHbHO, BBENEHHBIH mHTErpas I(y, z) AOCTATOTHO BHIMUCIUTL Tipu z > 0 u
y > 0.

IMlar 2. Temeps 3adukcupyem z > 0 u MOKaxKeM, UTO MOYKHO IIPHUMe-
HUTH TIpaBuiIo JlelbHuma s maxoxnerus Iy (y, z). deficTBuTressHo, GyHK-
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sinzy _ sinxy _
e zT n ( e zz); zx
N x
oo -
x> 0u HU fo cos(zy)e™ ** dr cxommTcst paBHOMEPHO Ha MHOKECTBE Y > 0
no npusHaky Beitepmrpacca, u6o |cos(zy)e™ *?| < e **. Buauwur,

y oo fsinzy L\’ tee _
Iy(y,z):/ (76 m) dﬂc:/ cos(zy)e” *“dr =
0 0

xT
Y

= cos(zy)e” *® menpepuBHbL pu Yy > 0 n

1 - e
= (cos(xy)eizz |£;8L°° +/ e “sin(xy)y dm) =
0

z
—+o0
L (— - Q/ sin(zy) de_zac) =
z z Jo

1 y . —zx |x=+00 too —zx
;—!—Zj sin(zy)e ’1:0 -y ; cos(zy)e” “dx | =

1 y2 +o0o o
- — = dx.
s 2 cos(zy)e x
T: 6 I 1 —y2 _ 1 = I -z
axum obpazom, I, (y, z)(1+ 22) = (Y, 2) = e

Ilar 3. Unarerpupys pasencrso I (y,z) = z/(2* + y*) uo y nonyqaem,
9T0

_ zdy dy/z) _
Iw.2) = / 24y? | 1+ (y/2)? arctg(y/z) + Cl2).

Tak xak [(0,z) = D(0) =0, o C(z) = 0.
Urak, Vy > 0 u Vz > 0 nmeem

+oo s
I(y,2) = / Smiixy)ef‘” dz = arctg(y/z).
0

Crajo 66Th, mist y > 0

D(y) =I(y,0) = lim I(y,2z) = lim arctg(y/z)=m/2.
C y4€TOM CKa3aHHOI'O BblIIIe I10JIyYaeM, 1TO

Foo o
sin(zy) T
——dr = - .
/0 . z = o sgny
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Kparsbrii uarerpana Pumana
Ob6iras cxema mocTpoeHusi mHTerpajsia Pumana

Koncrpykius narerpan Pumana Kak mpejesia HHTerpajibHbIX CyMM
6e3 TpyIa MePEeHOCUTCA C OTPE3Ka Ha HHTETPAJI 10 n—MepHoMmy opycy P
¢ pebpamu, mapaIeIbHBIMU OCAM KOOpAwHAT. He BIaBasich B mera,
WHTErpaJjl BBOAUTCS ciaeaytomum oopasom. Ilycrs dyuaknus f: P — R.
Bepem pasbuenue T Gpyca P na Koneunoe 4ucio 6pycos Py (pebpa
P}, mapajuiesibHbl OCAM KOODJMHAT ), IIEPECEKAIONIUXCs PA3BE YTO TOJIb-
KO 110 9acTaM cBoux rpanui. Jlamsee pasmedaem paszduenne T, BIOUpas
MTPOM3BOJIBHO TOUKY M} B KaykaoMm opyce Py. [Ijis momyYeHHoro pa3me-
wenoro pasbuenus (T, M) 6pyca P cocTaByisieM WHTETPATbHYIO CyMMY
Pumana

o(f,(T,M)) =Y f(Mi)|Pyl, (|Pe] — obmem (=mepa) Gpyca Fr).
k

Torma [, f(x)dx = I, tme I = limy o o(f, (T, M)), N(T) — men-
KOCTDH pas3ouenus 1.

Kak mepenectu 3tm mocrpoenms Ha Oojiee oOIIre OrpaHHYIeHHBIE
MHOXKecTBa F7 37eCh MOXKHO MOATH CIAEAYIONMMHE Iy TSMU.

1) pasbuTh KAKNM-TO CIOCOBOM MHOKECTBO F Ha KOHEUHOe HUMCIIO
vacreit Ej, mepecekaiommnxcs pa3Be UYTO MO ydacTKaM CBOWX TDAHMIL.
3aTem BbIOpAThH B KaKJOM MHOKeCcTBe Fj 10 nmpon3BOIbHON Touke My,
I 10 TaKOMy pasMederroMy pasbmennio (T, M) HOCTPOHTH HHTETPATh-
HyI0 cymmy Pumama

o(f(T,M)) =) f(My)|Exl.
k

Yrob6br 3Ta cCymMMa mMea CMBICT HEOOXOMUMO, ITOOBI MHOXKeCTBA Fj,
ObLIN U3MEPUMBI, T.€. UTOObI MOXKHO OBLIO FOBOPUTEH 06 ux Mepe (06b-
eme, wiotaau uau jymne). Iockoubky E = Uivzl Ey, a £}, nsmepuMbl
n By E;, C OE,(OE; npu k # 1, TO W3 MUHUMAJILHBIX TpeGOBaHM
K Mepe — 00JIaIaHuu CBONCTBOM aJIUTUBHOCTH, OYIET CIeI0BATH, YTO
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MHOXKecTBO E m3amepumo u |E| = |E1| + ...+ |En|. losromy mpexe
9eM ONpeJeNisiTh WHTerpas PuMmaHa [0/keH ObITh BBEJIEH KJIACC MHO-
JKECTB, JIJIsi KOTOPBIX OIPEIEIeHa Mepa.

DTOT MOJXO/ HO3BOJISIET BKIOYUTH B ODIILYIO CXEMY MHTEIDAJIBIL 110
KPUBBIM M MOBEPXHOCTSIM.

2) Bee—Taku ucnonb3oBarh pasbuenus E Ha Opychl ¢ pebpamu, ma-
pPAJLTENBbHBIME OCSM KoopauHAaT. s mpocToThl OyaeM cauraThb, 9to F
saBasiercst oobnactoio. Ilycrs 6pyc P O E u P, — pa3buenue 3roro 6pyca
HA KOHEYIHOEe 9mcjI0 OpycoB. Bpycer Pj, nuMmerorue HemycToe nepecede-
HUE ¢ MHOXKeCcTBOM F| HazoBeMm pasbmenmem 1’ muOkecTBa F. Jlamee B
KaxK10M Opyce pa3ouenus Bbioepem o Touke My € E u cocTaBuM WHTe-
rpaibHyI0 cyMMy PruMaHa, OTBEYAOIIYIO TIOCTPOEHHOMY PAa3MEIEHHOMY
pas6uennto (T, M) muOoxecTBa F

o(f, (T, M)) = f(M)|Py|
k

Byaem cuurars, uro guamerp A\(T') mocrarouno masn u 06o3HaAdMM
uepes P/ re 6pycst, koropble cogepxxarcs 8 F, a uepes P’ — ocrasiiue-
cs1 Opychl pa3buenus, T.e. Takue, IT0 P/’ IMeIOT HemycToe nepeceteHne
¢ E, HO He coumepxkarcsa B F. B cooTBeTcTBUHU € 3TUM HWHTErpajbHas
cymma o(f, (T, M)) pacuagaercsa Ha IBe CyMMBbI

o(f, (T, M) =Y F(MP)|PLL+ Y (M)
k l

B cnyuae, xorma E sBasercs 6pycoM BTOpasi CyMMa OTCYTCTBY-
er. [losromy, onpenensas uaTerpan Kax limy o o(f, (7, M)), Brosae
eCTEeCTBEHHO MOTPeboBaTh, 9TOOBI limy (7)o Y, f(M]")|P/'| = 0. dna
MOCTOSTHHON Ha MHOXKecTBe F (DYHKIMU PABEHCTBO HYJIO YKA3aHHOTO
npejiesia HaKJIa/IbIBAET OMPEIeIeHHOe YCIoBre Ha rpanuity 0F MHOXKe-
crBa F, KOTOpOE OKa3bIBAETCs PABHOCUIBHBIM M3MEPUMOCTU MHOYKE-
ctBa E.

3) cecTu 0Ol ciydail K uaTerpasy mo opycy. Tak Kak MHOKe-
crBo E orpammdeno, To cymectByer opyc P O E. Jlamee onpenemum
HoByio dyukuuio fo: R — R, nu. fo(z) = f(z) nua Vo € E u
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fo(x) =0, eciu x € R™ \ E (fy Ha3BIBAETCA NPOJOANCEHUEM HYAEM
dynxyuu f ¢ mmooicecmea E na R™). Torma f nasbiBaercs unTerpu-
pyemoii 1o MmHOKecTBY F, eciu cyxkenue fo|p unrerpupyema 1o 6pycy
Pu [, f(x)dx = [, folp(x) dz. Moxno ybeaurnes, 910 s orpanu-
YEHHBIX (DYHKIWH 3TU MOIXOIHI PABHOCHIBHBL.

Jasee OyaeT peasn30BaH TPeTHiHl BAPUAHT IIOCTPOEHHS WHTErDAJIA
Pumana.
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JIEKIINA 9
WNnaTterpan mo 6pycy. Uurerpasbuble cymMMmbl PuMana u
Hdapby, nux cBoiictBa. Kpurepuit /lapby MHTerpupyeMocTn u
ero cuibHas ¢dpopma. MHoXKecTBa Mephbl HYJIb B CMbICJIE
Jlebera m mx cBolicTBa.

JlJjist TPOCTOTHI TIPOBEIEM PACCYKIEHUS B JBYMEPHOM CIIy4ae, T.e.
MTOCTPOMM TEOPHIO JBOWHOrO MHTErpaja PuMaHa Mo MpssMOyTONBHUKY
(6pycy).

IMycrs manbr npsaMoyrouabuauk P = [a,b] X [¢,d] = {(z,y)| a < z <
b, ¢ <y < d} u xakue—rto pasouenus T = {z;}[ u TV = {y;}7_,
oTpe3KoB [a, b] u [c, d] coorBercTBeHHO. MHOKECTBO IPAMOYTOJIHLHUKOB
Py = [zp—1, 2] X [Yi—1,w), E=1,...,m,l =1,...,n Ha3bIBaETCS pas-
6uenuem 6pyca P u obosnavaercs cumposom T, T(P), niau (T*,TY) (B
MHOTOMEPHOM CJIydae yao0Hee ompenenasaTh pa3onenne Opyca Kak COBO-
KYIHOCTb yKA3aHHBIX OPYCOB, a HE KaK COOTBETCTBYIOIIEE MHOYKECTBO
TOYEK).

IIpsimoyronbHuKY Py, ; HA3BIBAIOTCS IPSIMOYTOILHIKAMY PA30HEeHHsT
T ucxomuoro 6pyca P

l'eomerpudeckn pasbuenne 6pyca P #a mpaMoOyronbHUKN Py ; TOTy-
4aeTCsa MPOBEJEHUEM IPAMBIX, Mapa/ulebHbIX ocaM Oy u Oz, Ipoxo-
JSAIIAX 9€pe3 TOUKA ¢ = T < X1 < ... < Ty =bumc=1yg < y1 <

. < yn = d pasbuenuss T* orpeska [a,b] n pasduenus TY orpeska
[¢, d] cooTBeTCTBEHHO.

B xaxznom 6pyce Py BeIGepeM o OgHO TOUKe 2j ;| = (Uk, V1), Uk €
A,(f) = |zr_1, 2], v € Al(y) = [yi—1,y]. Habop ykazaHHBIX TOYEK
Z = {21, } HaspBaercs pasmemrot pasbuenus T'(P). Pasouenune T'(P) ¢
BLIODAHHOI PA3METKOM Z HA3bIBAETCS PA3MEUECHHbIM Pasbueruem Opyca
P u obozuauaercs (T, Z).

Benmuuna Az Ay, = (g —xk—1) (Y1 — Yi—1) HA3BIBAETCH MIIOLIABIO
(mepoit) 6pyca Py u obosnagaercs | Py | wia pPy ;.

Iycrs 3amana f: P — R u (T, Z) — pa3medenHoe pasbuenne 6pyca
P.

Onpenenenne 1. Humeeparvroli cymmoti Pumana @ynxyuu
f(x,y), coomsemcmeyroweti pazmeuennomy pasbuenuro (T, Z) 6pyca P,
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Ha3bvL6AEMCA CYMMA

n

o(f,(T,2) =3 fluk, vi) Py

k=11=1

Iy \/(Azk)2 + (Ay;)? numaronanu mpsMoyroabHuKa Py Oyaem
HA3bIBATH €ro duamempom u oboznadars diambPy ;.

Ounpenesnenue 2. Juamempom, usu meaxocmvio, A(T) pasbuenus
T (pasmeuentozo uau nepasmeswennozo) 6pyca P nasvieaemes Makcu-
Manvroe 3navenue duamempos bpycoe Py |, obpasyrowuxr smo pasbue-
Hue.

Omnpenenenne 3. Yucao [ Hazveaemes npedesom uHmezpaio-
Hoz cymm Pumana gynxuyuu f, ecau Ve > 0 36 = d(e) > 0, m.u.
Y(T,z) 6pyca P ¢ \(T) < 6: |o(f,(T,2)) — I| < e. IIpu smom nuwym
limyry—o o(f, (T, 2)) = I, a wucao I nasviearom d6otinvim unmezparom
pynuryuu f no opycy P u 0bosnawarom cumeonom ffp fx,y) dedy.

B panmbmeiimeM, rae 3TO HE NIPUBOIUT K HEIOPA3YMEHUSIM, KPDATHDII
unrerpan or GyHKuuu g Oyzer Tak:ke 0003HAYATHCH | p9(x)dr, x =
(T1,...,2p), de =dxy ...dz,.

Onpenenenune 4. Ecau daa pynxyuu f cyuecmeyem npedea ee
UHMEZPANLHULT cYymMm, Mo [ Hazwearom unmezpupyemot no Pumany
Ha 6pyce P. B npomusrom cayuwae Gynkyua [ HA3BEAEMCA HE UHMe-
epupyemoti (no Pumany) na 6pyce P.

MHOKeCcTBO BCeX MHTErpUpyeMbIX Ha Opyce P dyuknmit obo3naqa-
ercst cumBosiom R(P). Bammch g € R(P) oznavaer, uro dyHKIus ¢
wHTEerpupyema Ha opyce P.

Ipumep. [ [, dedy = p(P). Jeiicteurensro, pus moboro pazbuenus
T 6pyca P u npou3BOJIbHON €ro pa3MeTKH Z UMeeM

m

a(f,(T,2)) ZZquz—ZA:kaAyz (b—a)(d—c) = pn(P),

k=11=1

OTKyZJa CJIeayeT, ITo Iuciao p(P) sBisiercs mperesioM MHTErPaJbHBIX CYMM
Pumana dbyaxknun, pasnoit 1 mHa 6pyce P. CiemoBarenbHo, 3Ta QYHKIWS HH-
Terpupyema Ha 6pyce m ee maTerpas pasen ju(P).
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Teopema 1(neo6xogumoe ycioBue maTErpUpyemocTn). Ecau
f € R(P), mo f oepanuuena na P.
JloKa3aTebCTBO TeOPeMbl AHAJOIMYHO OJHOMEPHOMY CJIydalo.

Cywmwmsbr Japby

IMycrs f: P — Ru f orpanuuena na P, 1.e. 3C > 0, 1.4. V(z,y) € P:
|f(z,y)| < C. IIyers T — HexkoTopoe pasbuenne 6pyca P. TTomoxnm

My, = sup f(z,y), megy = inf  f(z,y).
(z,y)EPr 1 (z,y)E P,

Onpenenenne 5. Beauuurot

n

s(f,T szk Py w S(f,T) = ZZMk,lMPk,l

k=11=1 k=11=1

HA3BLEAIOMCA COOMBEMCMBENHO HUMNCHET U 8epTHel cymmamu apby
pynryuu f.

IIpusenem cpoiictBa cymm JLapOy.

JlemMma 1. J[aa npoussosvrozo pasbuenus T 6pyca P u 21060 e20
PABMEMKY Z BOINOAHANMCA HEPABEHCTNEA

s(f,T) <o(f,(T,2)) < S(f,T).

JIemma 2. I[Tycmov dano npoussosvroe pasbuenue T 6pyca P. Tozda
s(f,T) = fo(f,(T,2), S(f,T) = supo(f, (T, 2)).

Onpegesienne 6. Pasbuenue Ty = (T, T}) asasemca usmeavue-
nuem (npodossicernuem) pasbuenus T = (T*,TY) 6pyca P, ecau TF u
TY aeaaromes usmeavuenuamu pasbuenut T uTY coomeemcemeenno,
m.e. T* CTF wTY C TY.

JIlemMma 3. Ecau pasbuenue T A8AAEMCA USMEABYEHUEM PA3OUEHUSA
T 6pyca P, mo

S(f,T) Ss(faTl) SS(faTl) SS(f,T)
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CaepncrBue. las aobox pasbuenuti 11, To bpyca P cnpasedauso
HEPABEHCTE0

s(fa Tl) < S(f, T2)

JlemMma 4. Jlasa npouseosvhozo padbuenus T b6pyca P:

S(faT)_s(faT):ZZw faPkl M-Pkla

k=11=1

ede OJ(f, Pk,l) = SUP(g’ ), (z,y)EPr,1 |f(x’,y’) - f(xa y)' — Koaebanue
dyrnwyuu f na Py .

Kax u B onnomeprom ciaydae w(f, Py) = My — my .

JokazarenbcTBo jgemMMm 1-4 MpOBOAMTCS AHAJOIMYHO OJHOMEPHOMY
CIIy9alo.

Teopema 2(kpurepuii Tapby unHTerpupyemoctn). Pynkyus
f: P — R unmeepupyema no Pumany ma npamoyzoavrnuke P < owna
oepanunena wa P u Ve > 0 35 = d(g) > 0, m.u. VI'(P) ¢ \(T) < §:
St —sp <e.

JlokasbIBaeTCsi TeOpEeMa, KaK U B OJHOMEPHOM CJIydae.

[Ipusenem 6e3 mokazarennbcTBa Kpurepuii Jlapby, HECKOIBKO OC/Ia-
OMB YCJIOBUS TEOPEMBI 2, KOTOPbIH OyIeT UCIOJIH30BAH B JATbHEUIIIEM.

Teopema 3. Oynxyua f: P — R unmezpupyema no Pumany Ha
npamoyzorvruxe P < ona ozpanuvena wa P u Ve > 0 cywecmeyem
pasbuenue T 6pyca P, m.n. S(f,T) —s(f,T) <e

CroiicrBa naTerpasia Pumana o 6pycy, cBsi3aHubie ¢ apudMeTnde-
CKUMU OMEpAIMAMY, HEPABEHCTBAMU, MOJIYJIEM, TOKA3BIBAIOTCS AHAJIO-
TUYHO CJIy9al0 WHTErPAJIA, 10 OTPE3KY.

MHuoxkecTBa Mepbl HYJIb 110 Jlebery

Bpyc Buna P = [a,b] X [c, d] Gyuem Ha3biBaTh 3aMKHYTBIM 6pycoM
(P — 3amknyTOE MHOZKECTBO B R?).

Bpyc II = (a,b) X (c,d) Gymem Ha3bIBATH OTKPHITHIM Gpycom (1T —
OTKPBITOE MHOZKECTEO B R?).

ITo onpenenenuto mepoii (mnonanpio) pll orkpeiToro Gpyca Ha3bI-
Bator (b — a)(d — ¢). Takum obpazom, pP = pull = (b — a)(d — ¢).
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Onpegenenne 7. Muoocecmeo E C R? nasveaemca mmoorice-
CMBOM MEPHL HYAb 6 cmbicae Jlebeza, ecau Ve > 0 cywecmeyem e
bosee wem cuemmuasn cucmema omrpumoz o6pycos {I}, m.u.

1) E C Uglly u 2) Zk,ul'[k < €.

DTo onpeenenue roguTcs i moobix R™ (ecrecTBenno Hamo GpaTh
n—MepHbIe OTKPBIThIE Opychl). B ciaydae n = 1 po/ib OTKPBITHIX 6PYCOB
WUTPAIOT WHTEPBAJIBI.

Hamomuawum onpeziesienre NOKPHITHS MHOXKECTBA.

Omnpegenenne 8. Cucmema muooicecme X, a € A nazwvieaemcs
nokpvuimuem muooicecmsa FE, ecau E C Uy X, .

3amegyanue. MBI OIyYUM TOT YK€ KJIACC MHOXKECTB, ecjii Oyzmem OpaThb
MMOKPBITHS, COCTOLAIINE U3 3aMKHYTHIX OpycoB. [leficTBUTEIbHO, €C/IH BBIIOJI-
HEHO ompenesieHne g MOKPHITUA OTKPBITHIMU 6pyCaMI/I, TO TEM 60ﬂee OHO
CITpaBeVIABO U I 3aMKHYTHIX, B60 3aMKHyThIe 6pychl Py = 11 = 1, UOII,
obpasyior Tpebyemoe nokpbitue. OGPATHO, €CU BBIIIOJHEHO OIPE/IeIeHre
JUIsT 3AMKHYTHIX 6pycoB Pk, To Vk 3 otkpwiTeiit 6pyc Il D Py, ma. plly <
/,LPk+€2_k = FE C Uillg u Zkﬂﬂk < Zkupk-FZkQ_k&‘ <e+e=2e.

IIpumepsi.

1) @ umeer mepy mysH IO JleGery, T.K. mJIst JIIO60TO OTKPBHITOTO 6pyca I1:
0 cCIL

2) Ommoroueanoe muoxectso E = {a} C R?, a = (a1, a2) umeer uymesymo
Mepy B cmbiciae Jlebera, T.k. Ve > 0: {a} C (a1 — v&/4,a1 + €/4) X (a2 —
Veld az +ef4) =11, a pll. =e/4 < e.

3) JlioGoe mHe Gosee ueM CYeTHOE MHOXKECTBO F dBJ/IS€TCH MHOXKECTBOM
Mepsl Hysb B cMbicaie JleGera. deiictBurensno, mycrs E = {b1, b2, ...}. Bo3b-
mem mipomsBosbHOe € > (0. ITockombky Vk € N 3 orkpoiteiit 6pyc I 3 by,
. ully < e27% 10 E C Uglly n Sop il <30, 27k <e.

JIemma 5. IIycmo f € Rla,b]. Tozda epagux

I'= {(!E,y)‘ HAS [a7b}> Y= f(CL')}

dynxyuu f ecmsv mHoscecmseo mepv, wyav no Jlebezy wa naockocmau.

JoxkxaszareanbcrtB o 3abpukcupyem € > 0. B cu-
ay xpurepusi JlapGy wnrerpupyemoctn 3§ = d(¢) > 0, n.u. V1'[a,b]
CAT) < 6 SULT) - s(ST) = XMy — my)A; < e (M =
SUD[3,_, ;] f(z), mj =inf,,_, .1 f(v)). Teneps 3acdmkcupyem pastu-
eane T = {z;}F_, orpeska [a,b] ¢ \(T) < 6. Homoxum I'; = {(x,y)|z €
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[zi—1, 2], y = f(x)} u BBemeM Opycst P, = [zi_1,x;] X [my, M;]. To-
ckoibKy Vo € [z;—1,z;]: m; < f(x) < M;, o T'; C P; u, cnegoBareiib-
wo, I' = UK_ T, € UE_ P Tipm srom S°F_ Py = 2% (M —my) Az <
€. B cunmy mpom3BosnbHOCTH € > 0 TeMMa JOKa3aHa.

CaencrBue. Ecau f € Cla,b], mo ee epadur asasemca mmoorce-
CMBOM MePHL HYAb 8 cmbicae Jlebeza. B wacmuocmu ecakutll ompesox
HA NAOCKOCTNU UMeem Ae0e206y MePY HYAb.

JlokazareabeTBO cpaldy Ciaejyer u3 JIEMMbl B CUJLy HHTErPUPYEMOCTH
HenpepbBHLIX (hynkuumit (cM. jeximo 1.25).

Teopema 4(cBolicTBa MHOX€CTB MepbI HyJIb B cMmbicie Jle-
Gera).

1) ar0boe nodmmnooicecmeo muoocecmea mepv, nyav no Jlebeey se-
AAEMCA MHOHCECTNEOM MEPHL HYAb No Jlebeay;

2) obsedunerue KOHEUHO20 UAU CHEMHOZO HUCAL MHOHCECTNE MEDDL
Hyav no Jlebezy ecmv mMHootcecmeo mepu, Hyav no Jlebezy.

JdokasareuabcTso. YrBepxkiaeaue 1) cpa3y ciaemyer u3
OIpesiesieHrsT MHOYKECTBA HYJIeBOi MepbI o Jlebery.

Hokazewm 2). Ilycts Ej, j = 1,2... MHO)KecTBa MepbI Hyb 10 Jle-
Oery B KOHEYHOM wjid cdeTrHoM uguciie. 3adurcupyem € > 0. s Vj
MOXKHO TIOCTPOHUTH CHCTEMY OTPKPBITHIX OPYyCOB {H,(C] ), E=1,2,...}
ra. E; C UkH,(j) "y, ,uH,(j) < €277, Torma He Goslee YeM CUETHASA

CHCTEMa OTKPBITHIX OPYCOB {H,(Cj)} Takosa, uro U; E; C U; (Ukﬂi(cj)) -

S =3 (Y ) <Y e =
k, j J

j k

Canenosarensro, U; F/; ABIAeTCA MHOXKECTBOM MepHI HyJIb Mo Jlebery.
3ameydanune. B kakoMm mopsake CKJIaIbIBATh HEOTPUIATETHHBIE BEJTHYN-
HbBIL pﬂfj ) 6e3pazimuano. Ha moka3aresibcTBe 3TOro hakTa OCTAHAB/IABATHCS

He OymeMm.
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JIEKIINA 10
Kpurepnit JIebera mHTerpupyemoctun yHKIUN Ha Opyce.
JonycTuMmble MHOX>KeCTBA U UX CBOUCTBA.
XapakTepucrtudeckas (pyHKIHs MHOXKecTBa. VIHTerpaJ
PumaHa mo orpanmdyeHHOMY MHOXecTBY. KoppekTHOCTD
onpegenenus. Heobxoanmoe ycjioBUe HHTErPUPYEMOCTH.
Kpurepnii Jlebera mHTErpupyeMOCTH.

Omnpenenenne 1. Hexomopoe c60Ucmeo umeem Mecmo novmu
6100y (n.6.) na muooicecmee E | ecau nodmmnooicecmeo By mnoorcecmea
E, na xomopom 3mo c801cmeo He SbMONHAECMNCA, eCMb MHOHCECMEO
Mmepov, Hyav no Jlebeay.

OueBuHO, YTO €CIM MHOXKECTBO F SBJISE€TCS MHOXKECTBOM MEDbI
HyJIb B cMbIciie Jlebera, To 000€e CBOMCTBO MMeeT MecTo 1.B. HA F.

[IpuBenem 6e3 moKa3aTENHCTBA TEOPEMY, KOTOPAs UTPAET IEHTPAIIb-
HYTO POJIb B TOCTEAYIOIIUX MOCTPOSHUSIX.

Teopema 1(kpurepmuii Jlebera nuarerpupyemoctu Ha 6pyce).
Qynryus f € R(P) & [ oepanuyena na bpyce P u nenpepwiena n.s.
na P.

,Z[OHyCTI/IMI)Ie MHO2KeCTBa

Onpegenenne 2. Mnoocecmso E C R? nasweaemca donycmu-
MDBLM, ECAU OHO 02PAHUYEHO U e20 2paHuye OE ecmb mHoocecmeo mepot
Hyav no Jlebeay.

IIpumepsi.

1) Bpyc, TpeyroNbHUK, KPYT, KOJIBIO — JOIyCTUMBIE MHOKECTBA.

2) E= {(x,y)| a<z<b, 301(1’) <y< 992(13)}7 wi € C[ava t=1,2,—
ABJIAETCA JOMMYCTUMBIM MHOXKECTBOM.

J1OImyCcTUMOCTD 3TUX MHOYXKECTB CJIEIYeT U3 JIEMMBI H U TeOpeMbl 4 JIeKIiu
9.

3) MHOKeCcTBO TOYEK HEBBIPOKIEHHOTO 3aMKHYTOTO Gpyca P ¢ parmo-
HaJIbHBIMU KOOPDAWHATAMU HE ABJIAETCA JONTYCTUMBIM MHOXKECTBOM, I/I6O Tpa-
HUIIA 9TOr'0 MHOYKECTBA COBIIAIAeT C P, a HEeBBIPOXK IEHHBIN OpyC He SIBJISETCS
MHOXKECTBOM MepBI Hy/Ib B CMBICTIE JleGera (3TO HEeCJI0XKHO JOKA3aTh).

JIemma 1. VE; , E5 C R?%:
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1) 8(E1 U EQ) C OF; UOE,

2) 8(E1 N EQ) C OF; UOE,

3) 6(E1 \EQ) C OF1 UOE,.

Jdoxkxaszareuasct s o Hokaxem, naupumep, 2). Ilycrs
x € O(F1 N Ey). 3HaunT, B MPOU3BOJIBHON OKPECTHOCTH TOYKH T €CTh
Kak Touku w3 Fy N Fy, Tak u Toukm muoxkectsa R?\ (B N Ey) =
UZ_, (R?\ E;) (6bL10 ucnonb3oBano npasuio e Moprana), T.e. TOUKH,
IpuHA/JIeKae XoTa Obl omHoMy u3 MEOkects R2 \ Ep u R? )\ Ej.
CiietoBaTeIbHO, TOYKA T NPUHAJIEXKHAT 110 KPaiiHell Mepe OJHOMY u3
MHOXKecTB 0F1 nimm 0F5. CorJacHo OmpenesieHnio O0beINHEHU MHO-
KECTB X comepkurca B OF, U OFs, 94T0o 1 TpeboBaIoCh J0Ka3aTh.

JIemma 2(cBoiicTBO gonycrumbix MHOXKeCTB). Obsedunenue u
nepeceueHUe KOHENHOZ0 YUCAS ONYCTNUMDLE MHONCECTNE ABAALMCA 00~
NYCMUMBLM MHONHCECTNEOM; PAZHOCTL OONYCTUMLE MHOHCECTNE — 00~
NYCMUMOE MHONCECTNEO.

HdokaszaTeabcCTBoO. YTBEPKICHNE JIEMMBI 2 Cpa3y CIEIyeT U3
OTIpeIEIeHUsT TOITyCTHMOTO MHOYKECTBA, JIEMMBI 1 W CBOMCTB MHOXKECTB
MepsI Hys1b 0 Jlebery.

Ounpenenenne 3. Pynryus x 4(x) Hazvieaemcs rapaxmepucmuie-
cxoti pynxyueti (z.¢.) mnosicecmea A C R?, ecau

xax)=1, z€ Auxalz)=0, z ¢ A

Kak cmemyer u3 onpenenenus,

1) x.db. moboro MHOXKECTBaA OMpe/eieHa Ha Beeil mockocTn R2;

2) Bcskasi BHyTPeHHsist (BHEIIHss) TOYKAa MHOXKecTBa A sBisiercs
TOUKOI HenpepbiBHOCTH (DyHKuuKM X 4 (), 160 x.¢. Gyner HOCTOSHHOIA,
PABHOH COOTBETCTBEHHO €IWHWIIEC W HYJII0, B HEKOTOPOH OKPECTHOCTH
Takoit Touku. Hanporus, jrobast Touka rpanuibt 0A muOX)KecTBa A Oy-
JIeT TOYKOM paspbiBa GyHKIMU X A ().

Kak caiencrsue cpoiicrs 1) u 2) nonyvaewm, 9ro eciau A — nomycru-
MOE MHOYKECTBO, TO X A(7) HempepbiBHA 11.B. Ha R2.
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Nurerpan Pumana 110 MHOXXeCTBY

MMycrs f: E — R, E — orpanuuennoe nogMuoxecrso R2.
Beenem dymkImio

folx) = f(z), ecrmx € En fo(z) =0, ecnu z ¢ E,

KOTOpasi HA3BIBAETCH NPodoarHceruem Hysem OGYHKIN [ ¢ MHOXKECTBA,
E na R2.

st npou3BoJibHON (DYHKLMK ¢, 3aJaHHON Ha MHOxKecTBe A, de-
pe3 Ai(g) Gymem 0003HAYATH MHOXKECTBO €€ TOYEK Pa3phIBa, a 9epe3
Ac(g) — MHOMXKECTBO ee TOUeK HenpepbIBHOCTH. [I0CKOIbKY Tr06ast To4-
Ka MHOXKECTBa A sIBJIsieTcst INOO TOYKON HEMPEPBIBHOCTH, JTUOO TOUKOMN
paspseiBa dyukuuu g, To Ay(g) U A.(g) = A.

BoisicHuM, KaK CBA3aHbl MHOKecTBa Touek paspbisa Fy(f) u R2(fo)
dyukumit f u fo coorsercreerno. QUeBUIHO, 9TO KaXkK/1asd TOYKA pa3-
pbiBa yHKIMU f sgBAsSeTcs TOYKONH pa3pbiBa u GyHKIUU [y, T.€.
E4(f) € R2%(fo). Besikast BHyTpeHHsAsT TOuKa MHOX)KecTBa E, B KOTO-
poit mHenpepbiBHA f, OyaeT TOYKON HempepbiBHOCTHA QyHKIUU fo, T.K. B
HEKOTOPO# OKPECTHOCTH TaKo# TouKH pyHknnn f u fo coBnamaror. Bes-
Kasl BHEIIHssl TOYKa MHOXKecTBa E Oyner TOUKOil HempepbiBHOCTH fo,
T.K. fo paBa 0 B HEKOTOPOI OKpecTHOCTH TaKo# TouKu. CTasio ObiTh,
TOYKY PA3PbIBA (PYHKINU [ MOTYT MOSBUTHCS JIUITH B TPAHUYHBIX TOY-
Kax MHOXKeCTBa I, B KOTOpBIX f HEMpepbIBHA, U B TPAHUYHBIX TOYKAX
MHOXKecTBa F, He npunammexamux F. Takum o6pa3oMm, HOBbIE TOYKH
paspbiBa MOryT obpasosarbes b va OF, r.e. R2(fo) C Eq(f) UOE.
CuteioBaTesbHO,

Eq(f) Cc R3(fo) C Ea(f)UOE.

IIpumepsi.

1) Ecmm f : E — R u f(r) = 1 na muoxecrse E, to E4(f) = 0.
folz) = xp(z) = Ri(fo) = OF.

2) IIycts £ = [0,1] u g(z) =z, z € E = E4(g) = 0. go(z) = z, ecim
z € Ewngo(r) =0 ama z € R\ E. P'paruna muoxkectsa FE cocront m3 asyx
touek 0 m 1. OueBummo, aro go € C(0) m go pa3peiBHA B TOuke = 1 =

Ra(g0) = {1}.
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Onpegenenne 4. Qyuryua [ HA3BI6AEMCA UHMEZPUPYEMOT 10
Pumany na ozpanuvenrom mmogcecmee F, ecau 0ria mexomopozo 3a-
MEHYMO20 Opyca P, codeporcauezo muooicecmeo E, dynkyus fo|p un-
mezpupyema na bpyce P. B smom cayuae unmezpanr Pumana pynryuu
f no mmooicecmey E onpedeasemcs pasencmeom

J| ety =[] fulete.y)deay -

Ecau unmeezpan, cmoswut 6 npasot wacmu (7) ne cyuecmeyem 0as
HEKOMOP020 3amrnymozo bpyca P DO E, mo dynkuyusa f nasweaemcs
neunmezpupyemoti (no Pumany) na muoorcecmee E.

MuoxkecTBO Beex (DyHKIM, HHTErPUPYEMbIX Ha F, obo3HaUaeTcs
R(E).

JIemma 3. ITycmv muoocecmeo E C R? oepanuveno, f: E— R u
P — samxnymot 6pyc, m.w. P D E.

Tozda muooicecmea mouer pasposa Pynryuu fo u ee cyorcenua fo|p
Ha O6pyc P cosnadarom ¢ mownocmvlo do MHOIMCECNBA MEPDL HYAL 6
cmaiene Jlebeza.

JJokazarTeabcTs 0. [IoCKOIBKY fy ABISIETCS TMTPOIOIKEHUEM
dbyurIMH fo|p HysIeM, TO MO JOKA3aHHOMY BbIIIE

Pa(folp) C RE(fo) C Pa(folp) UOP.

Cnenosarensuo, R2(fo) \ Pua(folp) C OP. Hockonbky OP asnsercs
MHOKECTBOM Mepbl Hyiib B cbicsie JleGera, o R3(fo) \ Pu(folp) saBas-
eTcsT MHOYKECTBOM Mephl HyJbh B cMbicie Jlebera Kak TOIMHOXKECTBO
MHOKECTBa Mephl HyJIb B cMbIcie JleGera.

Caegcrsue 1. fy|p nenpepwsna n.e. na 6pyce P O E < fo nenpe-
poiena n.6. na R2.

Hoxasarennctso. Ilo nokasaunomy R2(fo) = Pi(folp)UD,
rje D — MHOXKeCTBO Mepbl Hy/Ib B cMbicie JleGera (D C OP). 113 sroro
PaBEHCTBA M CBOWCTB MHOYKECTB Mephl HyJIb B cMbicye JleGera ciemyer
yTBepIK/IeHue cje/icTBud 1.

Caencrue 2. Cyxenue fo|p unmezpupyemo na b6pyce P O E &
dynxyua fo oepanunena u nenpepuena n.6. na R2.
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Hdoxkaszareasctso. Cornacuo kpurepuio Jlebera fo|p € R(P)
< fo|p orpanuvena u menpepbiBHa 11.B. Ha Gpyce P. OrpaHunyeHHOCTb
folp ma P pasmocunbaa orpanmuennoctu fo ma R2. Io mokasamHOMY
BblIlle HEIPEPBIBHOCTH 11.B. Ha Opyce P dynkuuu fo|p pasBHocuibHa
HeIpephIBHOCTH 11.B. Ha R? dynxmmm fj.

Teopema 2(KOpPEKTHOCTH oIpejesieHusi uHTerpasa). Ecau
samxnymoie 6pyco. Py u Py codepotcam mmosicecmeo E, mo unmezpaiot

//P1 folp, (z,y) dedy u //132 folp, (z,y) dzdy

CYWELCMBYIOM UAU HE CYULLCTNBYIOM 00HOBPEMEHHO, NPUYEM 6 TLEPEOM
CAYNGE UL 3HAYEHUA COBNAdaOm.

HdoxkaszareanbcTso. I3 caeacrBust 2 meMMbl 3 BBITEKAET,
41O MHTErpasbl or fo|p, u fo|p, 1m0 Gpycam Py u Py cymecrByior uiu
HE CyLIECTBYIOT OJHOBPEMEHHO (TO 3aBUCHUT JIMIbL OT TOrO, OyJer Jiu
byHKRIMA f) HeMpepLIBHO# M.B. U orpanuyenHoi na R?).

IIycts muTerpassl cymecrByior. Begem Tperuit 6pyc P = P N Ps.
Torna nmeem:

1) upsamoyrosbauk P 3aMKHYT KakK IepecedeHne 3aMKHYThIX MHO-
xkecrs (cM. Teopemy 1 sexkiuu 1.33);

2)rtak kak E C P;,i=1,2, 70 EC PLNP, = P;

YT00bI 1OKA3ATH PABEHCTBO HHTEIPAJIOB JTOCTATOYHO TOKA3ATH, YTO
JJp, folp(z,y) dzdy = [[p folp(z,y) dzdy.

Bceakoe pasbuenne 6pyca P mopoxKIaeT COOTBETCTBYIOIee pasdne-
HEE [IPAMOYIOJIbHUKA P, KOTOpoe cocTouT u3 6pycos (), 006pa3yommx
pazbuenme 6pyca P, n 6pycoB, TOJYIAIONINXCSA B PE3YJIHTATE TTPOTOTIKE-
HUSA CTOPOH OpyCoB (Q; 110 TTepecevYeH st CO CTOPOHAMY TTPAMOYTOIBHIKA,
Py.

IMockomnbky BHE 6Gpyca P dbyukiwus fo|p, (¢, y) paBHa HyII0, TO 3Ha-
YeHHs MHTErPAJIbHBIX cyMM PuMaHa OT paccMaTpUBAEMbIX CYKEHUI
dyukuuu fo, orBedarme OUUCAHHbIM pas3buenusam P u P; coBnana-
0T MEXKIy CODOM, eC/Ii B HUX WCIOJB30BATH ONHY U Ty YK€ PA3METKY
nas 6pycos @), a B ocrasmuxca Opycax pazbmenns P 6parh B Kade-
CTBe pa3MerKu 6paTh BHYTPEHHUE TOYKH 3TUX Opycos. Ho aroro nenbas
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cKa3aTh O ImaMerpax pasbmenuii. IlosToMmy mpoBesieM TOMOTHUTEIHHOE
pasbuenue ocrapiieiicsa yactu Py \ P rak, 4106bI

a) nosoe pasbuenue T1(P;) 6bL10 u3MenbueHreM pa3buenus Gpyca
Py, nopoxennoro pazbuenuem 1 6pyca P,

b) Gpycer Q; aBasancsk 6pycavn pastuenus T4 (P),

c¢) nuamerp A(T) HOBOrO pasbuenus OGpyca P; coBmajal ¢ quaMer-
pom A(T) pazbuenus P.

B Takom ciyuae Bce ciaraeMple MHTErpajbHON cymmbl Pumana
dbyukuuu fo|p, nocrpoenunsie 10 pasmedennomy pazbuenuto T Gpyca
P, ocraioTcst 4ieHaMM WHTErpajibHON cyMMbl GyHKIWN fo|p,, TOCTPO-
€HHOI M0 HOBOMY pa3dmenwio 17 Opyca P;.

3HaYeHNS YTUX UHTEIPAJIBHBIX CYMM HO-TIPEXKHEMY cOBmagaoT. Te-
nepb yerpemum A\(T') k mysmio. Tak kak cyxkenus fo Ha 06a IPSMOYTOJIb-
HUKA HHTEIPUPYEMbI, TO PACCMATPUBAEMbBIE HHTEI'PATILHBIE CYyMMBbI HMe-
FOT MPEIEIbl. ITH MPEIEIbl PABHBI, T.K. HHTEIPAJIHLHBIE CYyMMBbI DABHBI.
CrenoBaresbHO, 3HAUEHNST 000MX WHTETPAJIOB COBNAAAIOT. Teopema m0-
Ka3aHa.

3ameuanmne. Ilocentee yTBep:K/1eHne T03BOJISET B TaIbHEHIIEM, He BbI-
3bpIBasi HEJIOPA3yMeHuii, mucarb fo BMecTo cyxenud fo|p ma 6pyc P mog 3ma-
KoM uHTerpaja 1o 6pycy P D E.

Teopema 3(kpurepmnii JleGera unTerpmupyemoctu). ITycmo
E c R? donycmumoe muoocecmso. Dynxuyus f: E — R unmezpupy-
ema Ha muooicecmee B < f ozpanunena na E u nwenpepwviena n.s. Ha
E.

JokaszaTenabCTBsoO. ‘I)yHKIlI/IHfGR(E)CngPGR(P),

POF & 5 fo orpanuuena u nenpepbisha 1.B. Ha R2. Orpanu-
coie.

4eHHOCTDH fy Ha R? paBHOCHIBbHA orpanmdennoctu f Ha FE. ITocKoIbKy
Eq(f) € R3(fo) C Ea(f)UOE, a muoxkecrso OF 110 yCIOBUIO ABJISET-
Csl MHO?KECTBOM Mepbl HyJb B cMmbiciie Jlebera, T0 MHOXKeCTBO R?l( fo)
nMeer 1e0eroBy Mepy HyJIb <> MHOKECTBO Fq( f) MHOKECTBO MephI HYJIb
B cMmbIcie Jlebera, T.e. fy HempepbiBHa I.B. Ha 6pyce R? < f mempe-
poiBHa 1.B. Ha E. Takum obpasom, fo|p € R(P) & f orpanuuena u
HenpepbiBHA 11.B. Ha E. Teopema nokasana.

CaencrBue. Ecau f € C(E) (E — donycmumoe mnoorcecmso) u
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dynrxyus [ oepanuyvena na mnooicecmee E, mo f € R(E).
HoxkxaszarenscTso. U3 ycnosuii caeayer, 9To misa GyHKITAN
f BBINOJHEHbI yCJIOBUS KpUTepus Jlebera HHTErpupyeMOCTH.
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JIEKIINA 11
Mepa 2KopaaHa u ee reoMmerpudeckuii cMbicyi. CBoiicTBa
KpaTHOro mHTrerpajga Pumana.

Mepa 2KopaaHa u ee reoMeTpu4ecKuii CMbICJI

Onpegenenne 1. Ozparnuvennoe muooicecmeo E C R? usmepumo
no 2Kopdany, ecau cyuecmsyem urmezpa ffE dxdy. Beauvwuna 3mozo
uHMEZPANG Hasvieaemca mepoti 2Kopdana muoscecmea E u 0603naa-

emca wk':
uwE = // dxdy.
E

3ameuanne. Kak moka3siBaer npumep u3 Jjieknun 9, 6pyc M3Mepum 1o
2Kopmany u ero mepa 2Kop/aHa COBIIaJIAeT € ero IJIOMAIbIo.

Tax xax [[pdedy = [[pp xe(2,y) drdy, a Muoxectso Touex pas-
poiBa dyuknuu y g copnagaer ¢ OF, 1o u3 kpurepus Jlebera unrerpu-
pyemocTtu Ha Opyce ciieflyer, 4TO OrpaHuYEeHHOe MHOXKeCTBO E m3mepu-
Mo 1o 2Kopmany < OF sBisieTcss MHOYKECTBOM MepbI HYJIb 10 Jlebery,
T.e. MHOXKeCTBO F momycTumo.

Nrak, E n3mepumo no 2Kopaany “ 3 [Jpspxe(r,y) dedy < Ve >
037(P), r.u. S(xe,T) — s(xe,T) < ¢ (Teopema 3 jexuuu 9).
Baduxcupyem € > 0. Tax kak S(xg,T) =), Zj M;;uP; 4, toe

M. — 1, eCJIn PZJOE#Q,
v 0, ecJm Pi,j mE = @,

To Bepxuue cymMmbl Hdapby S(xg,T) coBmasaT ¢ cyMMOil miomaieit
6pycos pasbuenus T(P), umeronux Henycroe nepecedenue ¢ E. O6o-
3Ha4YUM O0beuHenne Takux opycos depes R(e). fdcno, yro E C R(e).

Tenephb BBIACHUM TE€OMETPUYECKHWH CMBICT HUXKHUX cymm JlapOy

s(xe, T) =32, 22 mijpub; j, rae

ecn P ; C E;

mij =
0, B OIPOTHBHOM CJIydYae.
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O6o3naunm uepe3 Q(e) obbeaunenue 6pycos pasbuenus T(P), co-
Jeprammxcs (Bnucanubix) B MEOKecTBO E. Ecim Q(g) # (), To u3 onpe-
nesennst aukHed cymmbr lapby caemyer, aro cymma s(xg,T) coma-
JlaeT ¢ CyMMOI 1Iomaaeil upaMoyronbHukos pasbuenuii T'(P), couep-
sKarmmxest B MHOXKecTBe E, re. s(xg,T) = pQ(e).

Ecm Q(g) = 0, T.e. mer 6pycos pazbuenuss T'(P), BUNCAHHBIX B
MHOKeCTBO F, TO U3 onpejienenus HuxKHei cymmbl JapOy ciemyer, 9To
s(xg,T) = 0. [onaras, 4To0 IIyCTOE MHOXKECTBO UMEET ILJIOIIA/b, DaB-
HYIO HyJIIO, OJLydaeM, 9410 u B 9roM ciaydae s(xg,T) = uQ(e).

Buaunr, S(xg,T) — s(xg,T) = uR(e) — nQ(e).

Taxum obpazom, maOKecTBO F m3mepumo mo 2Kopmany < Ve > 0 3
mHOroyroabHukd Q(g) n R(e) (Q(€) MoXKeT ObITH MyCTHIM MHOXKECTBOM )
€O CTOPOHAMH, TTAPALICTBHBIMEA OCAM KOOPJIUHAT, T.4.

1) Q) C E C R(e),

2) pR(e) — pQ(e) <e.

Onpegnenenne 2. Mwuoscecmeo D C R? nasveaemca mmooice-
CMBOM Mepbl HYab 6 cmoieae XHKopdana, ecau Ve > 0 I woneunas cu-

cmema omkpumuz 6pycos Iy, ... I, k = k(e), m.u.
k k
nDc|Jm,2) ) M <e
j=1 j=1

OueBugHO, 9TO

1) MHO)KecTBO Mepbl HyJIb B cbicie 2Kopaana orpaHuveHo

2) BCAKOE LOAMHOXKECTBO MHOXKECTBA MepbL HyJsib B cMbicie ZKop-
JlaHa TaKyKe SBIISIeTCS MHOYKECTBOM MepHI HYJIh B cMbiciie 2Kopaana;

3) MHOXKECTBO Mepbl Hy/Ib 0 ZKop/any aBIgeTCs MHOKECTBOM Me-
pbl HyJb 10 Jlebery;

4) MHOXKEeCTBO Mepbl HyJib 110 JlebGery MoxKer He ObITb MHOKECTBOM
Mepbt Hy b 110 2Kopaany: MaokectBo N HATYPAIbHBIX YHCE ABISAETCS
MHOYKECTBOM Mephl HyJIb 110 Jlebery, a T.K. OHO He OTPaHWYEHO, TO He
SIBJISIETCST MHOYKECTBOM Mepbl HyJb 10 2Kop/1aHy.

5) B ompelesieHur 5 BMECTO OTKPBITHIX OGPYCOB MOXKHO Oparb 3a-
MKHYTBIE OPYCHI.
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JIemma 1. Beakuti somnaxm F C R2, asaaowutica mroscecmsom
Mmepovr Hyab no Jlebezy, asaaemcs mMHodHceCNEoM MEPLL HYAb No XKop-
dany.

JlokazaresnbCTBO Cpaldy Ciefyer u3 TOro, YTo u3 JI000r0 MOKPbITH
KOMITAKTa OTKPBITBIMA MHOXKECTBAMU MOYKHO BBIIEINTH KOHEYHOE MO-
KPBITHE.

Caencrue. Muoocecmeo E uzmepumo no XKopdany < mmoorce-
cmeo E ozpanuneno u ezo epanuya OF AGAAEMCA MHONHCECTNBOM MEPDL
HYAb 8 cmvieae 2K opdana.

Hdoxas3TabcTso. ['panuna OF muoxkecrBa E sBjsercs 3a-
MKHYTBIM MHOKecTBoM B R? (cm. memmy 1 mexkmmm 1.33). TlockombKy
E — orpanuvennoe MHOXKeCTBO, TO OF Takxke OyaeT OrpaHUYIEHHBIM
vuaozkectsoM B R? = OF xommakt 8 R? (cm. mexnmio 1.34). ITostomy
YTBED2KIEHUE CJIEICTBHUs BbITEKAET U3 JieMMbl 1 u cBOiicTBa 3) MHO-
JKeCTB Mephl HyJIb B cMbicie 2Kopmana.

CBoiicTBa KpaTHOro murterpasja Pumana

1) (sqmHeltHOCTH MHTErpaJia)
Ecau f, g € R(E), A € R — npouseoavro, mo

A €R(E), f+g€ R(E)

//E/\f(x,y)dxdy:A//Ef(x,y)da:dy,
//E(f(x,y)+g($,y))dxdy=//Ef(x,y)da:dy—i—//Eg(a:,y)dxdy.

HdoxaszaTtenscrTs o. Ilycrs npamoyronsank P O E. Tax
kak f, g € R(E), ro fo, go € R(P). B cuiy csoiictB unTerpasa 1o
6pycy fo + go, Ao € R(P). Hanee, oueBugno, uro (Af)g = Afo u
(f +9)o = fo + go. Cneposarennuo, (Af)o, (f +g)o € R(P). Torna no
oupeesenuto unrerpupyemoctu Af, f + g € R(E). U3 oupenenenus
UHTErpajia mo MHOYKECTBY W U3 CBONCTB MHTErpaJja mo 6pycy

//E(Af(x,y))dxdy://P(Afo)(m)dxdy:
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=3 [ [ aowydsay=x [ [ fGo.g) oy,

//E(f(w,y)+g($,y))dxdy=//P(f(x,y)+g(x,y))0dacdy:

//P(fo(a?,y)Jrgo(a?,y))dzdy://Pfo(x,y)dxder//Pgo(xay)d:rdy:
//Ef(w)darder//Eg(a:,y)dxdy.

2) (MHTErpUpPYEMOCTH NPOU3BEIEHUsI)

Iyemo f, g € R(E). Tozda fg € R(E).

HoxaszarenbcTs o. Ilycrs 3avmayThiit 6pyc P O FE.
Torua fo, go € R(P) u no csoiicrBy unrerpasa 1o opycy fogo € R(P).
Ouerngno, uro (fg)g = fogo. Hosromy (fg)g € R(P). Orcroga mo
omnpeeenuto unrerpupyemocta fg € R(E).

3) (uHTErpHpyEMOCTH MO/IYJISI)

Ecau f € R(E), mo |f| € R(E) u

] /] f(x,y)dxdy’ < [ [ rteldeay

JdoxkaszareuasbcrTtso. [lycrs 3amnyTsiit 6pyc P D E. Torga
fo € R(P) m mo ceoiictBam maTerpama no 6pycy |fo| € R(P). Tax
KaK nuMmeer Mecro odesuanoe pasencrso |fo| = |flo, 10 |flo € R(P).
Cnenosarensuo, |f| € R(E).

OueHka ciiefyer u3 COOTBETCTBYIOIIEH OIEHKY JJIsi HHTErPAJIOB MO

opycy
‘/[Efdxdy‘Z‘//Pfodxdy‘S//P|f0dxdy:
//PIflodxdy://Emdxdy,

Kak u B onnomeproM ciaydae u3 |f| € R(E) re caegyer f € R(E).

74



4)(uHTErpaj U HepaBeHCTBA)

Hycmb f € R(E) u V(z,y) € E: f(z,y) > 0. Tozda
[ J5 f(z,y) dedy > 0.

HdokaszarenabcrTso. Eciu dyakuus f > 0 va E, 0 fo >0
ma R2. Tlostomy

//Ef(x,y)dxdyZ//PDEfO(g;’y)dxdy20)

T.K. B CUJLy CBOMCTB MHTErpaJja mo OPyCy MOCJIe HIi MHTErPaJl HEOTPHU-
1aTesneH.

CJIe,I[CTBI/Ie ITycmo  f, g € R(E) u f > g na E. Tozda
[ J5 fey)dady > [ [ g(x,y) dedy.

Hoxkazarenascrtso. Tak kak dyuknus f —¢g > 0 va F, 10
u3 4) U JMHEHHOCTH KPATHOIO MHTErpaJsa

0<// (z,y)—g(x,y) dxdy—//fa:ydzdy // (z,y) dxdy.

B mpuBeseHHbIX CBOMCTBaX MHTerpajia OT MHOKecTBa F TpeboBa-
JIach UMb orpanndeHHocTh. OHAKO eciu He TpeboBaTh U3MEPUMOCTH
muoxkecrBa E 1o 2Kopaany, 1o muoxecrso R(E) uHTerpupyeMbix Ha
FE dyuknmit He Oymer coaepkarb, HAIPUMEP, MOCTOSHHDbIE (PYHKIUH,
oTINYHbIe OT HyneBoil. Takum 00pa3oM, B 3TOM CJIyUae He BCE OTPAHMU-
YeHHBbIE HEMPEPBHIBHBIE (DYHKITMHM OKAXKYTCsT WHTETPUPYEMbIMH, T.e. He
6yzaer srmodenust C(E) C R(E). Ilosromy BCiogy B JaibHeRIIIEM MHO-
xKectBO F Oymer mpeanonararbcsa n3MepuMbiM 1o ZKopaamy.

5) (omenka mHTerpasa)

IIyemv f € R(E) u¥(z,y) € E:m < f(z,y) < M. Tozda

muES//f(fﬂ,y)dxdySMuE.
E

HoxazaTeancTso. [lockompky F m3mepumo mo zKopaany, To
B cuity Kputepus Jlebera mocTossHEbIE HA MHOXKeCTBe F dyHKImm nn-
rerpupyembl. Cienosaresnbro, vepasenctso m < f(x,y) < M moxHO
HHTErPUPOBATH, YTO NPUBOIUT K TPeOyeMOii OICHKE.
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CaencrBue. Iycmv f € R(E). Ecau pE = 0, mo

JokasaTenbcTBO. YIBEPKIEHNE BHITEKAET U3 CBOUCTBA .

6) (Teopema o cpexgHeM)

Iyems f, g € R(E), g > 0 na E, m = infg f(x,y), M =
supg f(x,y). Toeda 30 € [m, M], m.u.

//Ef(m,y)g(x,y)dxdy:H//Eg(x,y)dxdy.

HoxkasarenabcT s o. loka3pBaeTcsa TeopeMa O CpegHeM, KaK
B OJJHOMEDPHOM CJIy9ae.

CaencrBue. FEcau npednososcumsv, ymo E aunetino c6A3HuT KoM-
naxm u f € C(E), mo I(xo,y0) € E, m.u.

//Ef(m,y)g(x,y)d:cdy:f(xo,yo)//Eg(x,y)dxdy.

HdoxkaszaTeabCTB 0. YTBEPKIECHNE CJIEIYET U3 TEOPEMBI O
CpeIHeM U CBOWCTB HEMPEPBIBHBIX (DyHKITHI.

7) (uHTErpUpyeMOCTb 10 U3MEPUMbBIM HOAMHOXKECTBAM )

Ecau f € R(E), D C E, D — usmepumo no 2Kopdany, mo f €
R(D), mounee cyocenue f|p € R(D).

JdJoxaszarTenanbcTtso. llycts f|p — cywenue dbynxnun f
va D, re. dyukmus f, paccmarpuBaemasi Toabko Ha D. O4eBumHO,
4YTO BCAKas TOYKA Pa3pbiBa cyxkenus f|p Oyaer TOYKOW paspbiBa f,
re. Dy(f) C Eq(f) = muOo)ecTBO Dyi(f) ABIAETCS MHOKECTBOM MEDHI
HyJIb B cMbicsie Jlebera Kak moJIMHOYKECTBO MHOXKECTBA MepbI HyJlb IO
JleGery. 3uauut, f|p menpepoiBHa .. Ha D. Ilockonbky f orpanmvena
Ha E, 10 cyx)enne f|p rem Gonee orpanwdeHo Ha D. CiemoBaresbHO,
no kpurepuio Jlebera dyukuus f|p € R(D).

3amevanue. [Ipu uHTErpupoOBaHUH MO ITOAMHOXKECTBAM, TaM Te 3TO He
BBI3BIBAET HEIOPA3yMEHU, BMECTO CyKeHus MYHKIWMN Oy/1eM YKa3bIBATh Ca-

My bYyHKIHIO.
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JIEKIINA 12
CsaoiicTBa kparHoro uHrerpajia Pumana (npomoskeHue).
CsoiicTBa Mepbl 2KopaaHa.

8)(asguTMBHOCTH MHTErpaJia)

Ilyemo f: EyUEs — R, mnoorcecmea By u Eo udmepumv, no 2Kop-
dany u pynxyus f unmezpupyema wa E1 u Eo, mounee f|gp, € R(E1),
fle, € R(E2). Tozda f € R(Ey U Es), f € R(E1 N Ey) ( mounee
f|ElﬂE2 € R(El N EQ)) U

/ /E L fey)dady =

| [ swwasty+ [ [ ayisay- [ [ ) dsay
E; E> E1NE>
Ecau By N Es =0 uau u(E1 N Ey) =0, mo

[ tewady= [ [ swydy+ [ [ )i
1UE>2 | 2

Hdoxazareuascrtso. Illo nremme 2 sekiuu 10 muO2KECTBA
F1UFEs n E1 N Ey namepumbt o 2Kopaany. [lockonsky Ey N Ey C Fy,
TO u3 cBoiictBa 7 caeayer, uro f € R(E; N Ey).

Jliobas Ttouka paspeBa dyukiuu f: By U Fy — R npunagnexur
x0T ObI omHOMY u3 MHOXKecTB E1 m Fo. Ilycth nnsa ompememeHHOCTH
TO4YKa paspbiBa QyHkuuu f comepxkurcs B muoxkecrse E7. Torpa ona
OO BHYTpPeHsiss TOYKa Fp, MubO rpaHWdYHass TOUYKA MHOXKecTBa F71. B
MepBOM CJiydae OHa OyJieT W TOYKOI paspbiBa cy:keuus f|g,, noo f u
f|E, coBnanaror B HEKOTOPOI OKpecTHOCTH 3TOi Touku. CiezoBaTelib-
HO, paccMarpuBaeMas TOYKa paspbiBa copepxkurca B F14(f)UIE;. Or-
CIOJIa CJIe/lyer, 9To KaxKkJaas ToYKa paspbiBa dynkuuu f: Fp U Fs - R
BXOANT B MHOXKECTBO F14(f|g, )UOFE1UEs(f|E,) UOE,. Ha ocHoBannM
CBOMCTB MHOXKECTB Mepbl HYJIb B CMbICJIE Jlebera u ycioBuii TeopemMbl
3akj09aeM, 9To byHKnus f HempepbiBHA 1.B. HA K1 U Fy.
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W3 uarerpupyemoctu ¢dbyuknuu f Ha MHOXKECTBaX F1 u Fy cieayer
ee OrPAaHMYEHHOCTDb HA ITUX MHOXKecTBax. Ho Torma f orpanndena u Ha
E; U Es. Tlosromy B cuiy kpurepus Jlebera f € R(F; U Es).

Temepp mepeiinem K goKa3zareabCcrBy dopmyn. st mpomgosKenus
fo dyukmun f mynem ¢ Ey U Ey cipaBejinBo CIeIyIOIIee PABEHCTBO

fo = foxe, + foxe, — foxEinE: (8)

(ecma F4 N Ey = (), To TpeTbe ciaraeMoe oTCyTCTBYeT). JleficTBuTE b
Ho, npeacrasuM F1 U Ey B Busie 06beIMHEHRST HEIEPECEKAIOIIUXCA MHO-
JKECTB:

FEi1UEy = (E1 \Eg) U (E2 \El) U (El n Eg)

JIerko Bugerb, 9TO Ha KaXKJOM K3 ITUX MHOMKECTB PABEHCTBO (8) BbI-
nmonasgercsa. OrmeTnM erre, ato GyHKIuu fox g, , foxe, 4 foXE,nE, TB-
JIIOTCS TPOoJKeHeM HysneM ¢hyarnuu f ¢ Mmuoxkects Fy, Fo u F1NFEs
COOTBETCTBEHHO (TOuHee, cyKeHuil pyHKuuu f Ha ITU MHOXKECTBA).

IIycts 6pyc P D Eq U Es. VI3 onpeieieHnnst MHTErPaJIa M0 MHOXKE-
CTBY, CBOWCTB MHTErpasa 1o opycy u (8) mveem:

[ [ i f e

[ 1m0+ (Fleo = (e o) dady =

//P(f|E1)0dxdy+//(f‘Ez)odxdy—//P(f|EmE2)0dxdy:
P
//Elfdxder/E[fdxdy//EmEzfd:cdy.

Ecmu p(Ey N Ez) = 0, o no nokasannomy seime [ [ o f dedy =
0. CnemoBaTebHO, CIPABEIJINBO U BTOPOE YTBEPIKIECHUE TEOPEMBI.

CaencrBue (MOHOTOHHOCTH mHTerpasa). ITycmos f € R(E),
D C FE, 2de muooicecmea D u E usmepumo, no 2Kopdany. Ecau f >0
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HA MHONHCECTNBE E, mo

[ [ t@adzay< [ [ s oy

HdoxkaszaTenncrtso. lpencrabum E = DU(FE\ D). IlockoabKy
muoxkectBo E \ D u3mepumo no 2Kopzpany u DN (E'\ D) =0, To

//EfdxdyZ//Dfdxdy—f—/ E\Dfdxdy>//Dfdxdy,

T.K. ffE\D fdxdy > 0.

9) (IOJIOKUTENTHHOCTh MHTETPAaJa)

IIyemv [ € R(E), muoocecmeo E usmepumo no Kopdany wu
flz,y) > 0 na E. Ecau cywecmeyem snympenmss mowka (To,Yo)
muooicecmea E, mow. f € C((zo,y0)) uw f(zo,v0) > 0, mo
[ g f(z,y) dedy > 0.

JoxaszatTeascTs o. I3 ycioBuil BEITEKaeT, 9TO CyIIECTBYET
map B C E ¢ uenrpom B TOuke (Zo,Yo), T.4. YV(z,y) € B: f(z,y) >

1
§f(9507y0) > 0 (3T0 ciegyer u3 JIEMMBI O 3HAKE U TOrO, YTO TOYKA

BHyTpeHHss). Tak kak map B usmepum no 2Kopuany (cm. npumep u3
aekiuu 10), TO 1O cBoiicrBaM uHTErpasa (MOHOTOHHOCTb MHTErpaJia,
WHTErPUPOBAHUE HEPABEHCTB W JIMHEHHOCTH WHTETrPAJIA)

//EfdxdyZ //E;fdl"@2 %f(xo,yo)uB >0

(to, uro uB > 0 ciaemyer u3 TOro, 9TO B M1ap B MOXKHO BIUCATH HEBbI-
POXKIeHHBI KyO (), Ubsi MEPA B CUJIY 3aMedanus u3 jekiuu 11 mooxm-
TesbHA, a Torga (cM. Huxke coiictsa mepbl ZKopnana) puB > u@ > 0).

CaencrBue (06 ob6paineHnu B HYJIb I[OJBIHTErPAJIBHOMN
dysakmun). [Tycmos [ € R(E), mnooicecmeo E usmepumo no 2Kop-
darny u f > 0 na E. Ecau [ [, f(z,y)dzdy = 0, mo f = 0 n.e. na
E.

HoxaszarenbcTso. Eciu mHOXKeCTBO F HEe HMeeT BHYTPEHHUX
Touek, 1.e. ' C OF, o0 E gBisgerca MHOXKXECTBOM MepPbI HYJIb B CMBICJIE
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Jlebera. CaenoBarenbHO, 11000€ CBOWCTBO, B YACTHOCTHU, PABEHCTBO f
HYJIIO BBIMOJTHAETCS 1.B. Ha F.

IIycts MHOXKECTBO BHYTPEHHHX TOUYEK MHOKecTBa F me mycro. B
cuity kpurepus Jlebera f HenpepbiBHA 11.B. Ha E, T.€. cyliecTByer MHO-
skectBo Fy C E Mmeps! Hysb 1o Jlebery, 1.u. f € C(E\ E;). ITo ycnosuio
MHOXKeCTBO OF TakiKe sIBJIsIeTCS MHOXKECTBOM MEPBI HYJIb B CMbICIe Jle-
6era, cjIe0BaTEIbHO, MHO2KECTBO E = Ey UJE aBnsercss MHOKECTBOM
meps! myab 10 JleGery. okazxem, uro V(z,y) € E\ E: f(z,y) = 0.

IIpeauonoxum uporusnoe: I(zg,yo) € E\ E, r.u. f(zo,y0) > 0.
ITo mocTpoerno MHOKECTBO F\ E COCTONT W3 BHYTPEHHNX TOYEK MHO-
xkecrBa, E, B KoTopbix (dyukius f menpepbisHa. [TosTromy B cuiy 8)
[ g f(z,y) dedy > 0 — momy4mnu mpoTHBOpedne, KOTOPOE TOKA3bIBA-
€T YTBEpK/ICHHE.

s moHOTHL npuBeAeM ere Tpu yrBepxaeHus. Orverum, 4To B
JATBHENTIIEM OHU He UCTOJIB3YIOTCS.

10) (M3MepUMOCTh MHOXKECTB Mepbl HyJib B cMmbicie 2Kop-
JaHa)

ITycms E a8486MCA MHOHCECMEOM MEPBL HYAD 6 cCmbicae 2Kopdana.
Tozda E usmepumo no XKopdany u nF = 0.

Hdoxaszarenascrtso. 3adpukcupyem € > 0. Toryma cymiecrsyer
KOHEYHasl CHCTeMa 3aMKHYTBIX OpycoB Py, ..., Py, T4. E C U?(E) P

(

u SHE) puP; < e. IlockonbKy 00beuHeHHE U? E)Pj 3aMKHYTO, TO OF C

Jj=1
k
U, (E)Pj. [Mosromy OF ectb MHOKECTBO Mepbl HyJb B cMbicyie 2Koprana,
OTKyJa CJIeayeT, 9To MHOXKecTBO F m3mepumo no 2Kopmany. lasee, B

CIJIy CBOMCTB MHTErPAJIa

,uE:// dwdyg// dxdy <
E U;'C<=E1) Pj

k(e) k(e)
Z// drdy = Ztu <e.
j=1 P; j=1
Beumy npomsBonmbHOCTH € > () 3akmovaeM, 9to uF = 0.
11) Ecau pE = 0, mo E A8a4eMCA MHONCECTNEOM MEPDL HYAL 6
emvieae Kopadana,
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JdoxkazaTteancTso. Uveem

0=nb= [ [ dedy= [ [ oo dedy -
E PDFE

/\(ljlﬂgri}OZZXE Ui, Vj Nszv (ulavj) Pz]

Badurcupyem £ > 0. Torma 39 > 0, T.94. AJIsT TPOU3BOJIHHOTO Pa3-
MeYeHHOro pasbuenusi 6pyca P ¢ mmamerpom pasbuenust \(T) < o
|22 22, xe(ui,vy)pPij| < e. Ecnm ana 6pycos Py, . Py (E # 0,
BBIOpATh TOUKK pasMeTku (u;,v;) u3 Pj; () E, TO COOTBETCTBYyOMAsI
WHTErpajbHas cyMMa PUMaHa COBIAJIET € CyMMOIl IIomaeit 6pycon
P, MTOKpLIBAIOIX MHOXKeCTBO F. 3HAUUT, JJIA JAHHOTO € > () Ipeqb-
SIBJIEHA, KOHEYHAs CUCTEMa 3aMKHYTBIX OPYCOB, 00bEINHEHNE KOTOPHIX
COJIEPKAT MHOXKECTBO F, ¢ cymMMapHOil Tomaipio < €. B cumy mpowns-
BOJIBHOCTH € YTBEPIKJIEHUE TOKABAHO.

12) Ecau pE = 0, mo 6cakas ozpanuvuennas Ha muoscecmee F
Ppynryus unmezpupyema o E u ee unmezpas no E pasen nyato.

Hoxaszarennbctso. Cormacuo 11 MHOXKECTBO F ABISETCS MHO-
JKeCTBOM MepBI HyJIb B chicie 2Kopmana. A jobas dbyHKIMs, 38 aHHAs
HA MHOYKECTBE Mepbl HyJh B cMbicie 2Kopmana, HempepblBHA I1.B. HA
meMm. Eciu pyHKINS K TOMY K€ OrpaHUYEHa, TO ee WHTErPUPYEMOCTh
caexyer u3 Kpurepus Jlebera. PaBencTBo HysII0 mHTErpasia BbITEKaeT
U3 CJIeJICTBUA K CBOICTBY 3.

Caepnctsue. Ilycmo f: E — R, E usmepumo no Kopdany, D C E
upuD = 0. Ecau gynxyus f € R(E) ug = [ na E\D npuem gﬁyumum
g oepammeﬂa na muoocecmee D, mo g € R(E fng x,y) dedy =
[ g [z, y) dedy.

JdoxaszaTemanbcT B o. U3 ycmosuii cienyer, aro GbyHKINNA
f, g € R(D). B cuny croiicta 6) f € R(E\ D), a 3naunr, u g € R(E'\
D). lpumensas 8, 3akiodaeM, 9to g € R(F). Haiee, yuaurbiBas, 4To
WHTErpasbl OT f U ¢ 0 MHOXKECTBY [ paBHBI HYJIIO U CHOBA UCIIOIB3YsI
CBOHCTB 8, nuMeeM

//Ef(w,y)dmdyZ/ E\Df(ac,y)da:dy+//Df(axy)da:dy:
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//E\Dg(x,y)dxdy+//Df(m,y)dxdy://Eg(x,y)dxdy.

YTBepxKaeHne I0Ka3aHO.

[IpuBenerHOE CBOWCTBO O3HAYAET, UTO M3MEHEeHNE (DYHKIIUN HA MHO-
JKECTBE HYJIEBOI MEPHI MIPY YCJIOBUH, 9TO COXPAHIETCS OrPAHUIEHHOCTH
dbyHKIINA, HE TPUBOAUT K M3MEHEHUIO 3HAYCHUS WHTErDPaJIa.

CsoiicrBa mepsr 2Kopaauna

W3 mosny4gennbix cBOHCTB KpaTHOro nHTErpata Pumana ciemsyor co-
OTBETCTBYIOINE CBOiicTBa Mepwl ZKopaana:

1) mya mo6oro usmepumoro no ZKoppamy muoxectsa E: pE > 0
(HEOTPHIATEIHHOCTH MEDHI).

2) 11 HPOU3BOJIbHBIX U3MepuMbIx 10 2Kopaany muoxecrs D u E,

4. D C E:
uD < pE (MOHOTOHHOCTH MEpbI).

3) s mo6bIx u3MepuMbix o 2Kopaany muoxects D u F MHOXKe-
crea DU E u DN E u3mepumsl o 2Kopmany u

w(DUE) = uD + puE — (DN E),
B gacrHocry, ecma (D N E) =0, 10

w(DUE) =uD + uE (anguruBHOCTh MepbI).
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JIEKIINS 13
BBI"II/ICJ'IeHI/Ie KpaTHBIX MHTEerpaJsjioB: cCBeJeHne KpaTHbIX
HNHTerpaJioB K IIOBTOPHbIM, 3aMe€Ha HepeMEHHOﬁ B KpaTHOM
HnHTerpaJie.

BrIunciieHne KpaTHBIX HHTErPAJIOB OCHOBAHO Ha CBEICHHH UX K IO-
BTOpHBbIM uHTerpanam. CHadama pacCMOTPHM CIIydail, KOTIa HHTErPat
6epercs 1o npamoyrosnbiuuky P = [a,b] X [c, d].

Teopema 1. IIyemov f € R(P) u Vz € [a,b] dynxuyua f(z,y) €

Rle,d] (xax dynxyus o0nol nepementod y), u Vy € [c d] Pynryus
f € R[a b] (kax Pynryus nepemennot x ). Ilyemo g(x f f(z,y)dy,
f f(z,y)dz.
Toeda g € Rla,b], h € Rlc,d] u

1= [ [ 1wy dxdy—/ (x)dac:/cdh(y)dy,
f(z,y) dedy = bdﬂf df(x,y)dy: ddy bf(x,y)dx
/] L] K7

Pl 0 Kasz3arTeuuabcT B o JokaxkeMm, 4To f;g(a:)dx =
[ Jp f(z,y) dedy. Bossmenm VT'(P). Ilycrs ero o6pasyior 6pycst Py =
[Tr—1, 2] X [yi—1, 9] u myy = infp,, f(z,y), Mky = supp,, f(2,y).
BoiGepeM B KaxKI0M OTPE3Ke [Tp_1, k] MO OmHOM ToUKe uj. Torma

o(u) /fuk, dy—Z/ylfuk,

Yi—1

IMockonsky mpn y € [y;—1, Y] umeeM my; < f(ug,y) < My, TO

Y
my Ay < flu,y) dy < My, Ay,
Yi—-1

CrrenoBaTebHO,

> meaAy < glug) < My Ay
! !
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VMHOXKUM 3TH HEpaBEHCTBA Ha AZj U MPOCYMMUPYeEM 10 k:

Zka,lAmkAyz < Zg(uk)Agck =
ko1

k

o(g, (T, u)) ZZMMAH%AZ/Z,
2

h S(/,T) < olg, (T%,0)) < S(.T), T = (T*,T").

Ho I rmakxe yznoeierBopsier sromy HepaseHcTBy s(f,T) < I <
S(f,T). 3uaunr,

|I—O’(g,( >)|<S(f7 ) S(fvT)

B cuny kpurepus dapby Ve > 036 > 0, r.u. VT = (T*,TY) c M(T) < ¢
u 060it pasMerku 4 pasbmenust T%[a, b]:

|170(gv( ))|<S(fa ) S(f’T)<€

Orcroma mosrydaem, 9TO ¥ JJjis JIFOOOTO PA3MEYEHHOTO pa30ueHwus
(T*, @) orpeska [a,b] ¢ N(T*) < 68: |I — o(g,(T*,@))| < e (B camom
Jieie, 11 IPOU3BOJILHOTO pa3buenus T%[a,b] ¢ \(T*) < § MoxHO TO-
crpouts raoe paséuenue TY[c, d], 400D JIs pasbuerus T = (T*,TY)
mpsiMmoyrosibHuKa P ero menkocts A(T ) < J: 3TO CIeyeT U3 TOTO, UTO
€CJTU OJTHA, CTOPOHA MPSIMOYTOIFHUKA < ¢, TO MOXKHO MMOI00paTh BTOPYIO
CTOPOHY TaK, 4TOObI JUaroHajb NPAMOYTOJbHUKA Takke Obuia < ),
e I = f; g(x)dx

Bropoe paBencrso jokasbiBaercs aHasorudHo. Teopema J0Ka3aHa.

3ameuanune. Yciaosue uarerpupyemocru Gyunxumu f(z,y) 10 kax0i u3
MIEPEMEHHBIX BKJIIOYEHO B (DOPMYIMPOBKY TEOPEMBI [JIsT YIIPOIIEHUST PACCY K-
JeHuil ipu ee gokazarenbcTBe. OHO BBIIIOJIHEHO, HAIIPUMED, eciau ()yHKIHST
f(x,y) HempepbIBHA HA MPAMOYTOJBHUKE. B 3TOM CiIydae JOKA3aHHAS TEO-
peMa COIepKUT yTBEPKIeHNEe 00 MHTErPUPOBAHUN TAPAMETPUIECKOTO MHTEe-
rpaja (reopema 7 sjexuun 6).
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PaccMoTpuM Temepn Cirydail MHTETpUPOBAHUS MO TPOW3BOJBHOMY
msmepumomy muoxkectsy E C R2. Iyers 6pyc P = [a,b] X [¢,d] D E.

Torna
fl,y) dedy = fo(z,y) dedy =
/1. /],
/abd:c/cdfo(m,y)dy—/cddy/abfo(x,y)dx,

(mpu ycnosuu, uro dbyHKIM fo YAOBIETBOPIET YCIOBUAM JOKAZAHHON
reopembl). [lepenuiiem nMoBTOpHBIE MHTErPAJIbI TAK, YTOOBI B HUX WUC-
[0JIH30BAJIOCH JIUIIb 3HaYeHust GyHkuuu f(z,y), T.e. 4T00bI IOBTOPHbBIE
MHTErpaJjIbl PACIPOCTPAHIIACH TOJIBKO HA TOYKA MHOXKECTBO I,

Paccmorpum mepBBIit TOBTOPHBIN mMHTErpasi. BremeMm opToroHa h-
HYIO TIPOEKINIO MHOXKecTBa F Ha och O:

prOmE = {‘T € R| (l’,y) € E}7

(3r0 MHOXKecTBO abciuce Toyek MHOKecTBa F).
Hanee mjg Kaxx10ro GUKCHPOBAHHOIO T OIMPEIETAM MHOXKECTBA

E(z) ={y € R| (z,y) € E}.

Ouesngno, uro E(x) # 0 < x € pro, E.

MHuoxkectBo E(xo) npu GUKCHPOBAHHOM T € PIo, F ABIgeTcs MHO-
JKECTBOM OpJAMHAT TOYeK (Zo,Yy) UPAMON T = g, NAPAJIIEIbHON OCH
Oy, npunaiexkanmx MHOxKecTBy E. Pagyu KparkocTh MHOXKECTBA, BU-
na E(xg) GymeM Ha3bIBATH CeUEHNSIMU MHOXKeCTBA F npsMbiMn « = xg.

Ilpn durcupoBanuom x € pro, E byukuns fo(z,y) = f(z,y) <
y € E(z). Ecin ¢ ¢ prp, E, 1o fo(z,y) =0 nua Vy. Iosromy

b d
/ dw/ fo(w,y)dy=/ dx f(z,y)dy.
a c pPro. E E(x)

Ananoruuno

/cddy/abfo(%y)dl’—/p
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CrenoBareabHO,

//Ef(:c,y) dxdy:/prol,E dm/E(m)f(x,y) dy=/prOyE dy o Fla,y) da

Hpumep. Ecm E = {(z,y)| z € [a,0], g1(x) <y < g2(x)}, gi € Ca, b],
10 pro, E = [a,b], E(z) = [g1(2), g2(2)] anst x € pry, E. Ilosromy

/ /E f(,y) dudy = / ' s /g 19::>f(w,y)dy.

3ameHa IIepeMeHHbIX B KpaTHOM HMHTerpaJie Pumana

HarmomumnM, 9T0 3aMKHyThIME ob1acTavMu B R? Ha3bIBaIOTCS 3aMBbI-
KaHusg obsiacTell (OTKPBITHIX U JMHEHHO—CBA3HBIX MHOYKECTB) M, 4TO
3aMKHYyTbIe O0JIACTH SABIAIOTCSA 3aMKHYTHIME MHOKecTBamu. OTmernm,
YTO OJiHA W Ta K€ 3aMKHyTas OOJACTb MOXKET ObITh IPEJICTABJIEHA
KaK 3aMbIKaHUs Pa3HbIXx objacreil. B camMoM mese, 3aMKHYTBI KpyTr
C = {(z,y)| 2% + y* < 1} MOXKHO NpeJICTABUTL KaK 3aMblKaHue 001a-
cru B = {(z,y)| 22 + y? < 1}, tax u obmactu D = {(z,y)| 2> +¢? <
13\ {(2,0)] 0 <z < 1} — kpyra B ¢ BBIOPOIIEHHBIM PAJRYCOM, JI€Ka-
wum Ha ocu Ox: C' = B|JOB = D|JOD.

[ycTh oTo6pakenne (BeKTOp—bYHKIMSA) h 0TOGParKaeT 3aMKHYTYIO
obmacts A C R" 8 R™.

Omnpegenenne 1. Omobpascenue h naszvearom nenpepvieno dud-
depenyupyemvim na samxnymoti obracmu A (h € C*(A)), ecau cyue-
cmeyem omxpumoe 6 R™ mnoocecmeo G O A maxoe, wmo h € C1(G).

HepeI/meM K BOIPOCY O TOM, KakK IPeodOpasyercsd WHTErpaJ
[ J5 f(z,y)dedy no 3amxmyroii m3mepmmoii mo 2Kopzmamy obiacru
E, eciu B HeM BBITIOJHATH 3aMeHy HepeMeHHBIX = = ¢(u,v), y =
Y(u,v) (u,v) € D. C KaxkI0H Takoll 3aMeHOil CBA3aHO 0To6pa>1<e—
nue (Bexkrop—dynkuua) g: D — E 3amxmyTbix obnacreit D u E
(G(u,v) = (p(u,v),9%(u,v))), T4 g(D) = E. Ycnopus ua oTobparkenue
J, TIDH KOTOPBIX BO3MOXKHA YKa3aHHAs 3aMEHa, COIEPKATCI B CJIEILy-
fomeil Teopeme. JloKa3aTenbLCTBO e TOBOMBHO JJIMHHOE W MOITOMY He
IIPUBOIATCSI.
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Teopema 2(dopmysia 3amenbl nepemenHoit). I[lycmo D u E
— usmepumsie no HKopdany obaacmu 6 R2, D u E — uz 3amwukanus.
ITyemsy omobpasicenue §: D — E maxoso, wmo

1) 3(D) = E,

2) g: D - E — 6uexyuas,

3) geCY(D),

4) axobuan 2mo20 omobpasicenus

D(p,¥) | ¢, ¢
7 D(u,v) (G #
60 6cex moukax obaacmu D. B
Toz0a 0dasn mnpouseoavnoli Pywkyuu f € R(E), Pynxyua

Fle(u,v), d(u,v))| J5| € R(D) u

[ [ rwdzay = [ [ otu)wtu ol dude
E D

IIpumep. Ilepexon x mosapnoii cucreme koopauaar (IICK), coBmemnen-

HOI C JIAHHOM [IEKapTOBOM CHCTEMON KOOPAWHAT, OCYIIEeCTBJIAETCSI 0 GHOp-
D(zyy) _
D(r,p)

MyJaM & = 1 Ccos, y = rsinp. fxkobuan 3Toil 3amensl paBeH J =
cosg-Tcose —sing - (—rsinp) = rcos’ o +rsin?o =r.

Bouosinum 3ameny nepemennbix (nepeiigem k IICK) B unrerpane
no samxuyTomy kKpyry K = {(x,y)| 2% + y*> < R?}. Bekrop—bynkimsa
(rcos g, rsing) orobpazkaer 3aMKHyTHIil Opyc P = [0,27] x [0, R] Ha
kpyr K. 910 orobpaxkenue Oeckonedno auddepenmupyemo Ha P, HO
OHO He SIBJIsI€TCH B3aMMHO OIHO3HAYHBIM OToOpakenuem P na K: Bech
orpesok [0, 27] ocu ¢, T.e. Touku Buma (¢, 0), oTOOpazKaeTcs B ONHY H
Ty ke Touky (0,0) mmockocrn xOy; touku (0,7) u (2w,7), r € [0, R],
nepexoasT B orpe3ok [0, R] ocu Ox. OrmernM, uro orpe3ok {(p, )| r =
R, ¢ € [0,27]} orobpaxkaercs Ha rpanuiny 0K kpyra K.

OaHAaKO 3TO OTOOPAYKEHNE ABISAETCS B3AWMHO OJHO3HAYHBIM OTOO-
paxenueMm obnacreit P\OP u K\ K1, rne K1 = 0K |J{(z,0)|z € [0, R]},

3aMbIKaHKE KOTOPbIX coBragaer ¢ K u P coorBeTcTBEHHO. D11 001aCTH
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m3mepuMbl o 2Kopaany. Toraa corsracHo Teopeme 2

//Kf(x,y)dxdyZ//Pf(rcosgo,rsingp)rd(pdr:

2m R R 2m
/ dgp/ f(rcose,rsing)rdr :/ rdr f(rcosp,rsinp) dp.
0 0 0 0

Bce cBoiicTBa ABOMHBIX HHTErPAIOB 6€3 KAKHX—/THOO0 IPUHIIUITHA b
HBIX U3MEHEHUH B JOKA3aTEIHCTBAX MEPEHOCITCS HA OOIMMii crydail n—
KDPaTHBIX WHTErpajos (n > 2).

OrpaHuauMcst JIUMb (POPMYJTUPOBKONR TEOPEMBI O CBEJIEHUU TPOii-
HOIO WHTErpaja K MOBTOPHBIM. [Ijisi 3TOrO BBEIEM HEKOTOpPbIE 00603HA-
yenusd: P = [(Ll,bl] X [az,bg] X [a37b3], Tr = (xl,xg,mg), T = (£E17£L'2),
dr = dxidxodrs, dx = dxidxs, Pz = [al,bl] [a27 bz]

Teopema 3. ITycmo [ € R(P) u I = [, f(z)dz, Yr3 € [as, b3
dynxyus f(x1,x9,23) € R( 2) u VT € P; gﬁynnuuﬂ fx1, o, 23) €
Rlas, bs]. Iycmws g(x3) fP x)dT u h(zy,z2) f f(z) dxs.

Tozda g € Rlas,bs], h € R( )

I:/ablg(xg)dx;g:/ h(z)dz, m.e.

T

b3
/ dxg// (1'171'2,253) d$1d$2 =
al,bl]x[a27b2

bs
// dridwy f(l‘l,l‘g,a?g) dxs.
[a1,b1]x[az,b2] as

ITocmoTpuM, Kak OyIyT BHITAAIETH (POPMYJIbI, BHIPAZKAIOIIAE TPOii-
HOH MHTErpaj Mo M3MEPHMOMY MHOXKECTBY 4epe3 MOBTOpHBbIE. IlycTh
f € R(D), D Cc R?® msmepumo mo 2Kopmamy. Paccyxmas, Kak u B
CJlydae JBOMHBIX MHTEIPAJIOB, IIOJLYyYaeM, 9TO

///f(xl;zQaIS)dxldedxlsz
D
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/ dI3 // f(a:1, I2,$3) dxldxg =
Prog, D D(z3)
/1,

(B mepBOM MOBTOPHOM HWHTErpPAJIE BHENTHUI MHTErpaJj 0EpPeTcs O OPTO-
TOHAJILHON MpOoeKIr MHOXKeCcTBa D Ha och O3, & BHYTPEHHMUIA O CeYe-
oo D(x3) = {(z1,z2)| (21, 22,23) € D} MHO)ecTBa D MIOCKOCTHIO,
npoxonameit depes Touky (0,0,23) € pro,,D n TepHeRIEKyIAPHOMN
ocu Ox3; BO BTOPOM MOBTOPHOM MHTErpaJie BHEIIHUI uHTerpasi beper-
Cs1 IO OPTOTOHAJILHOM TMPOEKIINKU MHOKeCTBa D Ha miaockocTh 11 0xa,
a BHyTpeHHHii — 1o ceuennto D(x1,x2) = {x3| (x1,22,23) € D} MHO-
»KecTBa D npsAMOii, mpoxojgieii yepes Touky (r1,2,0) € pry, g, D 1
nepreHauKyiaapHoil miuockocru x10xs). poitabie unrerpasst no D(xs3)
U PTy 0z, D B CBOIO OYepe/ib MOryT ObITh CBEJICHBI K MOBTOPHbLIM. Tem
CaMBbIM TPOIHOI uHTErpas Oyer 3alucaH B BUJIE HOBTOPHBIX OJHOKPAT-
HBIX WHTETPAJIOB.

Pazymeercs nmeor MecTo aHAJIOTHYHBIE (DOPMYJIBI, €CJIA U3HATAIb-
HO Oparh mpoekIinn MHOXKecTBa D Ha ocn Ox1 u Oxo WK HA ITOCKOCTH
.’£10CE3 u (EQOZL’g.

Hpumep Ecm D = {(z,y,2)| a <z < b, p1(z) <y < @a(x), ¢1(,y)
z < Ya(z,9)}, tme i € Cla,b], ¢ € C{(z,y)l a <z < b, ¢i(z) <y
p2(x)}, i=1,2, O

da?ldl‘g/ f(a?l,l’g,l'g) dl’g.
D(z1,z2)

21025 D

INIA

proo, D ={(z,y)] a <z <b, p1(x) Sy < pa(2)},

a cevueHnue

D(xvy) = {Z| 7/)1(457y) <z< ¢2(1’, y)}7 ecam (-Tvy) € przOyD‘

IlosTomy

o (@,y)
/// flz,y, 2z dxdydz—// dxdy/ f(z,y,2)dz =
pPraoyD 1 (z,y)
b p2(w) P2 (x,y)
/ da:/ dy/ f(z,y,2)dz.
a v1(x) P1(z,y)
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M3mepumocts muOX)ecTBa D mo 2Kopmamy crnenyer m3 Toro, uro rpadux
HEMPEePHIBHOM HAa KOMITAKTe (DYHKIWMH JIByX ITEPEMEHHBIX SBJISETCS MHOZKE-
CTBOM MepBI HyJ/Ib B cMbIce 2Kopmana B TpexmMepHOM mpocTpancTse. /loka-
3bIBAETCH ITO IIOYTU TAK 2Ke, KaK U g OYHKIUN OJHON mepeMeHHON.
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JIEKIINA 14
Cdepudeckue n MUINHAPAYIEeCKe KoopaIuHATHI B R3.
Kpartnbiii Heco6cTBeHHBI mHTerpas PumaHa

Badukcupyem mekaprosy cucremy koopaunar (JICK) Oxyz u pac-
cmorpum touky M (z,y, z) # O(0,0,0), ne sexairyio ua ocu Oz. Torna
r=O0M > 0. O60o3nauum yepes M’ OPTOLOHAJILHYIO POEKIUIO TOYKH
M wna mwiockoctb Oy, a gepe3 ¢ = (OM’, OM), npudem yroy cauraer-
Cs1 TTOJIOZKUTEJLHBIM, €CT TOYKa M JIeXKUT B BEPXHEM HOJIyIPOCTPAaH-
cree z > 0 ¥ OTpULATENBHBIM — B UPOTHBHOM = —7/2 < ¢ < w/2 u
z = rsinYy. Ha nuockoctn xOy BBeieM 00BIMHYIO TOISPHYIO CHCTEMY
koopamnnar (IICK):

x = OM' cos p = rcost) cos p,

y=OM'sinp = rcostsinp, 0 < ¢ < 2m,
z = 0OM sinvy = rsin.

Ymopsinouennas Tpoiika uncen (1, ¢, 1)) HazaBaercst chepuIecKuMm Ko-
opauHaTamMu To9YKu M.

Takum obpazom, dopmysst, casbBaionme JICK u chepuaeckyro
cucremy koopautnar (CCK), umeror Bus

T = T COS (P CcosY

y = rsingcosy
z=rsiny

g nauana koopauuar (touku O) r = 0, a ¢ U ¢ OJHO3HAYHO HE
OIIPEJIENeHbI; M Apyrux Todek ocu Oz yroJs ¢ OJHO3HAYHO HE OIpe-
Jesisiercs, a yrou ¢ = +mw /2.

HenocpencTBeHHbBII MOACYET MOKA3BIBAET, UTO IKOOHAH 3TOrO 0TOO-
pakenns J = r2 cos .

Beenem muunapuyeckyio cucremy koopaunar (IICK). Chosa 3a-
dburcupyem JICK Oxyz u Bosbmem Touky M (x,y, h) # O, He snexaliyio
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ua ocu Oz. Ilycts M’ — oproronasbhas npoeknus Touku M Ha mj10c-
kocth xOy. O603Ha9mM 4yepe3 1 = OM’ w paccMOTpHUM HA ILTOCKOCTH

2Oy IICK. Torna

T =TrCcosyp
y=rsingp
z=nh

U yropsioveHHast TPoiKa (7, ©, h) Ha3bIBAETCS KOODAMHATAMH TOYKH
M 8 HCK. s Touek, nexamux Ha ocu Oz, ¢ ONHO3HAYHO HE OIpe-
JIETISIeTCs.

IIpocrbie BhIYnCIEHNS TTOKA3BIBAIOT, IYTO IKOOMAH 3TOTO OTOOpazKe-
ausa J =r.

KpaTtHblii Hecob6cTBeHHBIN mHTEerpas Pumana

Orpannunmcs paccmorpenuem aBoitabrx HU. I1pu sToM Bee cka3an-
HOe OyIeT CIpaBeJIuBO U B ODINEM CJIydae.

Hanomuanwm onpenenerune ocoboit touku dpyukmuu. [Iycrs f: F — R,
E C R2

Ounpenenerane 1. Touxa a € E' wnasweaemces 0coboti moukoi
Pynryuu f, ecau aubo a konewnas mowka u YU (a) dymsyua f(x) ne
oepanuvena 6 U(a) () E, aubo a = oc.

Yepes Fq(f) o6o3HaYMM MHOXKECTBO OCOObIX TO4Yek (byHKImU f,
olpe/IesIeHHON Ha MHOXKecTBe .

IIpumep. QPyukumu f(z,y) = 0<2®°4+9y® <1lugxy =

1
ZL‘2 + y2 !
;ﬁij—y?’ ecmn 0 < 22 +y? < 1 u g(0,0) = 0 UMEIOT eqUHCTBEHHYIO 0COBYIO
touky (0,0), HO B OZTHOM CJIy9ae OHa HE TPUHAJIEKUT 00JIaCTH OITPE/Ie/ICHAs
paccMaTprBaeMoil pyHKIWY, a B APYTOM BXOJIWAT B 00JIaCTH 3a7aHus PyHK-
AU,

Cragajia ompeneinM HeCOOCTBEHHBIN MHTErpajl B CMBICJIE TJIABHOTO
3HAYEHUs MO0 OorpaHuvdeHHoMy MHOXKecTBy. Ilycts f: E — R, mHOXKe-
ctBo F mamepumo o 2Kopmany u y dbyHKINY f MMeeTcs € IMHCTBEHHAS
ocobas Touka a (Es(f) = {a}). Begem Muoxkecrsa

E(r)=FE\ B(a,r),
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rae gepe3 B(a,r), Kak Bcerma, 0003HAYEHBI MIAPbI C IEHTPOM B TOYKE
a u paguycamu r > 0. Muoxkecrsa F(r) usmepumbl 10 2Kopaany kak
Pa3HOCTh M3MEPUMBIX MHOMKECTB (IIyCTOE MHOMKECTBO CIMTAETCS W3Me-
pumbiv 1o 2Kopaany). Iycrs dyuxkmusa f € R(E(r)) maga seex r > 0.
Torna nmeeT cMbIcT GYHKIASA

I(r) = / [ S dey.

3ameuanune. Tak kak MHOKecTBO F m3mepumo o 2Kopmany n FE,(f) =
{a}, To u3 ycnosus f € R(E(r)) mus Vr > 0 cieayer, uro ¢pyHkius f Hempe-
peiBHA 11.B. HA F. [leficTBUTETbHO, MHOXKECTBO TOYEK pa3pbiBa GyHKIHUHU f
COOEPKUTCA B CIYETHOM O6'be,I[I/IHeHI/II/I MHO2KECTB TOYE€K pPa3pbIBa Cy)KeHHI‘)’I
f|E(l/n) n 8E(1/n), n € N.

Onpepenenne 2. Oyuryus I(r) nasweaemea HU 6 cmwicae 6
CMBLCAE 2406H020 3HAMeHUA Pynkyuu [ u 0003HAUGEMCA CUMBOAOM
p.v.f [ flx,y)dedy.

Ecau cywecmeyem wonewnwoiti lim, o I(r), mo HH cxodumcs (8
CMBLCAE 2AABHO20 3HAUEHUA), O BEAUNUHA NPEDEAE HA3LLEAEMCH 3HA e~
nuem HU (6 cmovicae 2aa61020 3nauenus) u 0003HAUAEMCA TeEM dice
cumsorom p.v. [ fE f(z,y)dzdy, wmo u cam mecobecmeennuli unme-
2pan.

Ecau ne cywecmsyem lim,_,o I(r), mo 2o6opam, wmo unmezpas om
dynkyuy [ paczodumces (e Cywecmeyem) 6 cMulCAe 2AG6HO20 3HAE-
HUA.

Hanum reneps obimee onpenenenne HU. [Iisa aToro BBemeM moHATHE
HMCUYEPIIaHnsl MHOXKECTBA.

Onpegenenue 3. Hcuepnanuem mmoscecmea D C R? nasveaem-
cs nocaedosamenvrocmv muooicecms (Dy), m.wu.

1) Vk € N wmnoorcecmea Dy, usmepumv, no 2Kopdany

2)Vk: Dy, C D41 CD

“+o00
3) U Dy =D.
k=1

Oupegenenune 4. Hsmepumoe no XKopdany mmoorcecmeo A C E
naszveaemces donycmumoim oas pynryuu f: E — R, ecau f € R(A).
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Kak ciemxyer u3 onpeesienusi, BCAKOE [TOMYyCTUMOE [1JTst DyHKIHH f
MHOKECTBO siBJisiercs nogMuoxkecrsom F\ Es(f).

Onpenenenne 5. Jas pynxyuu f: E — R ecaxoe ucuepnanue
mnoocecmea E \ Es(f) donyecmumvimu mHoscecmeamu Ha3oeaemes
dONYCMUMDBLM.

Mpumep. Iycrs E = {(z,y)| 2*> + 3 < 1}, a f(z,y) = g
22 +9y*> #0u f(z,y) = 1, ecmn ¢ = y = 0. Torma Es(f) = {(0,0)} C E.
Tocenosarensuocts Muokects By, = {(x,y)] 1/(k+ 1) < 22 +¢* < 1}

ec/in

SIBJISIeTCsL OILyCTUMBIM ncuepranueM Muoxectsa F \ Es(f), ubo f € R(Ek)
Vk € Nu{J, Ex = E\ Es(f). Ucuepnanue E \ Es(f) nocmenoBaTeasHOCTHIO
mroxkects By, = {(x,y)] 0 < 22 +y* <1-1/(k+1)}, k= 1,2,... ne spasercs
A01yCTUMbIM, 160 hyHKIMs [ He MHTErpupyeMa Ha ITUX MHOXKECTBAX B CUJLY
CBOEI HEOTPAHUYIEHHOCTU Ha HUX.

3ameuanue. B npumoxkennsax GyHKIM 0OBIMHO He OIIpeIesIeHbI Ha MHO-
ZKeCTBE CBOUX OCOOBIX TOUeK. B 9TOM cirydae OyayT OpaThCs NCIePIIAHUs MHO-
xecrBa E (ubo E \ E(f) = E) mHOXKeCTBaMH, HA KOTOPBIX HHTEIPHPYEMA
paccmarpuBaeMas MYHKIH, T.e. JOILyCTUMble ucaepranus F.

Besikoe pomycrumoe ncuepnanme (Ey) muoxkectsa E\ Fs(f) mopox-
JIaeT YHCIIOBYIO HOCTIeA0BaTeIbHOCT I = [ f g, f(@:y) dzdy.

Omnpenenenne 6. CogokynHocmsd 6cer MAKUT NOCAEIOBAMEALHO-
cmeti nasveaemcs deotinvoim HU dynxyuu f no muooscecmey E u obo-
anauaemca cumeonrom [ [, f(x,y)dxdy.

Onpenenenne 7. HU [ [, f(x,y) dedy cxodumea (cywecmeyem),
ecau ece nocaedosamenvrocmu (1) umerom odun u mom otce npeden
I, xomopwli nasweaemes snavenuem HU u o0bosnauaemcsa mem orce
CUMBONOM f fE f(x,y)dzdy, wmo u cam HHU. B npomuenom cayuae
HA [ [, f(x,y) dzdy paczodumea (me cywecmeyem,).

Teopema 1. Ilycmov mnoocecmeo E usmepumo no 2Kopdany u
dynryua f € R(E). Tozda das awbozo ucwepnanua (Ey) mmoorcecmea
E umeem mecmo paserncmeo

Jim [ | Sy dody = / /E f(z,y) dedy,

2de cnpasa cmoum unwmezpan Pumana dynxyuu f no mmoorcecmey E.
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OcranaBIMBaTHCS HA JTOKA3ATENbCTBE ITOTO yTBEPKIACHUS HE Oy-
JIEM.

13 coiicTB npenena um mHTEerpasa Pumana cpaldy ciaemayer JuHE-
nocrb HU: eciin pyskuyuu f 1 g uMEOT OQHU U T€ 2Ke 0COOble TOYKHU U
HI or stux dyukumii mo muoxkectBy E cymectsyiot, To HU ot mi060it
X JTUHEHHON KOMOWHAIMKE CXOJWTCS W €ro 3HauYeHHe PaBHO JIMHEHHOI
koMmbunanyu 3uagenuit HU ot f u g.

Hemnocpencrsenno mposepsars onpenenenne cxogumoct HU ne Bce-
raa yaobno. Ha mpakTuke 9acTo HCIOJIB3YIOT CIEAYIOIIYI0 TeOpeMmy,
KOTOPYIO TIpHUBEJIeM 0e3 JTI0Ka3aTeIhCTRA.

Teopema 2. I[Tycmo f(z,y) > 0 na E. Ecau zomsa 6o das 0dHozo
donycmumozo ucuepnamm (Ex) mmoorcecmea E \ E, ( ) cywecmeyem
limk_H_ooffEk z,y)dedy = I, mo HH [ [ f(x,y)dxdy crodumca
u e20 3navenue pasuo 1.

Kak n B omHOMEpHOM Cllydae WMeeT MeCTO MTPU3HAK CPABHEHUSI.

Teopema 3. Ilycmv dynxyuu f, g: D — R unmeepupyemor na
00nux u mex oce nodmmoscecmeax muoscecmea D u 0 < f(x,y) <
g(z,y) na D.

Ecau

1) HHA [ [,g9(x,y)dedy cxodumca, mo cxodumea u HHI
Iy D (z,y) dzdy;

HHA [ [, f(x,y)dzdy pacxodumca, mo HHU [ [, g(z,y)dzdy
maxsice pacrodumcs.

Hdoxaszareascrtso. 1) Obo3uayum yepes Dy MHOKECTBO
0co0bIX TOYeK (DYHKIUN f ¥ g ¥ BO3bMEM HPOU3BOJIBHOE JIOILYCTUMOE
ucuepnianve (Dy) muoxkectBa D \ Ds. B criry MOHOTOHHOCTH WHTErpa-
JIa IO MHOXKECTBAM OT HEOTPHIIATENBHBIX (DYHKIMI 1 Teopembl Beiiep-
mrpacca o mpejiesie MOHOTOHHOI Toc/ieoBarebuocT (Jekius 1.7)

/ b f(z,y) al:chy<//Dk+1 f(x,y) dxdy<//Dk+lg(x,y) dxdy <
ml_igrloo//Dmg(w,y)dxdyz//Dg(sc,y)dxdy.
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BHauuT, BO3pACTAIONAs IOCIEA0BATENLHOCTD [ [ b, f(x,y) dzdy orpa-
HUYeHa CBepXy M, CJeJoBaTe/lbHO, COIJIACHO TeopeMe Beiiepurrpac-
ca I/IMeeT KoHeuHblit mpenen. Torma mo mpempraymieir Teopeme HU
[ Jp flx,y) dedy cxomures,

2) Badwukcupyem gomycrumoe wucueprnanwe (Dy)  MHOXKe-
crea D \ Ds. W3 ycnoBwmit TeopeMbl CAemyeT, UTO Tpeaen

limk_,+ooffD (z,y)dzdy = +oo. Ho Torma HepaBeHCTBO
ffD (v,y)dxdy < ffD (v,y)drdy BAeser TO, WTO WU
limy 400 [ ka (r,y)drdy = +o00, UTO O3HAYIAET DPACXOTMMOCTD

HU [ [, f(x,y) dzdy. Teopema noxazama.

[Ipuanummansroe orawune KparHoro HU or ommoMepHOro 3aximio-
qaeTcs B TOM, 9TO BCAKUi cxomamuiicss kpatubiit H cxomurces abco-
JIIOTHO, T.€. B MHOI'OMEDHOM CJIydae HET YCJIOBHO CXOJSIIUXCS WHTErpa-
JIOB.

Teopema 4. ITycmv pynkyuu [ u |f| unmezpupyema na odnuz u
mex orce nodmnosicecmeax mnooicecmea E\ Es(f).

Tozda  mnecobecmeennvie  unwmezparve [ [ f(z,y)dedy
ffE |f(z,y)|dedy cywecmsrom wau ne cywecmsyrom  0dHO-
8pe.M€HHO B caywae ux cxodumocmu umeem MECMO  OUEHKA
| [ 5 f(a,y) dedy| < [ [ |f(x,y)| dedy.

OcraBuM 9TO BaxKHOE YTBEPKIEHUS 6€3 TOKA3ATETHCTBA.

[IpuBenem 6e3 ,Z[OKaSaTeJIbCTBa eme OJIHY TEOpeMYy.

Teopema 5. Ecau HHffE x,y) dedy crodumes u cyuecmeyem
noemopHul unmezpanr om f no muoocecmsy E, mo dsotinott HU pasen
NOSMOPHOMY.

Ecau f(z,y) > 0 na E, mo us cywecmseosanus 001020 u3 noemop-
HOLL UHINEZPAN0E CAEOYETn CYWECTNB08aGHUE KAK OPY2020 MOSMOPHOZO
uHmezpana, max u 060UHO20 UHMEZPANG U PABEHCMEO BCET MPEX UH-
mezpa.nos.

IIpumepsl.

1) Boramemam HU [ [Lo e = +9%) dady.

Tak xax mogpIHTerpabHAL (byHKL[I/Iﬂ > 0, TO 1OCTATOYHO BHIOPATH IIOJI-
xonsmee ucuepnarne R?. BosbMmeM mcuepnanme mockoct Kpyramu Ky, =
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{(z,y)| z* + y* < n?}. Tocne mepexoma x IICK mveem:

27 n
// e~ (@) dxdy = / dgo/ re™" dr =
n 0 0

n2

= —%271’(6_ —1) =7 (n— +o00) =

HW cxomuTcea m ero 3HavueHure paBHO 7.
Temeps paccmorpuM ucuepmanme R? xsagparamu P, = {(z,y)| |z| <
n, |y| < n}. Torma mo Teopeme 2

// 67<I2+92)d$dy:/ dm/ 67(12+y2>dy:/ e d:v/ eV dy =
n 5 2 n 5 2
= (/ et dt) = (2/ e dt) — 7 (n — +00).
—-n 0

42
Cnenosaremsro, HI f0+°° e~ dt cxommTea (cM. paccy KIeHus TIpH JoKa3a-
TenbCTBE TeOpeMbl 2 jeKknmu 1.45) m IMEI0T MECTO PABEHCTBA

+o0
/ eit2 dt = ﬁ
0 2

(sror maTErpas HazbiBaeTca unmezpasom disepa—Ilyaccona) n

“+oo 2
/ e " dt = /7.

— 00

2) Haiinem ycnoBus cxomumoctm HU or 1/rP(z), tme r(z) =
Va2 + 22 + 22, x € R®, mo mpoxomoromy mapy B(0, R).

Tak Kak HMOJBIHTErpAIbHASA (DYHKIWS TTOI0KATETbHA, TO BHIGEpeM Hanbo-
Jlee LOAXO/gIee [l BbIYuC/IeHui ucuepranue. TakoBbiM Gy/1eT ucyepranmue
3TOTO MHOMKeCTBa mMapoBbiMu ctosvu Ko, g = {z € R?* 1/m < r(z) < R}.
ITepexona x cdepuaeckoii cuCTEMe KOOPIMHAT, TTOJLySUM, ITO

27 /2 R 2 )
/// Y idwsdas :/ dcp/ dz/)/ TSy g
K R rP(21, T2, T3) 0 —7)2 i/m TP
R

= 471'/ r27P gy
1/m

DTOT MHTErpas Jjd p # 3 uMeeT KOHEUHbIH mpeest npu m — +00 < 2—p >
—1, r.e. mpu p < 3. OueBnaHO, YTO [UId P = 3 UHTErPAJ PACXOIUTCH.
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JIEKIINHA 15
Kpussie B R3. Kacarensnas k kpusboii. Ilopepxaoctu B R3.

J7151 ompe/ie/IeHHOCTH pedh B OCHOBHOM OyJIeT MATH O KPUBBIX B R3,
XOTSI BCE OCTAETCsI CIPABEJIMBLIM, €CJIM KpuBbie 6path B R™ mpm J110-
60oM n > 2. OrpaHUYMMCA M3y9IEHHEM KPUBBIX, OOBIMHO HA3BIBAEMBIX
npocmomu. Takue KpuBble MOXKHO PACCMATPUBATD KAK OLPE/IEJTEHHbIE
mHOXKecTBa, B R3. Jlasee Kak B TeOpMW KPUBLIX, TAK W B TEOPHUH TIO-
BepxHocTeit Gymem camrarh, uto R? (R?) paccvmarpusaioTes ¢ mpaBoif
CACTEMOW KOODJIUHAT.

Onpegnenenue 1. Muoowcecmeo I' C R3 naswsaemesa xpueoti, ec-
AU CYULECNBYIOM HeKOmopuili ompe3ok [a, b] u nenpepwvieHoe 63auMHO—
0dHo3Haunoe omobpasicerue (sexmop—dynryus) 7(t) ompeska [a,b] na
T.

Taxum obpasom, mobas HempepblBHas uHbLeKIus p: [o, 8] — R?
3a/1aeT KPUBYIO, ABJISIOILYIOCH 00pa3oM oTpe3ka [«, [3].

3ameyanue. B omnpesenennn KpuBOi BMECTO OTPE3KOB MOXKHO OpaTh
HEBBIPOXK/IEHHbBIE IIPOMEXKYTKU IUCI0BOM npsamoil. OTpe3ok paccMmarpuBaer-
cst 115t ynobCeTBa, T.K. B 9TOM CJIy9Iae KPUBBIE OyIyT OrpAHMYEHHBIMI MHOMKE-
CTBaMMU.

Omnpegenenne 2. Muoowcecneo v C R? nasweaemea samxnymot
KPUBOT, UAU KOHMYPOM, ECAU CYULLCMBYIOM HENPEPLLEHOE 0Mobpasice-
nue 7: [a,b] = v nexomopozo ompesxa [a,b] maxoe, wmo

1) 7la,b] =1,

2) r(a) = 7(b),

3) 7: (a,b) = v\ {F(a)} — buexyua.

Hanee repmun "kpupag" OyIeT HCIOJB30BATHCA I OO03HAUYEHU
KakK COOCTBEHHO KPUBBIX, TAK U KOHTYPOB.

B cayuae, ecom 3amana kpusag I' Oynem mumcars I = {7(t) =
(x(t),y(t), 2(t)), t € [a,b]}, nim xkopoue I' = {7(t), t € [a,b]}. Camy
BekTop—byHKIMO 7(t), nan ee koopauHarHble byukunu x(t), y(t) n
z(t), 6yznem Ha3bIBATL napamernpusayuet Kpusoit .

3aMeTnM, 9TO OJHY W Ty K€ KPHBYI0 MOKHO 3aIIapaMeTPU30BATDH
[I0—PA3HOMY.
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IIpumep. Paccmorpum kpusyio I' = {7i(t), t € [0,1]}, rme 71(¢) =
(t,t,t). Iycrs 72(s) = (2s,2s,2s), s € [0,1/2] u73(7) = (1—7,1—7,1—7), T €
[0, 1]. OueBuano, aro 72[0,1/2] =T, 73[0, 1] = I' u, 4r0 5111 91U OTOGpAKEHU
B3aUMHO—OJHO3HAYHBI = OHH HABJIAIOTCH IIapaMeTpu3anuaMu KpusBoil I'.

Onpepesienne 3. Jee napamempusayuu 71(t), t € [a,b] u T2(7),
T € o, B] kpusot T naswieaomea sK6U6aAEHMHOLMY, €CAU CYULLCTNEY-
em HenpepuieHas cmpozo monomonnas Gynxyus N(7): [a, 8] — [a, b
makaa, wmo 1) Ao, B]) = [a,b] u 2) F(N(T)) = F2(T) V7 € [, B].
Oynryus A(T) Hasweaemces donyemumoli 3ameHot napamempa.

Taxum obpazom, ecsm 71(t), t € [a, b] 9T0 MapameTpusalys KpUBOH
', a pu(7) — HempepbIBHAS CTPOrO MOHOTOHHAS Ha OTpe3ke [a, §] byHK-
mus, 1.9. p([e, 8]) = [a, b], To BekTOp—byHKIMs To(7) = 71 (A(7)) Oyuer
9KBUBAJIEHTHOMN ITapaMeTpu3aliueil Kpusoii ['.

Bcesikast napamerpusauus 7(t) kpusoii I' nopoxpaer Hanpasiienue
00x071a KpuBOil (MU TIOPSIIOK CJI€IOBAHUS TOYEK KPUBOH) B CTOPOHY
BO3PACTAHWS TTApAMeTPa OT ee HAYaIbHOI TOUKY 7(a) K KOHIIEBOH TOYKe
7(b), KoTOpOe Ha3bIBAETCs opueHmayuel Kpusoil. Kpusas, Ha KOTOpPOIt
BLIOpaHa OPHEHTAINSA, HA3BIBACTCA opuenmuposanmoti Kpusoit. Cdop-
MyJIUPYEM, 9TO O3HAYAET, YTO JBE NapaMeTPH3AIMH JAHHON KPHBOM
3a410T OJIHY M TY K€ MJIM IIPOTUBOILOJIOKHYI0 OPUEHTAIMIO.

Onpenesienne 4. Jlee sxeusasenmuvie napamempusayuu 7 (t),
t € [a,b] u T2(7), T € [, ] 3adarom 0dny u my owce opuenmayuo
kpusotd ', ecau donycmumasn 3amena napamempa \(7) 11 na [, 5].

Hee sreusasenmmuvie napamempudayuu 71(t), t € [a,b] u T2(7),
T € [a, ] 3adarom npomusonoiosicruie opuenmayuu kpusol I, ecau
donycmumas 3amena napemempa (1)l wa o, O]

B paccmorpenHOM mprMepe mapameTrpusaimn 71 (t) u To(s) 3amaror
OJIHYy M Ty K€ OPUEHTAIMIO KPUBOH, a 3ameHa napamerpa A(s) = 2s.
CoorsercTBeHHO mapaMerpusanuu 71(t) u 75(7) MOPOKAAT IPOTHBO-
LOJIOZKHbIE ODUEHTALMHU, & 3aMeHa napamerpa pu(r) =1— 7.

Onpenenenue 5. Kpusas ' nazvieaemes nenpepwerno duggepen-
yupyemotll, ecau cyuecmeyem ee napamempusayus T(t) maxas, wmo
sexmop—pynryua 7(t) € Cla,b] (m.e. ¥ (t) € Cla,b]).

Kopoue, kpuBas ' — menpepsisao muddepeninupyema, eciam CyIe-
CTByeT ee HeIMpepbIBHO auddeperiupyemMas napamerpusannsa. MoxKHO
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OBLIO /TaTh AHAJOTHYHOE ONpeaeeHue s auddepeHupyeMoit Kpu-
BOIi, HO B JajbHEiIeH Teopuu OyIyT PACCMATPUBATLCS HEIMPEPBIBHO
muddepeHnupyeMbie KPUBDIE.

Ipumep. Hycrs T' — Bepxuss noayokpyxuocrs 2 + y? = 1. Ee 1a-
pamerpmsamust ¢ = t, y = /1 —1t2, ¢ € [—1,1] He sBisieTCsI HEPEPHIBHO
muddepenimpyeMoil, a = cosp, y = sing, ¢ € [0,7] — HenpepsBHO (1
nmaxke beckoneuno) muddeperrmmpyemasa TapaMeTPU3AsA STONH KPUBOIA.

st (HenpepsiBHO) nuddbepeHIupyeMbIX KPUBBIX TAKKE MOXKHO I'0-
BOpHUTDH O 3aMeHax mapamerpa. Ilpm aTom, Kpome obmux TpeboBaHuUiA,
3aMeHa TapaMeTpa JOJKHA 001a7aTh (HEeMPEPBIBHON) MPOM3BOIHOIM,
He oOpalaIomeiicss B Hy/ib (CMBIC/ HOCJIEIHEr0 yCIOBHs OyJIeT SCeH U3
CJIEJLYTOIIErO IIYHKTA).

B nanpreiimem moa napamerpusarueii auddepeHinpyemMoii, Hempe-
peiBHO muddepeHnupyeMoil u T.[I. KPpUBO# Bcerma OyaeT MOHMMAThCS
muddepennmpyemasi, HenmpepblBHO muddepeHimpyeMast u T.JI. Tapa-
MEeTpU3aIHs.

KacarenpHas K KpuBoit

Iycrs 3anana kpusas I' = {7(t) = (z(t), y(t), 2(t)), t € [a, b]}, upu-
uem 7 € D(tg) u 7 (to) # 0 (ecau Touka ty ABIAETCH KOHIEBOIl TOUKOM
OTPE3KA, TO HOJ IPOU3BOJHON IIOHUMAETCsS OJIHOCTOPOHHSIS IIPOU3BO/I-
Has).

JIns TpPOBOAMMBIX HWXKE PACCY’KICHWI OymeM TIpeACTaABIATH Ce-
6e Bekrop 7T(f) Kak paauyc—BeKTOp TOYKM M ¢ KOOpAMHATAMU
(x(t),y(t), 2(t)), re. 7(t) = OM. Ilpu n3menenun napamerpa ¢ Ha OT-
peske [a,b] Komen pammyc—BekTopa 7(t) mpoberaer muOKkecTBO I, T.€.
KpuBast [' sIBIIsIeTCST MHOXKECTBOM KOHI[OB PA/IIyC—BEKTOPOB T (t).

Iockonbky OMo = 7(tg) # 7(to + At) = OM mpu At # 0, 1o
qepe3 ToUku My m M MOXKHO MTPOBECTH eqUHCTBEHHYI0 Tpamyio MgoM ,
HasbiBaeMyto cexyued kpusoit I'. Hdasee, Tak kak A7(tg) = MoM, to
BekTOp AT (tg)/At napasenen cexyueir M My. Ilockonbky cyinecrsy-
er lima; 0 AT(t) /At = 7 (tg) # 0, T0 NpsAMYI0, NPOXOALAILYIO Yepe3
TouKy My W TapaieNbHY BEeKTOpY 7 (tg), HA3BIBAIOT TPEIETHHBIM
noytoxKenneM cekymux npu M — My, nam xacameavroti K Kpusoit I' B
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rouke My. Cam BekTOp 7 (f0) HA3BIBAECTCH KACAMEALHbIM GEKINOPOM K
kpuBoii I' B Touke M. YpaBHeHUe KacaTeJbHOW B BEKTOPHOU (bopme
UMeeT BUJT;

p=7(to) + 7 (to)7, T €ER

(p — paamyc—BeKTOp TOYEK KacaTesnbHOil mpsamoii). Ilepemucas 310
YPaBHEHHE B KOOPJMHATAX, IOJIYYUM IIapaMeTPUYeCKOe YPABHEHUE Ka-
caTeJIbHON

X = .’E(to) + Zl(to)’r

Y = ylto) + v/ (to)r
Z = z(to) + 2 (to)T.

((X,Y, Z) — rexyiuue KOOPAUHATHI TOYEK KACATEJILHO IPAMOIL).

OrMeruM, 4TO OIpPe/e/IeHne KAaCATeJbHONW NPIMOl He 3aBUCUT OT
mapaMeTpu3aIyn KPUBOH, ecin 3aMena mapamerpa v(s) muddepennn-
pyema B TOUKe Sg, T.49. tg = v/(Sg) npm ycaosuu, 9ro ' (sg) # 0 (mosro-
My JIOTIOJTHUTEJIbHOE TpeDOBAaHWE Ha, JIOMYCTUMYIO 3aMEHY MapaMerpa
BIIOJIHE €CTECTBEHHO). DTO CJIEe/yeT U3 LEIHOrO MPaBUIA JJisd BEKTOP—
ymkutis (7(1(5))) [o=sq = 7' ((0))0/ (50) = 7' (to )1/ (50):

3ameuanmne. Jlerko ybemurbcsa, uro eciau kpuBag [ aBigerca rpadu-
koM ymxmmm, muddepennupyemoii B Touke xo, T.e. I' = {(z,y) € R?*| z €
[a,b], y = f(z)}, TO ompeesieHne KacaTeIHHON IPSMOIT COBIIAIAET C OIPEIe-
JIeHrueM KaCaTe.]'H)HOI./‘I7 BBE€JIEHHBIM IIPDHA O6Cy)K,D;eHI/II/I reoMeTpuYIeCKOro CMbIC-

J1a Ipou3BoAHOM (cM. yeknumio 1.17).
Ilosepxnoctu B R3

Huske Tom 3aMKHYTBIME objactamu D, E o T.71. TOHEIMAIOTCS 3a-
MKHYTBIE MHOXKECTBA, SBJISIONINECS 3aMbIKaHusaMu obsacreit D, F un
T.7. coorBeTrcTBeHHO. HempepoiBras auddepeHmpyeMocTs 0To0parke-
HUS B 3aMKHYTOI 001aCTH, KAaK U [IPEXK/Ie MPEIIoIaraeT, 4To pacCMar-
puBaemMoe oToOparKeHHe HempephIBHO auddepeHimpyeMo Ha HEKOTO-
POM OTKPbITOM MHOXKECTBE, COAEPKAILEM JAHHY 0 3aMKHYTYIO0 00/1aCTb.

Onpegenenne 6. Muooicecmso S C R3 nasweaemca nosepzro-
CMBI0, ECAU CYUWECTNBYEN MAKAA 3AMKEHYMAA usmepumas no XKopdany
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obracmv D C R? u nenpepuienoe omobpasicenue (sexmop—@dynxyua,)
7(u,v) maxoe, wmo

1) 7(D)=S u

2) omobpasicenue 7(u,v): D — S asasemes buexyuet.

B caywae, ecam 3amama moBepxHOCTH S mmmyr S 00=
{Fu,v) = (2(u,v),y(u,v),2(w,v)), (uw,v) € D}, mmm Kopode
S = {f(u,v), (u,v) € D}. Bexrop—byukmuio 7(u,v) (uwmm ee
koopaunarHbie dyskiuun x(u,v), y(u,v) u z(u,v)) HA3BIBAIOT Napa-
MEMPUBAYUET TOBEPXHOCTH S, & U U U — NAPAMEMPAMU.

Kak u B ciay4ae KpuBBLIX, YIO00HO MPEICTABIATH cebe BEKTOD
7(u,v) Kak paamyc—Bekrop Toukum M = M (u,v) ¢ KoOpAMHATAMH
(x(u,v),y(u,v), z(u,v)), T.e. ato 7#(u,v) = OM.

Tpumep. Ypasuenme z = f(z,y), f € C(D) 3amaer nosepxuocts S =
{(u,v, f(u,v)), (u,v) € D}, xoropas spiserca rpabuxoM GYHKIHE ABYX
nepeMeHHbIX f(z,Y).

Kak u Kpusble, 0JjHa U Ta K€ TIOBEPXHOCTb MOXKET ObITh 3aIapaMeT-
pu30BaHa mo-pasuomy. JIonycTuMoii 3aMeHbl HapaMeTpPOB U HE3ABUCH-
MOCTH IPUBOMMBIX JIAJTIEE ONMPEIETECHIH OT MAPAMETPH3AIUT KOCHEMCS
B sekiun 20. OcTaHaBIMBaTHLCS HA TEOPUH HOBEPXHOCTEH BO BCEH MOJI-
HOTE HEe OyaeM.
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JIEKIINA 16
KacareapHas MJIOCKOCTh M HOPMAJIb K TJIa/IKOIl TOBEPXHOCTH.
KpuBoumHeiliablii mHTerpaJta I posaa. djmuHa xKpuBoii.

Ilycts mama moBEPXHOCTH
S = {r(u,v) = (z(u,v), y(u,v), 2(u,v)); (u,v) € D}.

Oupenenenne 1. Kpusoie 7(u,vg) u 7(ug,v) (up u vy durcuposa-
Hbl) HA3BLBAIOMCA KOOPOUHATMHBMU AUHUAMU HA TOSEPTHOCTIU S.

Onpenenenue 2. Iloseprrocms S HaA3bLEAEMCA HENPEPBIEHO JUP-
Pepenyupyemoti, ecau cywecmeyem ee napamempusayua 7 € C1(D).

Onpepenenne 3. [oseprrnocms S Hazweaemca 2aa0kotl, ecau
cywecmeyem ee HenpepuieHo JudPepenyupyeman napamMempu3auua
7(u,v) maxas, wmo V(u,v) € D eexmopw 7., (u,v) u 7 (u,v) aunet-
HO HE3ABUCUMDbL.

Ormernm, 9T0 BEKTODHI 7, (1, v) U 7l (U, v) ABJISIOTCS KacATeTbHBIMI
BEKTOPAMHU K COOTBETCTBYIOIIMM KOODWHATHBIM JIMHUAM [TOBEPXHOCTH
S.

B panmbreitmem moa mapamerpusanueil HepepbIBHO auddepeHIim-
pyeMoii MM TIAIKO#H MOBEPXHOCTH OyIeT MOHMMAThCS HENPEepPHIBHO
muddepeHnupyemas WM riIajiKas mapaMeTpr3alus COOTBETCTBEHHO.

Onpenenenne 4. ILiockocmo, nporodausas wepes mouky My =
M (ug,vo) 2aadkoti nosepzrocmu S (OMq = 7(ug,vg)) u naparreasnas
sexmopam T, (ug,vo) u 7, (ug, Vo), HA3BIEAEMCA KACAMEALHOT NAOCKO-
cmwvto K noseprrocmu S 6 mouxe M.

BeromuHas M3 Kypca aHAJINTHYECKOW TeOMeTPHH BEKTODHYIO 3a-
[MCh YPABHEHHs! MJIOCKOCTH, MPOXOASIIEil Yepe3 TaHHYI0 TOYKY U Ta-
pasIIeIbHON JABYM HEKOJITMHEAPHBIM BEKTOPAM, HOJIydYaeM, 9TO ypPas-
HEHHE KacaTeIbHOM IJIOCKOCTH HMEET BHJL

(p — 7o), (0, v0)7, (w0, v0) = 0, 9)

roe 7o = OMg, a p — PAaUyC—BEKTOP TEKYINEH TOYKU KaCATETHHON
TLJIOCKOCTH.
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Ecrm moepxuocTh S 3amaerca ypasnenueMm z = f(z,y), rae f €
CY(D), ro #(x,y) = (x,y, f(x,y)) — ee rnaaxas mapaMeTpu3aIms, T.K

BEKTOPbI
7 (%0, 90) = (1,0, fz(z0,90)), 7y(20,90) = (0,1, f (x0,%0)),
JINHEHHO He3aBUCUMbBL. Torma
T—=Zo Y—Y% Z—%20
(P — 70)7 (w0, Y0) 7y (20, Y0) = 1 0 fa
0 1 fy
—fa(20,90)(x — 20) — fy(20,%0) (¥ — yo) + 2 — 20

u ypasuenue (9) KacaTeJbHON IJIOCKOCTU PUMET BUJL

z—20 = fy(x0,y0)(x — x0) + fy(20,90)(y — v0), 20 = f(%0,%0)-

Takum 06pa3oM, HOBOE OTIPEIESIEHNE KACATEIBHON TIIOCKOCTH K MTOBEPX-
HOCTH COBIIQIAeT C T€M, 9TO ObIJIO JAHO B JIeKIWH 1.38 I TTOBEPXHO-
creit, 3a7aBaeMbIX (DYHKIUAMY IBYX EPEMEHHBIX.

Cornacuo onpenenennio (cM. neknuio 1.41) B KagecTBe HOpMaIN K
I3 IKOM 1oBepxHocTH B Touke M (U, v) MOKHO B34Th BEKTOD

) i j ok
N=rxTy=| o Yy 2, |=
T, Yy %
| Yo 2 T, 7 Ty Yo
7 — + k =
v, ‘ A T, Y
D(y,Z)E_D(JJ,Z) D(.’E,y)];;:D(yVZ)— D(va)* D($,y)]—€

(B mocseiHeM paBeHCTBE GBI TIEPECTABIIEHBI CTOJIOIBI BO BTOPOM SIKO-
Guame).
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BorauciuM 1o mosrydeHHo# (opMyiie HOpMaJlb JJIs MOBEPXHOCTH,
sajanHoil ypasHermem z = f(x,y), f € CY(D). Tak xax 7(z,y) =
(z,y, f(x,y)) — ee rnankas napamerpusamus, To 7, = (1,0, f;), a 7, =
(0,1, f,). Hosromy

, I ,
N=i,xr,=|1 0 f,|=~ify—jf,+k
01 f
T.C. B
N = (_f:/m _féa ]-)

Janee Hac 6yIyT WHTEPECOBATH €IUHUYIHBIE HOpMau. OYeBUIHO, B
KaskJI0i TouKe riaakoit mosepxuoctu S = {7(u,v), (u,v) € D} nmeer-
C4d POBHO ABE€ €IMHUYIHBIEC HOPMAJIH

=l =l = =/
X T _ _ X T
K3 v U= —n=— 3 v

" < 7, < 7]

Ioncuauraem |7, X 7, |: IO ONpeETeHUI0 BEKTOPHOTO TPOU3BEICHUS

—_—
|70 % ol = [P |7 sing, ¢ = (7, 7).
Tak kak
1~/ 1 || =t
TO
|7 < 7 |2 (7)) = [ Pl .
ITosTomy
7, % 72 = PP ? — (7 )? = BG — 2,

rue

=12 =12 =l =/
E=\|7|% G=|rl|*, F=7,f,.
[Tonydennoe TOXK1€CTBO HA3BIBAETCS TOXKIeCTBOM Jlarpanxka, a E, G n

F — ko dunmentamu Taycca mepBoit KBaApaTUIHON (DOPMBI TIOBEPX-
HOCTH.
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Hns moeepxnocTy, apasomeiica rpadukom dbynkmun f (z,y), f €
CY(D), enuanyanast HOpMaIb 7l ©MEeT BUJL

I I 1
VIHEE 1 R 1 gy

n =

Borauciimm eme koaddunmentor laycca atsa Takoit mosepxunoctu. B
sToM caydae 7(u,v) = (u,v, f(u,v)) — ee TIagKas TapaMeTpu3anns u
™ = (1,0, fl), a7, = (0,1, f/). CnemoBarenbHo,

E=1+f> G=1+f2uF=/[.f

EG—F> = (1+ 1)1+ f17) = (fLf0)> = 1+ f17 + f1°.

3ameydanune. HanomuumM, 910 eciu riajkas IOBEPXHOCTh 3aJaHa HEsIB-
o ypasuenuneM P(z,y,z) = 0, TO €IUHIIHBIMU HOPMAJISIMU K MOBEPXHOCTH
grad® PR
Toraddl’ gra‘d(b = (q)z,@yv q)z)
|grad ®|

KpuBosmmneiinblit materpaia I poma

OyIyT BEKTOPHI +

ITycrs mawa wenpepwiBHO auddepenimpyemast kpubast I' = {7(t) =
(x(t),y(t),z(t));t € [a,b]} m ma muHOKecTBe I' 3amaHa HempepbIBHAS
ckasiapras Gyukuus F(z,y,z) (rorma F(7(t)) = F(x(t),y(t), 2(t)) €
Cla, b] kaK KOMIIO3UIKS HEIIPEPHIBHBIX (DYHKIINUI).

Ounpeneinenne 5. Kpusosunetinom unmezparom I poda dynxyuu
F no xpueoti ', obosnauaemvim cumeosom fr F(z,y,z)ds, nasweaemes
YUCAO, PAGHOE

b
/ Fa(t), y(t), ()20 + y2(8) + 22(t) .

Nrak, mo onpeneneHunio

b
-/FF(x,y,z) ds i/ F(x(t),y(t),z(t))\/x’2(t) +y2(t) + 22(t) dt
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WA, KOpOYe,
b —
/ F(z,y,z)ds = / F(7(t))|r'(¢)| dt.
r a
Takum 06pasom, nox, cumsosnom [p F(x,y, z) ds nonumaercs cooTset-

crByommii uarerpas Pumana (B ¢e/1aHHBIX IIPEAIONOKEHUAX ITOT MH-
Terpasl CyIecTByer).

Beipaxkenne ds = \/1’2(15) +y/%(t) + 2/%(t) dt = |r'(t)|dt naspiBaet-
ca mudpdpeperimaaom AauHbI Kpusoi .

Yepes '™ u '™ 6ynem 0603Ha9aTh KPEBYIO I' € IPOTHBOMOIOKHBIME
OpPHEHTAIUSMU.

Teopema 1. Kpusosuneiinwi unmezpas I poda we sasucum om
NAPAMEMPU3GUUY Kpusot. B wacmuocmu, unmezpas He 3a8ucum om
OPUEHMAYUY KPUBOT, m.€.

/F(x,y,z)ds:/ F(z,y,z)ds

(T' — nenpepueno duddepenyupyemasn kpusas).

JoxazaTenanbcTso. /lokaskeM HE3aBUCUMOCThH WHTETPAJIA OT
opmentanun kpusoit. [lycrs I'" = {7(¢); ¢ € [a, b]} xpuBas I' ¢ opuenra-
1peii, MOpOKIeHHOM ee Tapamerpusanueii, a p(7), T € [a, f] — Hempe-
puIBHO muddepeHnppyemMast SKBUBATEHTHAS [TAPAMETPU3ANNST, 3aa10-
ast MPOTUBOIOIOKHY 0 opueHTanuio Kpusoii I'. Torpa cymecrsyer 3a-
wena napaverpa (1) € Cla, 8], u(r) W, (/(r) # 0 u pla) = b,
w(B) = a, r.u. 7(u(r)) = p(7). Nnmeem

b
/p+ Fz.y,2) dS:/a FFEQ))|F @) dt =

t=p(T)

/ﬂa Fr(u(r)I( (u(r) | (1) dr =
5

E
/ F(ﬁ(T))If’(u(T))l(—u’(T))dT=/ F(p(r) | (u(r)p' (7)| dr =

(e
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B

/j F(p(m)|(F(w(7)))' | dr :/

F(po)lp (0] dr = [ Py, ds
o
(1o xXo/y BbIUKCIEHHI GBLIO MCMOIBb30BaHO TO, 4TO |u/(T)| = —p/(7) m
LENHOe TIPABUJIO JJisi BeKTOp—(hyHKIHIA).

JloKa3aTenbCTBO HE3ABUCHMOCTH WHTErPAa OT MapaMeTpPU3AIH,
HE MEHSIOIEH OPUEHTAINIO aHAJOrHYHO. Teopema JoKa3aHa.

3ameuanue. ﬂOKa3aHHaH TeopeMa MOKa3bIBALT €CTECTBEHHOCTH NUCTIOJIb-
30BaHUs BBEJEHHOTO 0003HAYEHMS fF F(z,y, z) ds KpUBOJIMHEAHOTO WHTErPA-
ma I poma, He ucmosp3yiomee B ABHOM BHAe KOHKDETHOM ITapaMeTPU3AIHIO
KPUBOIL.

Kpusonuneitapiit uarerpas I poga MoKHO BBECTH, CAeays OO
CXeMe [IOCTPOEHUs] UHTErPaja 0 MHOXKECTBY, KAK [PEes HHTEerPaJib-
HbIX cyMM. Ho mpekze HeoOXOAMMO OMpelenTh, ITO CIeayeT TTOHU-
MAaTh IOJ NJINHON KPUBOM.

JnunHa xKpuBoit

W3 kypca MKONBHOW MaTeMaTHKNW W3BECTHO, UTO JJMWHA OKPYIKHO-
CTH OTIPEJIEJISIeTCST KakK TIPeJIesl TP 1 — +00 MEPHUMETPOB TIPABHIIBHBIX
N—yTOJIbHUKOB, BIIMCAHHBIX B OKPY?KHOCTh, MJIM YTO TO YKE CAMOe, JJIHH
N—3BEHHBIX 3aMKHYTBIX JIOMAHBIX C DABHBIMU 3BEHBSMH, BIHCAHHBIX
B OKpPY>KHOCTb. Ha 9T0ii >Ke uiee OCHOBBIBAETCSH OLPEIE/ICHUE JJIHHBL
KpuBoOii B 06mieM ciaydae. Paju yupolenns 3alucu OrpaHuauMcs pac-
CMOTpeHHeM KpuBbix B R2.

ITycrs nana kpuBas I' = {7(t) = (x(t),y(t)), t € [a,b]}. Bozpmenm
nponssombHoe pasbuenne 1'a, b] = {t;}], n obozmaumm wepes M; Tou-
ku KpuBoii I' ¢ koopaunaramu (z(t;), y(t;)). Jlomanas I'r ¢ Bepumuamu
B To4Kax M, HaspBaercs BaucanHo# B kpuByio I'. Jauua I(I'r) moma-
HOJ paBHa CyMMe JIJIVH ee 3BEHbER

I(Tr) = 3\ lty) — 2lt;-0) + (u(ty) — y(t;—1))2.
j=1

Ounpenenenne 6. Jaunot [(I') xpueotd T' nasweaemcs npeden
limy (7)o [(I'T), ecau on cywecmeyem.
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Omnpenenenne 7. Kpueve, 0aa Komopwr cyuecmseyem
limy ()0 [(I'T), nasvearomes cnpamasemvimu.

Hanomunm, uro pasencrso [(I') = limyy_ol(I'r) osnagaer, uro
Ve > 036 >0, nu. VT[a,b] ¢ \(T) < 6: |I(T) — I(T'7)| < e.

3ameuanwne. MoxHo gokazars, uro ecam supp l(I'r) < +oo, TO
3 lim)\(T)ﬁo Z(FT) = Supp Z(FT).

Teopema 2. ITycms T' = {(z(t),y(t)), t € [a,b]} nenpepmero dudg-
pepenyupyemasn xpusas. Tozda

b
I(T) = / 2(0) + 920 dt

st mokasarenbCcTBa MOTPEOYeTCss OIHO IJIEMEHTAPHOE HEPaBEH-
CTBO.

Jlemma 1. J[asa 11060z mper delicmeumesbol wuces 4, U U w
CNPABEINUBO HEPABEHCTNEO

V2 + 02 — Vu? +w?| < v — w).

Hdoxkasarenscrtso. Hpu u? + 02 # 0 umeem

2

w02 —u—w
Vu? + 02 + Vu? + w?

|\/u2+v2—\/u2+w2| =

(Vu? +v* 2 [ol, vu? +w? > |w))
v —wllv+w| _ v —wl|(jo] +[w])
o] + | o] + |w]

= |v—w|.

ITpn u = v = 0 HEPABEHCTBO OYEBUIHO.

3ameuanue. B HEBLIDOXKIEHHOM CiIydae HEPABEHCTBO MMEET IIPOCTOM
FeOMeTpI/I“IeCKI/Iﬁ CMBICJI: MO,Z[y.TIb pa3HOCTI/I JJINH ABYX CTOPOH TpeyI‘O.]'H)HI/IKa
HE IIPEBOCXO/IUT JINHBI TPEThel CTOPOHBI.

HokaszarTenbcTBO Te€eopeMbl llycrs T — mpons-
BOJIbHOE pasbuenne oTpeska [a, b]. IIpeobpasyem Buipaxkenne mist [(I'r)
¢ momompio (opmynsr Jlarpanxa

Ur) =3 \f(alt) =2t + (u(t5) — 9(t;-1))? =
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> \/JJ“’Q(CJ*)(AZE)2 +y2(d;)(AL;)? = Z V22 (e) +y%(dy) Aty

j=1 j=1

(¢j, dj € [tj—1,15]).
O603na4uum 4gepes

SOV +y?, (T,0) = > _\/12(c;) +y™2(c;) At
j=1

WHTErpalabHylo cymmy Pumana dyakoum /z'2 + y'2, cOOTBETCTBY-
fomyo pasbuenuio T u pasmerke ¢ = (c1,...,Cp). IIOCKOIBKY

2 +y? € Cla, b], 10 \/2'? + 32 € R|a,b] n, cnenosaTenbro,
b
li S 2 2 (T.¢)) = 12(¢ 12(¢) dt
SR (1) = [ Va0

[TosToMy Teopema GyeT m0Ka3aHa, €CIU MOKA3ATh, YTO

A(l%nio Z i) +y2(cj) Aty ,Z z(¢;) + y'%(dj)At; | =0.

C uCHoIBb30BAHUEM JIEMMBI 1 EMeeM

Z\/ 2(c;) +y%(cj)At;

Ms

@2 (cj) +y2(dj) Aty | <

> |+ (e - farlen) + i) v <
j=1

S 1) - ¥ (e)IAt < 3wl Ag)at,

i=1 =

ITockombky Yy’ € R[a,b], To cormacuo kpurepnio JJapOy nHTErpUpyeMo-
cru (reopema 1 mekrmpu 1.25) Ve > 0 30 > 0, .9. VT[a,b] ¢ \(T) < ¢:
ZT:l w(y',A;j)At; < e. Teopema noKa3ana.
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Teneps BBeZeM KpuBOAUHETHBIH nHTErpaJ I poga dyuknun P ¢ mo-
MOIIBIO uHTerpasibubix cyMM. [lyers I' = {7(t); t € [a, b]} — HenpepbIB-
"o mudpdepennupyemast Kpubasi. Bozbmem mpou3BoabHOe paszdouenue I
roukamu Mj, j = 0,...,k, tuie OM; = 7(t;), a = tg < t1 < ... <
tr = b. Obosnasmm wepe3 As; JauHY y4dacTKa Kpuboil I', 3akmouen-
HOTO MeKay Todukamu M;_; m M;. BeibepeM mpOW3BOIBHO 1O ONHOI
Touxke P; Ha KpmBoil Mexay Toukamu M;_1 u M; (u3 ompeneneHus
kpusoii ciexyer, uro OP; = 7(1;), tae 7; € [tj_1,t;]) u cocraBum um-
TerpajibHyio cymmy Pumana

k
o(®,(T,P)) =Y ®(Pj)As;, P=(Py,...,Pp).

j=1
Torga mo onpeneneHnio

d ds = i o (T, P
[ #@ds = tim o@.(7.P),

ecJu oCTeIHuil mpeiest cymecrByet. MOoXKHO MOKa3aTh, 9TO JIJis HeIpe-
peiBHO# Ha [ pynknum ¢ numeer MecTo paBEeHCTBO

b
Jm o@. (P = [ e o)

Qusndecknit CMbICT KpupoamHeiinoro waTerpana I poma. Ecim
®(z,y, z) — MIOTHOCTH TOYEK KpuBoOi I', TO Macca m; y4acTka KpuUBOH
Mek Iy ToukaMu M1 u M; Tpn JOCTATOYHO METKOM pa3bueHni Kpu-
Boit I' ¢ GOJIBINOI CTEneHbIo TOYHOCTH paBHa mpousseneHuo P (P;)As;.
Torma macca Bceit KpuBoit m ~ Zle ®(P;j)As;. Ilosromy npesen npu
MT) — 0 cymm Z?Zl ®(P;)As;, re. unrerpan [ ®(x,y,z)ds ecre-
CTBEHHO Ha3BaTh Maccoili Kpunoii I'.

Janum Gosiee ob1iee Onpe/iesieHne KPUBBIX, Ha KOTOPOE PACIIPOCTPa-
HUM KPHWBOJIMHEHHbIE MHTErpasbl I poaa.

Omnpeaesnenne 8. Omobpascenue 7(t): [a,b] — R> wycouno nenpe-
poleHO duddeperyupyemo, eciu
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1) 7 € Cla,bl; _

2) cywecmeyem pasbuenue Tla,b] = {tj};ian makoe, wmo T €
Cltj—1,t;] (nod npouseodnvimu 6 moukax t; nonumamMes 00HoCMO-
POHHUE NPOU3BOIHDLE).

Omnpenenenne 9. Muoocecmeo v Ha3bi8GEMCEH KYCOUWHO HENPEPbLE-
no duddeperyupyemoti kpusoti 6 R?, ecau cywecmeyrom ompesox [a, b]
U KYCOUHO HENPEPBLIEHO Juddepenyupyemas Ha HeM B8eKMOP—PYHKUUSL
7(t) maxue, wmo

1) la,b) = ;

2) omobpasicenue T : [a,b] — v asasemes buexyued.

Ananornano onpenensiercs KycodHo HenpepbiBHO auddepennupy-
MBIl KOHTYD.

Omupeneium KpuBOJMHEHRHBIH uHTErpas 1 poja 1m0 KyCOYHO Herpe-
pbiBHO nuddepeHnupyeMoit KpUBOii.

Kpusonuneitasrit narerpas I poga mo KycoaHo HenmpepbIBHO qud de-
peHuupyeMoil KpuBoit y or nenpepbisuoii dyukuuu F(x,y, z) oupene-
JIAETCS KAaK CyMMa MHTETPAJIOB TO HEMpepbiBHO auddepenupyemMbiv
Kyckam v; = {7(t), t € [t;_1,¢,]}:

k

L Fla,y,2)ds = / Fla,y, =) ds.

j=1 Vi
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JIEKIIWUA 17
KpuBonuneitablii mHTerpaJt II poga. CBa3b KpUBOJIMHEHAHBIX
naTerpaJioB 1 u II poga. Pusmdyeckuii CMBICJI
KpuBoJinHeiiHoro uHTerpaJsia 11 poma. ®opmyaa I'puna.

Kpusouuneiiabiit nuarerpaJs 11 poaa

ITycrs mawa wenpepwisHo auddepenimpyemast kpubast I' = {7(t) =
(z(t),y(t), 2(t)), t € [a,b]} u BexTOp—byEKIIMA F(2,9,2) € R? (F =
(P,Q, R)), menpepbisaas Ha muoxectse I (torma dymxmusa F(7(t)) €
Cla, b] kaK KOMIIO3UIKS HEIIPEPHIBHBIX (DYHKIIHIT).

Onpenenenne 1. Kpusoaunetinvim unmezpasom II poda eexmop—
dynryuu F no xpusoti I', 0603Hauaembim cumeoiom fr F dr, naswiea-
EMCA YUCAO, PAGHOE

(nod 3HAKOM UHINEZPAAG CTNOUN CKAAAPHOE TPOU3Eedenue).
Nrak, nmo onpeneneHunio

b
/ Fdr = / PR (1) dt,
N a
T.€. cumBon [1, F di menonp3yercs as 0603HAYEHNS COOTBETCTBYIONIETO

naTerpasa Pumana.
Nmeem

= b _ > .
/FFdr = /a F(7(t)7 (t)dt =
b
/ (P(F(0)2'(t) + Q(F(1)y'(t) + R(r(t))2'(t)) dt =
b
/ P(r(t)) dx(t) + Q(7(t)) dy(t) + R(7(t)) d=(t).

[Tosromy ngst kpuBosmueiHOro maTerpasia Il poma Takxke ymobHO mC-
TTOJIb30BATH CJIEAYIOlee 0003HAYMEHe

/de+Qdy+Rdz,
r
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e IO 9TUM CHUMBOJIOM IIOHUMAETCA MHTErpadJl Pumana

b
/ (P(F(0)2'(t) + Q(F(1)y'(t) + R(r(1))2' (1)) dt

MIpY JAHHON IapaMeTpu3anun Kpusoi .

Eciu F = (P,0,0), T0
b
/Fde = /a P(F(t)2' (t) dt,
ecm F = (0,Q,0), T0
b
[@a= [ arwwa
T a
ectun F' = (0,0, R), T0

/FRdz/abR(F(t))z’(t) dt.

Teopema 1. Kpusoasunetinoili unmezpaa I poda menaem snax npu

USMEHEHUL OPUEHMAUUY KPUBOT, M. €.

/Fdf:f/ Fdr
_ -

U HEUBMEHEH, eCAl NAPAMEMPUIAUUL 3a0a10M 00HY U MYy HCe OPUEH-

mayu Kpusod.

Joxaszareasncrtso. [yers I't = {7 (t); t € [a,b]} — nenpe-
peiBHO nuddepeHnupyemMasi Kpubas, OPUEHTAIMSA KOTOPOM MOPOKIa-
ercss mapamerpusanueil, a 72(7), 7 € [a, ] — HenmpepbiBHO D de-
peHIupyeMasi SKBUBAJEHTHAS TapaMeTPU3aIlUs, 3a/Iaf0INasi TPOTHBO-
TIONTOXKHYT0 opueHTanuio kpusoit I'. Torma cymecrByer 3ameHa mapa-

werpa (1) € Cta, B, pu(7) L, /(1) # 0w p(@) = b, p(B) = a, ..

r1(u(7)) = /(7). Nmeem
/1“+ Fdr = /a F(r(t)r'(t)dt =
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(menaem noacranoBky t = (7))

/,: F(r(u(n)m (uw(n)p' (1) dr =
N /"‘ F(ra(r)) (71 (u(7))) dr = /”‘ F(ra(r))r(7) dr =
8 8

_ /j F(r(r)m (7) dr = — /7 Fdr.

Cioydait 3aMeHbI TTapaMeTpa, COXPAHSIONIEH OPUEHTAINI0 KPWBOIA,
paccMaTpuUBaeTCs aHAJIOTMYHO. Teopema JOKa3aHa.

it OpreHTHPOBAHHBIX KYCOYHO HEIIPEPBIBHO TU(PHEPEHITNPYEMbBIX
KPUBBIX Y KpuBoJsinueiinbiii unrerpast 11 poga oupenesnsercs kak cymma
HHTErpaJIOB MO HEIPEPLIBHO JudbdepeHnupyeMbIM KyCKaM ;:

IpPHUYeM OPHEHTAIUH Y; BBIOHMPAIOTCS B COOTBETCTBHY C OPUEHTAIHe] 7.

Ionyuum cBa3b Mexy kpuBosmHeinbivu narerpaigavu 1 u IT po-
noB. Ilycrs T = {7(t), t € [a,b]} — nempepsiBHO MU Depernnpyemast
kpuBas, T.4. |7 (t)| # 0 Vt € [a, b] (Takue KpUBbIe HA3BIBAIOTCS 2A4G0KU-
mu). Ecmu T siBsteTcss KOHTYPOM, TO B ONPEIENEHAN TIAIKOCTH HAJIIO0

#(a) _ 7(b)
HOIEHO

J00ABUTDH €ITe OHO YCIOBUE: 9TOOBI M36€2KaTh YT/TO-

BbIX TO4YeK. Torma

b b 7
/FFdF:/ F(f(t))f’(t)dt:/ Fr (1) ) 1o 4)) at =

b_ — —_
/mewwmwzﬁmm

¢ — enuHUYHBIN KacaTesbHBbIH BeKTOp K I, 3ajaromuii HampaBjeHue
00x0/1a, IIOPOXK IeHHOe ITapaMeTpusanuei 7(t).
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B npmiokeHusx BCTPEYAIOTCS MHTErPaJbl BHIA fw En ds, B3arsie
0 OPHEHTUPOBAHHOMY TIJIAJKOMY KOHTYPY 7Y, TJ€e 7l BHEIIHAS HOPMAJb
K 9TOMY KOHTYpPy. BbIpasmm Takoil mHTErpan uepe3 KpUBOJIUHEHHDIH
unarerpan II pona. Iycrs 7(t), t € [a,b] — rnagkas napamerpusanus
KOHTyDa 7y, 3aJa10Mas 00X0[ KOHTYpa MPOTUB 4YacoBOil crpenku. U3
nosygennoit Beime dbopmyast aaa F = (P,0) u F = (0,Q) coorser-
CTBEHHO MMEEM

/Pda::/bP(r(t))cosa(t)r’(t)|dt:/Pcosozds,

~

/dey:/abQ(T(t))COSﬁ(t)IT'(t)Idt=LQCOSﬂds,

rae cosa(t) u cosB(t) — HAmpaBIAIOIINE KOCHHYCHL €AUHHYHOIO Ka-
caTempHOrO BekTOpa &(t), T.e. £(t) = (cosal(t),cos B(t)). Dro mo3BO-
nger GpopMaTbHO HAIUCATh, 9TO dr = cosads, a dy = cos 8 ds. Te-
neph 3aMEeTHM, 9TO BHEITHAM BEKTOPOM HOPMAJH OyJeT BEKTOp 7l =
(cos B, — cos a). Torma s E = (R, T) noydum, 4ro

/Eﬁds:/(Rcosﬁ—Tcosoz)ds:/—de+Rdy.
v v v

3ameuanue. He Bcakas mHenpepsiBHO qud depeHnupyemast KpuBast siBJIsI-
ercst rmazkoit. Tax kpusas T = {(t%,%), t € [~1,1]} we sBnseTca rmamKoi,
xoTs1 oHa OeckomedHO muddepennupyema. [1aaKoCTh HAPYMIAETCS B TOYKE
t=0.

Broisicaum usnyeckuit cMbicsr KpuBosmHeHOTO nHTerpasa I poma.

[Tycrs Kaxaoit Touke M (z,y, z) HekoTopoit obaactn G C R? como-
crasnen sexktop F(M) = (P(M),Q(M), R(M)) € R®. B stom caydae
ropopat, uTo B obmactu G 3amaHo eexmophoe nose F(M). Kopoue,
BEKTOPHBIM 10jieM B (G HA3BIBAETCs MMPOM3BOJIbHAS BEKTOPp—(yHKIIHUS,
3asjannas B obaacti G, co 3HadvenusaMn B R3.

IIycts I' = {7(t); t € [a,b]} — menmpepsiBHO nubdepenEpyemast
kpusas (7(t) = (x(t),y(t), 2(t))), mexxamasa B G, u F — HempepbIBHOE
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BekTopHOe nojte B G. Haiinem pabory BekToprOro mois I 1o mepeme-
IMEHNI0 eIMHUIHON TTPOOHON YaCTHUIBI BIOIb KPHBOii I B HAIpaBIeHNH
BO3PACTAHMSA ITAPAMETPA.

Hanomunm, 4to ecim mose F HOCTOSHHO, TO NPH IePeMeIeHny da-
CTHIBI HA, BeKTOP d coBepmaeTcs pabora A = Fd.

Bosbmenm VT'[a, b] = {t;}L,. Cmemenne wactumpr 3a Bpemsa At; =
t; — tj_1 W3 TOYKH C PAAULyC-BEKTOPOM 7(t;_1) B TOUKY C PaImyC—
BEKTOpPOM 7(t;) Bmoib KpuBoit I' mponcxoqut Ha BEKTOP

AF(tj—1) =7(t;) — 7(tj—1) = (Ax(tj—1), Ay(tj—1), Az(tj-1)) =
(.’L‘/(Cl)At]‘,yl(Cg)Atj,Z/(Cg)Atj) =
(2'(c1), 9 (c2), 2 (c3)) Aty = 7 (tj_1)Aty,

T.e. CMellleHHe MPOUCXOIUT HA BEKTOP, KOTOPBIM MOXKHO CUUTATh IIPU-
OIIKeHHO PABHBIM BEKTOPY d; = 7 (tj, 1)Atj, U KOTOPbIHA ABJId4€TCd Ka-
CaTeJIbHBIM BEKTOPOM K KpuBoii I' B TOUKe ¢ paauyc—BeKTOpOM 7(tj_1).
Beugy mempepbIBHOCTH BEKTOPHOTO TOJA F' ero MOXKHO CYUTATH JIO-
KaJIbHO TTOCTOAHHBIM HA PACCMATPUBAEMOM y4aCTKe KPUBOIl M PABHBIM
F(7(tj—1)). CnemoBarensuo, paboTy Ha ITOM yHUacTKe KPHBOH MOZXKHO
CYUTATH TPUOIIMIKEHHO PABHOMN

Aj = F(7(tj—1))dj = F(F(tj-1))7 (tj-1)At;.

Torma paboTa BIOJbL BCEit KPpHUBOA

9TO SIBJSAETCS WHTErpaabHOi cymMMoit Pumana HempepbIBHOM Ha OTpe3Ke
[a,b] dyuxman F(7(t))7 (t). HockombKy mempepbBHas DyHKITHS HHTe-
rpupyema, To cymiecrsyer npezaen npu A(T) — 0 9Toii uHTErpasbHOi
CyMMBI M OH DABeH f: F(r(t))7 (t)dt = [ Fdr. IlosTomy ecrecrenno
onpenenuTh paboTy BEKTOPHOro moast F Baoab KpuBoi [ Kak KpHBO-
JIMHEHHBIN HHTerpat fF F dr.
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®Popmysa 'puna

Iycrs Ba mnockoctu R? 3adukcupoBaHa mpaBas CHCTEMa KOODIU-
Har u gaH koutyp I'. Hampasienme o6xoma KOHTypa IPOTHUB TacOBOI
CTPEJIKU HA3BIBAETCS MOJIOKUTEJbHBIM, & 10 YaCOBOI CTPEJIKE — OTPU-
nareabHbIM. st rnagkoro kourypa I' = {7(¢), t € [a, b]} 570 03HAUAeT,
4TO Mapamerpusanug 7(t) 3aJaeT MOJOKUTEIbHYI0 OPUEHTAIMIO, €CJIT
yropsiiodennas napa BeKTopos (7, &), rae i m & = 7 (t) /|7 (t)| — co-
OTBETCTBEHHO BHEIIHssl (10 OTHOIIEHUIO K KOHEYHOM 00JIACTH, OrDaHHU-
4YeHHO KOHTYpoM ') ejuHuYHas HOPMaJIb U €JIUHUYHbI KacaTe bHbLil
BeKTOp K I', mMeer Ty ke OPUEHTAIWIO, YTO U TMApa €IUHUIHBIX OPTOB
i

IooKuTeNHHO OpHEeHTHPOBAaHHbIH KOHTYp I obo3mauaerca I'F, a
OTPHUIATETHHO OPUEHTUPOBAHHbIN — depe3 ['~.

Yepez G+ u OG~ obosnagaercs MOIOKUTEIbLHAS U COOTBETCTBEH-
HO OTPHUIATEbHAS OPUEHTAIMs I'PAHUIIBI KOHEUHOH obOnactu G B Ciiy-
Jae, eciM ee TPAHMUIA SBJISETCS KOHTYPOM.

Onpenenenne 2. Ozpanuvennas samxnymas obaacmo D nasviea-
emcsa anemenmaproti omuocumenrvro ocu Oy, eciu

D ={(z,y)| = € [a,0], p(x) <y < ¥(2)}, ¢,9 € Cla,b]},

p(x) <(x), z € (a,b). _
Omnpegenenne 3. Ozpanuvennas 3amxnymasn obracmos G Ha3oviea-
emca anemenmaproti omuocumenvno ocu Ox, ecau

G={(z,yly€led, aly) <z <By} o b€ CCled},

a(y) < B(y), y € (¢, d). ) )

N3 onpenenenuit ciemayer, aro rpanuna 0F 3amkuyToil obnactu F,
3JIEMEHTAPHON OTHOCHUTEJILHO OJIHOU U3 OCeil KOOPAUHAT, ABJIAeTCd KOH-
TYPOM.

Onpegnenenne 4. Obaacms, IAEMEHMAPHAL OTMHOCUMENDHO 00EUL
oceli KoopouHam, HA3b8AENCA INEMEHMAPHOU.

DieMeHTAPHBIME OOJACTAMHU SBIASIOTCS, HATPUMED, TPIMOYTOIh-
HUK, TPEYTOJIbHUK, KPYT.
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OueBuHO, 9TO dIEeMEHTApPHBbIE 001acTH M3MepuMbl Mo 2Kopaany.
Teopema 2. Ilyemv D —  osjemeumaphnas  0baacmo
c KYCOUHO HENPEPLIEHO Jugpppepenyupyemots epanuyet,

P(z,y), Q(z,y), P)(x,y), Q,(z,y) € C(D). Tozda

// - P) dxdyf/87+de+Qdy.
D

HJokaszareuanctso. Beegem rouku A(a,¢(a)), B(b, p(b)),
Al(a,z/J(g)), Bl@7w(b)) (roukn A u Ay, B u B; MOTYT COBIaIaTh).
Yepes AB u A;B; 0603HaYMM OpHEHTHPOBAHHBIE KpPHUBbIE y = ()
u y = ¢(x) (opueHTAIMU MOPOXKIEHBI UX TIapaMeTpu3anueii) cooTBeT-
CTBEHHO, yKa3aB MX HAYAJBHYI0 M KOHEYHYIO TOYKH. Takum oOpaszom,

A\jB = {(LU,QD(QL')), T € [avb]}a AlvBl = {(3571/)(%)), x € [a‘vb]}
Paccvorpuwm sisoiinoii nnrerpan [ [ Py drdy. Tlockomsky 3amKmy-

Tasg ob6maacTh D 3JeMeHTapHa OTHOCHTeTbHO ocn Oy, To (CM. JeKIHio

13)
b ()
// dxdy—/ dx/ Py dy =
e(z)

(mpumensiem dbopmyny Heiorona—JleitGaura)
b b b
| (Plav@)-Pe.p@)ds = [ Plavta) da- [ Pl po) do =
/V Pdr — UPdJ;:—/V de—/v Pdz,
A{By AB BiA AB

(u6o AB = {(z, p(z)), x € [a,bl]}, AB; = {(z,¥(x)), © € [a,b]}).

WNurerpasnt
Pdx, / Pdx
BB, ATA

[0 BEPTUKAJIbHBIM OTpe3kaM BBy u A A paBHbl Hy/Ii0 (3TO HENOCpEI-
CTBEHHO CJIeJlyeT W3 onpejenenus unrerpaia, T.Kk. BBy = {(b,t), t

[o(b), 1 (b)]}, AAy = {(a.1), t € [p(a),¢(a)]}). Tosromy
—/B;AIde—/AvBPdm: —/85+de
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H, CJIeJIOBATETHHO,

//7P;dxdy:—/7+de.
D oD

IMockoIbKY D 3/1eMeHTapHa, 1 OTHOCUTEIBHO O, TO AHATOTMTHBIMI
PaCCyKICHUAMU MOJIYy4aeM, YTO

| ] @asts=[
D oD+
Teopema moxazana.

Pacopocrpanum 31y dbopmily Ha HECKOJIBKO OoJiee 0bIIne 00IacTH.

Eciu 3amkuyTas obracts D C R? taxosa, 9T0

1) D= U?zl Dj, D; — snevenrapubie o61acTH,

2) Ej MOTYT IIEPECEKATHCsI Pa3Be UTO IO 9aCTIM CBOUX TPAHMUIL, TPH-
9eM 9TU YaCTU T'PAHUI IPUHAIEKAT HEe Oojiee 4eM JIBYM OOJIACTSIM,
TO TOBOPAT, UTO 06IACTH 1D MOXKHO Pa3buUTh HA KOHETHOE HHCIIO dJIe-
MEHTapHBIX 00JIacTei.

I'panumna Tako#t ob71acTH MOXKeT OBITH IMPEICTABICHA KaK OObeaun-
HEHWe KPUBBIX, SBJISIONIAXCA YyIACTKAMK IPAHUI 3aMKHYTBIX 00JIacTei
Ej, 7 =1,2,..., k, npuHajyie;Kammx TOJbKO OJTHON U3 [MEPEINCICHHBIX
obsacreii.

Kax ciemyer m3 cpoificts Mepwl 2Kopmana, 06gacts D, KOTOPYIO
MOXKHO Pa30WTh HA KOHEYHOE UHCJIO IJIEMEHTAPHBIX 00JIaCTeil, m3Me-
puma o ZKopmamy.

IIpumep. Kompro K = {(z,y)| r? < 2* 4+ y? < R?} moxmo "paspesars"
orpe3kamu TipamMbix € = 0 u y = 0 Ha 4 s7memenTapubie obgactu. [Ipu 3Tom
MTOJIOXKUTEIHFHAST OPUEHTAIWST TPAHUIL SJIEMEHTAPHBIX 00JIACTel MOPOXKIJAeT
06X0T TPAHUITHI Koublla K. A mMeHHO, 06X0/ BHeNIHeil OKPY*KHOCTH OyeT
IPOTHUB YaCOBOY CTPEJIKH, a BHY TPeHHEN OKPYKHOCTH — II0 9aCOBOI CTPeJIKe.
Takyro OpueHTAIIIO TPAHUITHI KOJIHIIA HA3BIBAIOT MOJIOKUTEIbHON. IpyruMu
CJIOBaMu, IIOJIO2KUTE/IbHAAd OPUEHTALlUA I'DAHUIIbL KOJIbIIa 3TO0 COBOKYIIHOCTD
OpHUEHTAINI OKPY’KHOCTEH TaKas, YTO TPU UX 00XOJ€ B COOTBETCTBUU C BbI-
OpaHHBIMU OPUEHTAIUSIMU KOJIHITO OCTAETCS CJIEBA.
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Teopema 3. Ilycmv D — 3aMKEHYMaAA 02DAHUYEHHAA 00AGCTND,
KOMOPY0 MOACHO DPA3OUMB HA KOHEWHOE YUCAO IAEMEHMAPHHLT 00-
Aacmels ¢ KYcouHo HenpepueHo JuddepeHyupyemumy  2paHuLam,

P, Q, P}, Q,, € C(D). Tozda

// — P))dxdy = Pdz+ Qdy.
aD"
HoxazaTenanbcTso. B cuny aggurusHocTn naTerpanta Pumana
"W TEeOpeMBI 2

//5(Q ~P)) da:dy—Z// — P))dady =

Z/ Pd:z:+Qdy:/ Pdz + Qdy,
- D oD"

“OO MHTErPAJIBI IO ODIIUM yYIaCTKAM TPAHUI 00J1acTei ﬁj BCTPETATCS B
CyMMe JIBayK/Ibl ¥ C TPOTUBOIIOJIOXKHOI OpUEeHTaINel U, CIe0BATEIbHO,
B3AMMHO yHHHYTOM]KATCs (TIOJOKATEbHas opuenTarmusa 0D ToRuMaeTcs
B CMBICJIE PACCMOTPEHHOTrO Bbiie npumepa). Teopema jokazana.
ITpumep. IIpumennm dpopmyny I'puna qus map dyukmumit P =0, Q = x
u P = -y, Q = 0. C ygerom T0r0, 910 B 060UX Cydasx Q) — P, = 1, mueem

uD = // dxdy = xdy =-— ydz.
D oDt

3 mo/IyueHHBIX BHIPAYKEHUIA TIOJIyYaeM eme OAHy (pOpMyJy s TIIOLIAINA
objacTu:

— 1
uD:f/ rdy —ydr.
2 oDt

®opmyna I'puHa ocraercs CIpaBemTUBON W Ijisi 3aMKHYTBHIX 00JTa-
creft, TPaHUIbI KOTOPBIX COCTOAT U3 KOHEYHOrO YHCJIA MOMAPHO Here-
PECEKAIONIUXCs KYCOYHO HENPEPHIBHO A MepeHiimpyeMbiX 3aMKHY ThIX
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KPUBBIX (9TO YyTBEP:KIECHUE OCTABUM (€3 J0KA3aTe/NbCTBA). 3MECh TPe-
Gyercs MOFICHUTD, YTO IIOHUMAETCs M0/ HOJOKUTEIbHON (OTpunaTeib-
HOIT) opueHTanuell rpanuibl Takux obsacreil. [lycrs rpanuna oD orpa-
HUYEeHHO 3aMKHyTOf 06s1actu D cOCTOMT U3 KOHEYHOIO YMC/Ia, 110Iap-
HO HeIepeceKamonnxcss KOHTYpoB. llonoxknuTenbHOl opueHTalmei 0D
(B IpaBoii cucTeMe KOOPIMHAT) HA3BIBAETCS COBOKYIIHOCTH TAKUX OPH-
EHTAIWi TUX KOHTYPOB, 4TO MPHU OOXOJE KOHTYPOB B COOTBETCTBUU
¢ UX OpueHTaIuell MHOXkKecTBO [ ocraercs ciepa. IIpOTHBOIIOIOMKHAS
OpHEHTAallls HAa3bIBACTCA OTPULATEIbHON OpUEeHTanuen oD.
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JIEKITM ST 18
HOTeHI_[I/IaJIbHBIe BEKTOPHBbIE II0JId. KpnTepnn
IIOTEHIIUAJIbHOCTHU BEKTOPHOI'O IIOJId.

Ilycrs B obnactu E C R?*(R?) sanano sekropHoe noge a(z,y, z) =
(P(z,y,2),Q(z,y,2), R(z,y,2)) (a(z,y) = (P(z,y), Q(z,y))).

Omnpenenenne 1. Bexmoproe noae G Ha3vl6aemces nOMeHUUAAb-
HoM 6 obaacmu E, ecau cywecmeyem duddepenyupyeman Gynryus
u: E — R makas, wmo a = gradu, m.e. @ = (uy,uy,u’) (coom-
semcmeenno @ = (uy,uy)). OYHKYUA U HAZHEAEMCA NOMEHUUAAOM
6EKMOPHO20 NOAA .

IMorennuanbuocTs BekTopHoro nojis a = (P,Q, R) o3nadaer, 4ro
ppipazkenne P dr+Q dy + Rdz = uj, dx +wy, dy + v, dz = du sasnserca
muddeperiuanom HeKOTOpoil muddepeHupyeMoit (DyHKIUH .

Teopema 1. ITycmv nenpepusroe sexmophoe nose a = (P,Q, R)
nomenyuanoro 6 obaacmu E u u(x,y,z) ezo nomenyuan, a A u B
npoussosvhvie mouku E. Tozda das 410601 Kycowno HenpepwvieHo dudg-
pepenyupyemoti opuenmuposantoti kpueoti I' ¢ navarom 6 mouxe A u
KoHyom 6 mouke B, aeocawel 6 obracmu E,

Pdz+ Qdy+ Rdz = u(B) — u(A).
AB
Hoxazarennctno. Myers AB = {7 (t) = (x(t), y(t), 2(t)); t €
[a,b]} — mpowsBonbHAS HEMPEPHIBHO Aud depeHnnpyeMasi OpHeHTHPO-

BaHHAas KpHUBas C HAYAJOM B TOYKe A M KOHIIOM B TOYKe B, comepxka-
masgacd 8 F. Torna

/ Pdr+Qdy+ Rdz =
AB

b
/ (P(r()2'(t) + Q(F(1)y (t) + R(r(t))2'(t)) dt =
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(mpumensiem dbopmysy Heiorona—JleitGaurga)
u(r(b)) — u(7(a)) = uw(B) — u(A).

Eciu AB KyCOYHO HempepbIiBHO auddpepeHnupyemMas KpuBasi, TO
0003Ha4YMM 4depe3 Aj,lej, j=1....k, Ag=A,..., Ay = B ee uempe-
pbIBHO aud depeHImpyemMbie OpUeHTUPOBAHHBIE KycKu. B cury ompeme-
JIEHUsT KPUBOJIMHEHHOrO WHTErpaJia MO KYyCOYHO HempepbiBHO audde-
PEHIMPYEMOil KPUBOI U MOy YEHHOTO BBIIIE PABEHCTBA

k k
JIRLEDS /AA = 3 ulr(y) = urds-)) =

Teopema mokazana.

3ameuanmne. Jlokazannas Gopmysia SBIsseTCS pacnpocTpamnerHueM ¢Gop-
vyl Heorona—/Jleitbaunna Ha naTErpassl 1o KpusBbiM. elicTBUTEIbHO, YCI0-
BHe OTEHINAIHHOCTH TI0JIsI PABHOCUJIBHO TOMY, 4TO BhIpakenue Pdr+Qdy+
Rdz = du. Torma mosy<ueHHOe PaBEHCTBO MOXKET ObITH 3AIIMCAHO KaK

Pdr+Qdy+ Rdz = du = u(B) — u(A).

AB AB

Ouzmaeckmit cmbica Gopmyast [ @ dif = uSB) —u(A) — pabora moTen-
[IMAJILHOIO BEKTOPHOTO II0JIS G BIIOJIb KpuBOit AB paBHA Pa3HOCTU ITOTEHITH-
AJIOB B KOHEYHOU M HAYAJILHON TOUYKAX KPUBOM.

Teopema 2. /las mozo wmobv, HenpepuieHoe 6eKmMopHoe nose a =
(P,Q, R) 6viro nomenyuasvhom 6 obaacmu E neobrodumo u docma-
mouHo, 4mobwv, das mobur mouex A, B € E unmeepan I = fAVB Pdxr+
Qdy + Rdz ne s3asucen om kycowno nenpepveno duddepenyupyemot
Kkpueoti AB C E ¢ nauaiom 6 moure A u konwyom 6 mouxe B, a 3a6ucen
AUWD O HAUAADHOU U KOHUe80T moyex 3mol Kpusot.

HoxkaszatTeabcTs o. HeobxomumocTs cpaldy ke Caeayer nu3
TeopeMbI 1.
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Hocrarounocts. 3adukcupyem Touky My € E. I3 ycnosuii Teope-
MBI CJIeJIyeT, YTO PABEHCTBO

u(M);/M5 adr,

rie MoM — TIpOW3BONBHASL OPHEHTHPOBAHHAS KYCOUHO HEMPEPBHIBHO
muddepeniupyemas KpuBas, JieXKalias B £ U COeIUHSIONAs TOYKA
My n M, omHO3HAYHO ompeensier (pyHKnuio Ha MHOXKecTBe F. [Toka-
KeM, 410 u( M) dBisercs IMOTEHIMAIOM BEKTOPHOrO 104 a. s sToro
Hai/IEM ee Y9aCTHbIE IPOU3BOJHBIE B MPOU3BOJIBHON Touke M obsiactu
E.

ITockosbky E OTKpBITO, TO CymecTByer okpectHoctb U(M,§) C E.
Iycts M = M(x,y,2), My = My(z + h,y, 2), |h| < 8. Yepes MoMj,
0003HAYNM KPHUBYIO, COCTABIEHHAS M3 KYyCOYHO HEIpepbhIBHO mudde-
PEHIIIPYyEeMOit OPUEHTHPOBAHHOM KPUBOit M(;M , nexkarieit B F, u orpes-
xa M Mh, coeaunsttorero rouku M u My, (9T0 Takyio KpUBYIO BCETA
MOYKHO IPEIbABATH OCTaBUM 03 0Ka3are beTBa). Toraa

u(Mh)—u(M):/ ) (id?—/v adr =
Mo M, Mo M

/ adr — / adr =
MoM J MMy MoM

/ Eldf—F/ Eldf—/ ELd’FZ/ adr.
Mg MM, M My MM,

ITapamerpuzamus orpeska MM, umeer sus z = x + tby=vy, 2=
z, t € [0,h], ectmt h > 0 m t € [h,0], ecim h < 0. ITosromy (cumraem
JIJIs1 OTIpEeIENIEHHOCTH, 11O h > 0)

h
u(Mp) —u(M) :/ P(x +t,y,2)dt = P(x 4+ 0h,y,2)h, 0 <0 <1
0

(upuMenusM TEOpEMYy O CPEAHEM i MHTErpaja OT HelPEepPbIBHOM
dbyuknun). Cregosarenbho,

lim u(Mp) —u(M)

=P
h_}() h (x7y)z)7

125



T.e. u, = P. Anamormano mposepsercs, uto u, = @, u, = R. Teopema
JOKa3aHa.

3ameuyaHud.

1) Ycnosre HE3aBUCAMOCTH HHTErPaIa [ s G dF OT IyTH UHTETPUPOBAHNS
PaBHOCUJIBHO TOMY, YTO WHTETrPAJI IO JI000M 3aMKHYTON KyCOYHO HEIIPEPhIB-
"o muddepennupyeMoil KpuBoil paBeH HyI0. JleficTBUTE/IHHO, IIyCTh HHTE-
rpaJ mmo 1000t 3aMKHYTOH KPUBOi 00paIaeTcs B Hy/lb. PaccMoTpuM 1Ba HH-
rerpana [, - o adiu [, adF no kpusbiM, coepusiomyuy Touku A u B. Tlo-
KayKeM, 9TO TU WHTErPajibl PABHBI B MIPEIIOJI0KEHUH, YTO y KpuBbix AmB
u AnB ner o6mux rouex, kpome A u B. B srom cayugae ' = AmBnA Oyxner
kouTypom. Torga ¢ ommoii cropons! [, adif = 0 Kak MHTErpai 1o KOHTYDY,
a ¢ apyroit cropoust [ = [, o4 [p-, = [4v 5 — [4 5 Cnenoparensuo,
WHTErpaJibl 110 KPUBBIM AmB u AnB cosnazaior. B o6mem CIyvdae KPUBBIE
AmB u AnB MOryT HMETh O0mme yq9acTKu (Ha HUX MHTErPAJIbl COBIAIAIOT)
U TepeceKaThCst, 00pa30BhIBas MeTIu. Tak KaK MeT/IN SBJISIOTCS KOHTYPaMH,
TO ¥ I10 9TUM YyYaCTKaM KPHUBBIX WHTETPAJIbl OYIyT PABHBI.

O6parHoe yrBepKieHue cjiegyer u3 TeopeMbl 2 U 1, OCKOJIbKY B 3TOM
cnyuae [, Pdr+ Qdy + Rdz = u(B) — u(A) = 0, T.K. Qs 3aMKHYTOM
kpuBoii A = B.

2) B moka3aTenbCTBE TEOPEMBI OBLIO UCIOIB30BAHO TO, UTO JIOOBIE JBE
TOYKH 00/IaCTH MOXKHO CO€IWHHUTH KyCOYHO HenpepbiBHO muddepenmupye-
MOit KprBOii. JIeHCTBATEIHLHO, BO BTOPOM CEMECTPE OTMEYAIOCh (CM. JIEKIIUIO
1.36), 9TO ;BE TPOM3BOJIHHBIE TOYKH OOJACTH MOXKHO COEIWHUTH JIOMAHOH C
KOHEYHBIM YHUCJIOM 3BEHbEB. [IpM 3TOM JIOMAHYIO BCErJa MOMXKHO B34Th 0e3
TOYEK CAaMOIIEPECEYeHrsl, a TaKas JIOMaHasd ABJISAETCH KYCOYHO HEIPEPBHIBHO
g dbeperupyemMoit KpUBOU.

YcaoBue MOTEHTTNATTHLHOCTH BEKTOPHOTO TIOMS, COEPIKAIIEECS B TEO-
peme, TpyaHONpOBepsemo. Ha mpakTuke ymo0HO MOJb30BATHCS TEOPe-
MO, IPUBOINMON HUZKE.

Teopema 3. las mozo wmobov, Henpepviero duddepenyupyemoe 6
wape B sexmopnoe nose a = (P, Q, R) 6vu.10 nomenyuaibroim Heobro-
dumo u docmamouro, wmobv, 6 wape B eévnoanasucy pasencmea:

el ! pl /I pl
Py_Q:E,Qz_Ry7RZ_PZ‘
HoxaszatenascTs o. Heobxomgumocts. IlycTs mome a moren-

nuanbHo B B, Te. cymecrsyer dynkuua u € D(B), 4. up = P, uy, =
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Q, v, = R B. Ilo ycnosmio Teopemsr 3P, Q). € C(B). Ho P, = uy,,
a Q) = u).. CnenoBarensro, ul,, u € C(B). Torna no treopeme o

yz* zyr “yzx
paBeHCTBe CMellaHHbIX IPOU3BOIHLIX u/ = u!' B B, cienoBaTelbHO,

x xr
uMeeT Mecto pasencrso Py = Q. OCTaBLZT/_H/IeCHyCOOTHOLHeHI/IH npoBepsi-
IOTCS AHAJIOTHYIHO.

Jlnst HeBOMBIIOTO COKPAIEHUS BHIKJIAIOK JOCTATOTHOCTD TOKAKEM
JJIst IByMepHOTO ciydad. Ilycts Touka My (zo,yo) € B aBngercs meH-
Tpom mapa, a rouka M (x,y) € B — npoussosbua. O603HaUMM depes
MM JIOMAHYIO U3 2-X 3B€HLEB MM u M;M, rue My (z,yo), uapan-
JIGIBHBIX OCAM KoopamHAaT. TTokaxkem, 910 (byHKIHs

u(:c,y):/u de+Qdy:/ ) de+Qdy+/u Pdz+Qdy
Mo Mo M, MM

SIBJISIETCS TIOTEHITMAIIOM BeKTOpHOTO moJist @ = (P, Q).

Hockonsky MoM; = {(t,y0), t IPUHAILIIEKUT OTPE3KY C KOHIIAMH
B TOYKAX Lo U T}, a MM = {(z, s), s UpUHAJIEIKUT OTPE3KY C KOHIA~
MU B TOYKAaX Yo U Y}, TO HOJIaras JJis ONPENEJEHHOCTH, 9TO & > Ty U
Yy > Yo, AMEEM.:

x y
u(,y) = / Pt yo) dt + / Qla, s)ds
ZTo Yo

Haiinem ). @uxcnpyem y: byuxkums u(x,y) xkak dyHKIUS nepeMmeH-
HOil T ABJIAETCA CyMMOW WHTETPAJIa ¢ TIePEMEHHBIM BEPXHUM TPEIEIOM
U MHTErpajia, 3aBUCAIIEro oT napamerpa =. Ha ocnoBanuu npasuJt aud-
dbepennupoBanus MHTErpasIoB Takoro Buaa (reopema 2 Jyiekiyu 1.26 u
TeopeMa 1 jiekimn 7)

y
ul(z,y) = P(z,y0) +/ Q. (z,s)ds =
Yo
(mo ycmosuio Q;, = P;)

Y
= P('rayO) + P;(.T,S) ds = P(J?,yo) —‘rP(Z‘,y) _P(xaQO) = P(J?,y)
Yo
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(Bocnosb3oBasuck dhopmyiioii Herorona—J/leiibuuia).

Temnepy Haitmem u’y Ilns atoro ¢durcupyem z. Torma ¢yHKIHS
u(x,y) Kak QyHKUUs NEePEMEHHON Y $BJLETCH CyMMON HOCTOSHHON U
WHTErpaJsa C nepeMeHHbIM BepxuuM mpejesnoMm. [Toaromy

uy (2, y) = Q(z,y).

Hakonern, n3 moKa3aHHBIX PABEHCTB W YCJOBUU TEOPEMBI CIIEIYeT,
9TO JYaCTHBIE TPOU3BOIHBIE (DYHKIINK U HEMIPEPBIBHBI U, CAEI0BATETHHO,
dyukuus v € D(B). Teopema nokazana.

3ameuanue. B nokasaresncTBe HEOOXOIUMOCTU HUTIE HE UCIOJIbL30Ba-
JIOCh, YTO BEKTOPHOE TTOJI€ 33/IaHO0 B IIape, T.e. HeOOXOIMMOCTh CIIPaBeInBa,
ass m06bix obnacreit. CiieoBaTesibHO, PABEHCTBA

P = Qi Q.= R, R, =P

ABJIAIOTCH HEOOXOOMMBIM YCJIOBUEM IIOTEHIMAILHOCTU HempephIBHO audde-
PEHIMPYEeMOT0 BEKTOPHOTO IoJist B j1i060i obsactu. B nBymeproMm ciywae
HeOOXOMMOe YCJIOBHE MTOTEHIIMAILHOCTH BEKTODHOTO IIOJISl 3ANUIIETCS KaK
P - Q..

IIpuBenennble TeOpeMbl 2 M 3 JAIOT KPUTEPHUH TOTO, YTO BBIpAYKEHINE
Pdx + Qdy + Rdz asasercs nomusiM muddepennnaiom.

IIpumep. IIycrs a=grad(arctg(z/y)). Borancamm frp @ dF 1o OKPYKHO-
cru I', pamumyca p ¢ meHTpOM B Hadajie KOOPAWHAT, npoberaeMoil npoTus
JacoBOi cTpesku. Vmeem

P = (arctg(z/y)), = I (i/y)Q% =2 iyz’
Q = (arcta(@/), = (oo~ 8) =~

Jlerko y6emntnest, wro P, = Q) 8 R?\ {(0,0)}. Ho umrerpan mo mo6oit
OKDPYZKHOCTH C IEHTPOM B Ha4YaJie KOOpAWHAT OTJIMYEH OT HYJId. ﬂel‘/’ICTBI/I—
TespHO, IycTb I')y, = {(pcost, psint), t € [0,27]} mOIOKHUTEIHHO OPUEHTHPO-
BaHHAsI OKPYKHOCTH pajmyca p. Torma

Pm+Q@:/ Y T dy=
T

dx —
r, pm2+y2 $2+y2
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27
= / (sint(—sint) — costcost)dt = —2m # 0.
0

Cramo 6biTh, BekTOpHOE TONIEe & = (P, Q), ompemenennoe m GecKoHEd-
o muddepermupyemoe 8 R? \ {(0,0)}, He @BIgercs MOTEHIHATBHBIM B
JI06OH 1IPOKOJIOTOI OKpecTHOCTH Hadaja KoopiauHatr. Ormerum, 4ro dyHK-
mus u=arctg(x/y) HE MOXKeT OBITh TOTEHIMAJIOM BEKTOPHOTO TIONsS 4 B
R?\ {(0,0)}, ubo dbyukuus arctg(z/y) me ompemenena B Toukax suma (x,0),
z € R.

129



JIEKIINA 19
ITnomaapr moBepxHocTu IloBepxHOCTHBI MHTerpaJ 1 pona.
Opuenranus rJIaJKoi moBepxHocTu. IloBepXHOCTHDI
uaTerpaJ Il poxa

[ycrs mana rnagkas nosepxuocts S = {7(u,v); (u,v) € D}, rae
D C R? — zamxuyras u msmepumas 1o sKoppany obmacrs. Bosb-
MeM paszbuenme D, 06pa30BaHHOE TPAMBIMI, TTAPAIICTLHLIME ocaM Ou
u Ov, 1 paccMOTpuM Gpychl pa3bUenus, meJnKoM Jexamune B D (Ta-
Kue OPyChl BCETJA CYIIECTBYIOT, €CIU TUaMeTp pa3dueHus: JOCTATOYHO
mai). Ilycrs P;; onue m3 Takux GPYyCOB U [JIMHBI €T0 CTOPOH PABHBI
Au; u Av; coorsercrenHo. [Ipu orobpazkenuu 7(u,v) 3TOT IPIMO-
YTOJBHUK OTOODPA3UTCs B KPUBOJMHEHHbIH "werbipexyronbuuk" 7(P;;)
Ha, TIOBEPXHOCTH S, 00Pa30BaHHBIN MepeceueHrneM COOTBETCTBIONINX KO-
opaunarubx nuuuit. Iycrs M;;(u;, v;) — neBas HUZKHsS BepruuHa Pj.
Beuny muddepenuupyemoctu 7(u, v):

F(ui + Auy, ’Uj) — f(ui,vj) = f;(Mij)Aui + O(Aui), Au; — 0,
f(uz-, (] + A’Uj) — F(ui, ’Uj) = f;(Mij)A’Uj + O(AU]'), A’Uj — 0. (10)

U3 (10) cremyer d9To mapasuieiorpamMM, HATSHYTHIA Ha BEKTOPLI
7, (M) Au; u 7, (M;;)Avj, MaJIO OTIXIAETCS OT KPUBOIHHEHHOrO "Ie-
terpexyromsauka 7(P;;). O6o3HaduM depes 0;; MIIOIIALb STOrO Hapal-
nenorpamma. Torma

0ij = 70, (Mij) Ay x 7 (Mig) Avj| = |7, (Mij) > 7, (M;j)| Aui Avy =
|7 X 7y [ (Mij) P
Oupenenum mromiaab (Mepy) S mMoBEpXHOCTH S Kak

- . —/ —/ . S . .
ps = Ml%ggoz;;lm X 7| (Mij)pPiy = A(ITI?LOZ;;%-

Crogmas 1o 3HaKOM Ipeesia CyMMa ABJISETCA HHTerPaIbHONR CyMMO
st byHRIMM |7, X 71 |o — npomonkenust byHkunm |7, X 7, | Hynem ¢ D.
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Hockomsky D wamepuva no 2Kopaamy, To dyakmus |7, x 7| € R(D)
Kak HenpepbiBHag GyHKIUA. [[03TOMY HAIIMCAHHBIA IIPEIEN CyIIeCTBY-
er u pasen [ [5 |7, x 7| dudv.

Onpenenenne 1. Ilrowadvro zaadkoti noseprHocmu S =
{F(u,v); (u,v) € D}, 2de samxnymas obracms D usmepuma no XKop-
04y, HA3BIBACTNCA BEAUNUHG

MS://_ |77, x 7| dudv.
D

Tak xax |7, x 7| = VEG — F?,tne E =7, 7, G=7,F,, F =T

! =l
v u’r'U
(cm. seknmio 16), To

uS:// vV EG — F2 dudv.
D

Buipazxenue |7, X 7, | dudv = VEG — F? dudv na3pBaercs dugie-
PEHUUAAOM TA0ULGIU NosepTHocmy S u obo3HadaeTcs dS.

Ecmu nosepxnocts 3ajana B Buje 2 = f(x,y), (z,y) € G (3amkmy-
tag obnacts G m3mepuma no 2Kopaamy), To (cM. aexmmo 16)

uS = // \/1+ )2 + (f1)? dady.

Yro6b! OmpeaesIeHne IO TOBEPXHOCTH OBbLIO KOPPEKTHBIM, Ha-
JI0 TIOKA3aTh, YTO IJIOIIA/IH HE 3aBUCUT OT apaMeTPU3AINU TTOBEPXHO-
cru. Iyers S = {F(u,v), (u,v) € D} — menpepsBHO muddepeHIm-
pyeMasi MOBEpXHOCTh W 3aMKHyTas u3dmepumas 1o 2Kopaany obractb
D aBnsiercs 06pa3oM 3aMKHyTOll m3mepumoil mo yKopmamy obsacru
D’ (D n D’ — 3ambrkanmus obmacteit D w D) mpw HempepwIBHO mwd-
dbepermupyemom orobpawenun (s, t) = (a(s,t), 8(s,t)). Ilycts mpu
3TOM A 0TOOpaskaeT B3amMHO OJHO3HATHO 3aMKHYTyIO obaacTh D’ Ha,
D(a, B)
D(s,t)’
D’. Bekrop—bynxman 7(u,v) n p(s,t) = 7(a(s,t), B(s,t)) HazBIBAIOT-
s SKBUBAJCHTHBIME TIAPAMETPU3ANMAMU moBepxHocTH S, a A(s,t) —
[JIaJIKOI 3aMeHOl napamMeTrpa.

3aMKHYTYIO objactb D ¢ SKOOmaHoM OTJINYHBIM OT HYJIA B
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Jlemma. Ecau sexmop—dpynryuu 7(u,v) u p(s,t) asasomes sxeu-
BANEHMHBLMU NAPAMEMPUSAYUAMU NOGEPTHOCMAU S, MO

S DB)
/ / — ! / Y 11
Ps X Pt Ty X Ty D(Sﬂf) ( )

20e wacmmvie npoudeodnvie pl, u P, e3amos 6 mouke (s,t), a 7., u ¥, —
6 mouke (a(s,t),B(s,t)).
HokazaTeascTso. B cury nemnoro mpasuma

— — ! — —
pl's(57t) = (T(O‘(Svt)7ﬁ(s7t))s = T; : O/s + 7"; : ﬁ;v
pr(s,t) =Ty -y + 7, - By
Orciona
Py X py = (7, - ol + 7, - Be) X (T, - o + 7, Bf) =
P X Falial + Tl % Tl )+ T X T80+ 7 X 5L =
T, X TLalBy — T, X T Blay =
—/ —/ D(a’6>

= X —_—.
" D (s, 1)

/
oy oy

By B

Jlemma gokasama.

I/IHBa,pI/IaHTHOCTb IJIOMIQ N ITOBEPXHOCTHU OTHOCHUTEJIBHO FH&,Z[KOI‘/JI
3aMEHbBI TapaMerpa CPaly CiaeayeT U3 JOKA3AHHON JIEMMBI U TEOPEMbI
0 3aMeHe IePeMEeHHON B KPATHOM HHTerpaJie.

3 dpopmyunt (11) Takzke ciepyer HE3aBUCUMOCTD OT 3AMEHbI 11apa-
MeTpa ONpeNeJIeHN KaCaTeJIbHON MIOCKOCTA W HOPMAJIM K TTOBEPXHO-
CTH.

IloBepxHOCTHBIIT nHTerpaJa I pomaa

Mycrs S = {7 (u,v) = (x(u,v),y(u,v), 2(u,v)); (u,v) € D} — rnazs-

Kas [OBEPXHOCTb, 3aMKHyTag obiacrs D C R? usmepuma no 2Kop-
nawny, F(x,y,z) — dyukums, venpepsiBHas Ha S (torma F(7(u,v)) =
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F(z(u,v),y(u,v), 2(u,v)) € C(D) Kak KOMIO3UIHSA HEMPEPLIBHBIX
dbyukuuit).

Onpenesnenne 2. [oseprrnocmuvim unmezpasom I poda dynryuu
F no noseprnocmu S Hasvieaemes 6eAuwuHa

/ /f (z.9,2)d5 = / /BF(f(UaU))\/Wdudv.

M3 jleMMbI CJIe/lyeT, 4ToO HOBEPXHOCTHLIH uuTerpas I poja He Mens-
eTCa TIPH TVIQJKHUX 3aMEHAX MapaMeTpa.
Ecm F=1wma S, 10 [ [4dS= [ [5VEG— F?dudv = puS.

Jlns nosepxuoctH S, 3a1anHoil ypasaenuem z = f(x,y), f € C1(D)

//SF(x,y&)dS://5F(x,y,f(x,y))\/1+(fg’C)Q—i—(f:;)dedy.

Cuteryst obiieit cxeme, MOBEPXHOCTHBIN HHTErpaJt I poja MOKHO BBe-
CTH KaK WHTErpaJl M0 MHOXKECTBY S C TIOMOIIBI0 MHTErPAIBHBIX CYMM
Pumana (misg 3Toro Tpebyercst ornpejeseHue mIoma u NOBEPXHOCTEH,
9T0 OBLIO CeJIaH0). MOXKHO I0Ka3aTh, 9TO IIPU CAETaHHBIX PAHEE IIPe/I-
MTOJIOYKEHUSIX TAKOe ONpeiesieHre COBIAIAET C TPUBEIEHHBIM Bbie. K
[TOsIBJIEHUIO KPUBOJMHENHBIX HHTErpasioB I poma npuBoauT 3a/1a49a BbI-
YHUJIEHUS MACChL IIOBEPXHOCTHU C JAHHON IIJIOTHOCTBIO.

OpI/IeHTaI_II/ISI I‘JIa,E[KOﬁ IIOBEPXHOCTHA

ITycrs 3amana rmnagkas mnoeepxaocth S = {F(u,v) =
(z(u,v),y(u,v), 2(u,v)); (u,v) € D}, D — samxmyTas 06IaCThH
5 R? Kak 6bwto mokasano pamee (cM. jgexmmio 16), B KazIoif
TOYKE IOBEPXHOCTU S MMEIOTCA POBHO JBE €JMHHUYHBIE HOPMAJIHM
n= (7, x7)/|F x| uv=—(F,x7)/|F, X 7|, KOTOpbIe SABIIOTCS
HeNpepbIBHBIMKI DYHKIMAMEI napaMerpos u 1 v. Jdus ymobersa Gymem
FOBODPHUTH, YTO YKa3aHHbIE HOPMAJIH HEIIPEPHIBHBI HA MOBEPXHOCTH S.

Onpenenenne 3. Beakas Henpepuienas HOPMAAL HG 2460K0T No-
seprrocmu S Ha3weaemces ee opuenmayued.
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Takum obpazom, JTr00ast TIaaKas TOBEPXHOCTH NMEET IBE OPHUEHTA-
uun. IloBepxHocTh, obasaionye 3TUM CBOWCTBOM, HA3BIBAIOTCA 06y-
CMOPOHHUMU.

Omnpenenenne 4. [loseprrocmsb, wa Komopotl 6bOPaHaG OpuEHMa-
YUA, HA3VBAEMCA OPUEHMUPOBAHHOT noseprrocmuro. Iloseprrocms,
HG KOMOPOT MONHCHO 6bOPATNL OPUEHMAUUI, HA3BBAEMCA OPUEHMU-
pyemoti.

Kak m B cimygae kpuBbIx, OyeM mojaraThb, 9TO JaHHAS TapaMeTpPHU-
sauus T(u,v) MOBEPXHOCTH S OLpejessder ee OPUEHTALMIO, & UMEHHO,
YTO OPWEHTAINS 33JAeTCA €IMHWIHON HOpMAamblo 7i. Tak OpMeHTHpO-
BaHHYIO TWIaJKyI0 oBepxHocTs S = {7(u,v); (u,v) € D} Gyaem 06o-
snagars ST, [loBepxXHOCTH, Ha KOTOPOil BLIOpaHa eJUHIIHAS HOPMAaJIb
v, obo3nagaercd S~ .

IMycrs rnankas nosepxHocrs S 3azaercs ypasuenuem z = f(z,y),
f € CHQ). Toraa emuHuuHO HOpMAIbIO 7 K S /7S TapaMeTpU3aInm
7(u,v) = (x,y, f(z,y)) Gyner BekTop (CcM. JNexImO 16)

n = - f:/c y f; 9 1
VIFUER DR LU+ ()7 L+ (2 + ()
CnenoBarennHo, cosm = ! > 0, T.e. e UHUYHAA
VIR + ()2

HOpMaJIb 7o 00pa3yer ocTpsiit yroi ¢ ocbio Oz. IToaromy roopsit, 9o
15l LIOBEPXHOCTH, 33JaHHOM ypaBaenueM z = f(x,y), HOpMaJib 72 oupe-
JIeJISTeT BEPXHIOK CTOPOHY MOBEepXHOCTU. COOTBETCTBEHHO HOpMAJb U
3aJaeT HUYKHIOIO CTOPOHY JAHHOM MTOBEPXHOCTH.

3ameuanue. Ilycts mosepxuoctu S1 u S2 3a/IaHBI COOTBETCTBEHHO yPaB-
menusvu £ = ¢(y,z) n y = h(z, z) (pyukuuu g u h nenpepoisro nuddepen-
IUpPyeMBbl B HEKOTOPBIX 3aMKHYTBIX 00/1acTaX). IlocMOTpIM, KaKue OpuenHTa-
UM 9THX MOBEPXHOCTEH 3amaror napamerpusammn 71(x,y) = (9(y, 2),y,2) u
7oz, 2) = (z, h(z, 2), 2). meem

(fl)ly = (9;7 170)7 (’Fl)/z = (92707 1) = ]\71 = (Fl); X (7:1); = (17 _g;v _g;)

(F2)e = (1,h%,0), (72)2 = (0,h,1) = Na = (72); x (72). = (hi, —1,h%).
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IockombKy y BekTOpa N MOJIOKHTEIHLHA IepBas KOOPAMHATA, & ¥ BEKTOPA
N, orpuiaTesbHa BTOpasi KOOPIUHATA, TO €IMHIYHAL HOPMAJIb 7, = N1 / |N 1|
obpasyeT oCTpEIil yroa ¢ ochio O, a eIUHWYHAs HOPMATb N2 = N2 /|Na,
obpa3zyer Tymoi yroj ¢ ockio Oy.

Yrober m ypasaerme y = h(x, z) TakzKe OMPeIENsIO0 MAPaMeTPH3AIHIO,
JUTsl KOTOPOH eIMHMYHAsT HOPMAJIb fl2 06pa3yeT oCTphIi yroa ¢ ockio Oy, Ha-
J10 B KAQ4eCTBE LIapaMeTPOB B3ATh ylOPaJO4eHHYIO napy (z,z), a me (x,z):
p2(z,x) = (z,h(z, 2),2). B atom cayaae (p), X (p)y = (—hy, 1, —h.) u, cre-
JIOBATEJILHO, JIJIA TAKOW TTApAMETPU3AIAN € TMHITIHAS HOPMAJIh 06pa3yeT 0CT-
psiit yroat ¢ oceio Oy.

ITpumep. Ilycrs noBepxHOCTh S SABAAETCH YACTHIO IJIOCKOCTU — + Y +
z — 1 = 0, yposierBopsomeii nepasencream ¢ < 0, y > 0, z > 0. D1y
TTOBEPXHOCTH MOYKHO 33,/1aTh ypaBHEHUAMHU 2z = x—y+1ux = y+2z—1. Toraa
nmapamerpusanun 7(x,y) = (z,y,z—y+1) n71(y, z) = (y+z—1,y, z) 3amaior
pasHbre cTOpOHb! mosepxuoct S, u6o N = (—1,1,1), a Ny = (1, -1, —1).

IToBepxHocTHBINT mHTerpat II pona

IIycrp  rnagkass — nosepxHocTH ST = {7(u,v) =
(z(u,v),y(u,v),2(u,v)); (u,v) € D}, rne D 3amxuyTas wu3-
mepuMas 1o 2Kopzany 0061acTb, OPHEHTHPOBAHA C  IIOMOIIBIO
Hopmanm 7 = (7, x 7)/|F, x 7,]. Ilycrb eme nasbl yHK-
wu P(x,y,z), Q(z,y,2), R(x,y,z) € C(S) (rorma dyukuuu
P(7(u,v)), Q(F(u,v)), R(F(u,v)) € C(D) KaK KOMIO3HINN HEIPEPbIB-
HbIX DyHKUWT).

Onpenenenne 5. I[loseprrocmuvimu unmezparamu I poda no
opuenmuposannoli noseprrocmu ST HA3BIEAIONCA GEAUNUNDL

/[ﬁ P(z,y,z)dydz = //SP(;g,y,z) cos (1, ) dS,

/SJery’ dzdx_//Qx% ) cos (n E)dS

// (z,y,z dxdy—// (z,y,z) cos (i ,l_c)dS
S+
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Ecnmu moepxuocTh S OTpUMIIATENHHO OPHEHTHPOBAHA, TO B OIpe-
JeJIeHN WHTErPaJIOB BMECTO HOPMAaJIW 7 HAAO0 B3ATH HOPMalb U =
iy iy iy Sy

—n. THockombky cos(—f,i) = —cos (7, i), cos(—f,j) = —cos (7, ]),
cos (—n, k) = —cos(n,k), 0 [ [« = — [ [¢+, T npu u3menenun

OpHWeHTaIuu moBepxHocT uHTerpaJ 1l posa MeHsier 3HaK HA TPOTHBO-
MOJIOZKHBIN.

Temepnb BbIACHUM, KaK BJIHSET HA MOBEPXHOCTHBIN mHTErpas 11 pomxa
3aMena mnapaMerpa. Jlemma u3 Hadasa JIEKIUU IPUBOAUAT K CJIE/LyIOIIe-
MY OIpEIEIeHNIO.

Omnpenenenne 6. 3amena napamempa coOrpaHAem OPUEHMAYUUIO
2A00K0T NOBEPTHOCTNU, €CAU AKODUGAH 3AMEHDL TLOAOACUIMENEH; 3AMEHA
NAPAMEMPL MEHAEM OPUEHMAYUIO 2400K0T NOBEPTHOCTIU, ECAU AKOOU-
A" 3GMEHDL OMPUUGTNENEN.

Mozkuo mokazarh (He OyZeM Ha 9TOM OCTAHABIMBATHCA), YTO MPU
3aMeHe MapaMeTpa, COXPAHSIONIEeH OPUEHTAINI0 TTOBEPXHOCTH, IIOBEPX-
HOCTHBIM mHTerpaJi Il poma He MeHsieTcs; TpU 3aMeHe MmapaMeTpa, Me-
HHAIOIIEH OpueHTanuio, nopepxuoctubril narerpast II poga mensier 3mak
Ha IIPOTUBONOJIOZKHBINA.
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JIEKIINA 20
Popmysabl i BBIYUCIEHUI MMOBEPXHOCTHBIX MHTEerpaJion 11
pona. Pusmdeckuii CMbICJI MOBEPXHOCTHOTO MHTerpaJsa 11
pona. @opmyia 'aycca—OcTporpaackoro. /luBepreuius u ee
dbusuyeckuii cMmbic.

BcmomuunMm, 9To

__mxr 1 (D(2) D) Dy
T <l <] \Dlue) Do) D))

ITosTomy

// P(:c,y,z)dydz://P(x,y,z)cos@dS:
S+ S
1 D(y,z) - _
// 7 XT’\D(u,v)‘T“ X 7| dudv =

_ D(y,=2)
//EP(T(u,U))D(U,’U) dudv.
Anajiornano

/ . Q(x,y,z)dzdac//DQ(F(u,v))gEziz; dudw,
(z,y)

/ .. R(m,y,z)dxdyz/éR(F(u,v))g(Z:z) dudw.

Hanpumep, eciu mosepxHocTh S 3ajana ypasuenueMm z = f(x,y),
re. 7(u,v) = (u,v, f(u,v)) (HonoKMIM T =u U y = v), TO

!
7 x 7|

(7f1/u 7f1/;7 1)

3

CureioBaTesbHO,

//S+ P(z,y,z)dydz = —//ﬁP(u,v,f(u,v))f;(u,v)dud@,
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//S+ Q(z,y, z) dzda = _//ﬁQ(U,U,f(u,v))f,’,(u, v) dudv,

//,s+ R(x’y’z)dmdy://ER(U,%f(uw))dudv.

Pusudeckuii cMBICJI TOBepXHOCTHOTO mHTerpaJjia I1 poaa

IIycts 3amam0 MOCTOSAHHOE BEKTOPHOE MMOJe ¥. MOXKHO CIATATH, 9TO
U — 9T0 1I0JIe CKOPOCTEH yCTAHOBUBILEIOCH TEYEHUs KUAKOCTU (Uiiu
rasa). BeraucanM o0beM KUIKOCTH, TPOTEKAIOIUI Yepe3 JaHHYIO CTO-
POHY TJIOIMIAQIKY S B €IWHUILY BPEMEHU. DTa BEJIMUNHA HA3BIBAETCS N0-
MOKOM BEKTOPHOTO TIOJIs depe3 S.

[Tycrs mnomaaka S sBISIETCS TAPAJIETIOrPAMMOM, HATSHYTBIM Ha,
BEKTODbL 71 U T2, & CTOPOHA ILJIOMIAJKHA ONPEIESISeTCH eIMHUIHON HOP-
Masbio . O6beM KUIKOCTH, TPOTEKAIOIINI Yepe3 S 3a eIWHUIY Bpe-
MEHU, PABEH 00bEMY MapaJIIECIENUNe a, HATSHYTOTNO Ha, BEKTOPHI 1, T
u U, a moTok Il »KUIKOCTH B CTOPOHY HOPMAaJU 7. PABEH OPUEHTUPO-
BaHHOMY OObEMY MapaJsiiesenulie/1a, HATSHYTOrO Ha 3T BEKTOPBI, T.€.
TOTOK o

I = |/ X Falh = |F1 X 72||0] cos (0,7) =
un
el

|71 x 72|7] = |F1 X 72|0R.

IIycts Temeps B obmact V' C R3 3amamnl HempephIBHOE BEKTOP-
woe nosie @ = (P,Q,R) u Tiajkas OpUEHTUPOBAHHAS MNOBEPXHOCTb
St = {F(u,v); (u,v) € D}, D — 3amKkHyTaa u3mepumas mo 2Kopaamy
obracts B R2. Bozpmenm pazbuerne D, 06pa30BaHHOE IPIMBIMHE, HAPAJI-
senbabivu ocsaM Ou u Ov, 1 paccMoTpuM OpyChl pa3bueHusl 1ETUKOM
nexxkarmme B D (Takue GpyChI Beera CyIecTBYIOT, eCIi AnaMeTp pa3tu-
€HHsI TOCTATOUHO MaJ). IlycTts P;; OquH U3 TakuxX OpPyCcOB U JJIHHBI €r0
cropou pasubl Au; u Av; coorBercrBeHHO. IIpn oTo6paxkenun 7(u,v)
STOT MPAMOYTOJBHUK OTOOPA3HTCA B KPUBOJMHEHRHBIH "€ ThIPEXyTOTh-
Huk" S;; = 7(P;;) Ha moBepxHocTH S, 00PA30BAHHBIA IepeCeIeHHEM
COOTBETCTRIOMINX KOOpAMHATHBIX jmHmit. IIycrs M;;(u;,v;) — mnenas
HUYKHASA BepuuHa Fj;.
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Tak Kak BEKTOpHOE IMOJie & W eJIMHUYHAsS HOPMAaJsb 7 HENpepbIB-
HBI Ha S, TO X MOXKHO CYATATH JIOKATHHO HOCTOSHHBIME Ha T(FPj;) u
pasubiMu a(7(M;;)) u a(7(M;;)) coorBercrenno. [lorok II;; qepes S;;
MOKHO CHUTATh DABHBIM IIOTOKY 4€Pe€3 IAPaJLIeJOrPaMM, HATSHYTbLi
Ha BekTOpbI 7, (M;;)Au; n 7, (M) Av;:

Il = |7, (My;) x 7, (M) |a(r(M;;))n(F(Miz)) Au; Avg
IloaToMy Bech mMOTOK

=37 3 a(r(Mi)a(r(Mi) 7 x 74| (Mig) Aus Av.

OTa cyMMa, SABJISETCS WHTEIPAJBHON cymMmoit Pumana mjs mpomosrke-
Hud byskunu an|r, x 7, | gynem ¢ D. Ilockonbky an|7,, X 7, | uaTerpu-
pyema Ha D Kak HempepbiBHAS (DYHKIHSA, TO CYIIECTBYET

lim Zza(f(Mz‘j))ﬁ(f(Mij))m x 7| (Mij) Aui Avy =

MT)—0

//ﬁc‘t(?(u,v))ﬁ(f(u,v))mxf{,|dudu://saﬁds.

Omnpenenenne 1. ITomokom HENPEPHLEHO20 BEKMOPHOZ0 NOAA G =
(P,Q, R) uepes cmopony eaadkotli noseprrocmu S, onpedessemyro edu-
HUMHOT HOPMAADIO Ti, HA3BLEAEMCS YUCO

II

//dﬁdSz//(Pcos(ﬁ/,\f)+Qcos(ﬁ/,7)—|—Rcosﬁ)dS,
S S

—

2de n = (cos (n, 1), cos (7, ), cos (n, k)).
Popmysna I'aycca—OcTporpaickoro

IIycrs V — zamknyras obnacts B R?, D C R? — 3aMmknyTas us-
mepumas 1o ZKopmany obiacts ¢ rpanuteit 0D, siBsiomeics rIagKoi
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kpuBoii. IIpeamonoxum, aro rpanurna 0V obmacru V' cocrour uz 2-x
IIQKUX TOBEPXHOCTEH S1 U So, 331aBAEMbBIX YPABHEHUAMUI

z=o(x,y), z=1(z,y), p.1b € C'(D)

", OBITH MOKET, MTOBEPXHOCTH

So = {(z,y,2)| (z,y) € 9D, p(a,y) < 2 < Y(z,y)}

(Sp ABIAETCS TMUIMHAPUHYECKOI TOBEPXHOCTHIO ¢ HampaBssomei 0D u
obpasyromumu, mapaiienbabiMu ocu Oz). Taxme obmactu V HasbiBa-
F0TCsl 9JIEMEHTAPHBIMU OTHOCUTETHHO ocu Oz,

Takum o6paszom, rpanuna 0V smeMmentapuoil ornocuresnpao ocu Oz
obmacrtu V mpescrasuma B Buje oobeaunenus So ) S1 (J Sz Tpex rmas-
KIX TIOBepXHOCTel. IloBepXHOCTHBIM HHTErpasoM mo OV Ha30BEM CyM-
My MOBEPXHOCTHBIX MHTErpaJioB 110 Sy, S1 u Sy (C COOTBETCTBYOMUMY
ODHMEHTAIUAMU CM. TEOPEMY HUKE).

Omnpegenenne 2. Obracmsv, INEMEHMAPHAA OTMHOCUMEADHO BCET
ocetll, Ha3bl8AEMCA SNEMEHMAPHOT.

Teopema 1(dopmyna Taycca—Ocrporpajgckoro). ITycmo
P(z,y,2), Q(z,y,2), R(x,y,2), Py, Q,, R, € C(V), 2de V C R3?
— 3amMEHYMas dnemenmapras obaacms. Tozda

/ _ Pdydz + Qdzdx + Rdxdy = //L(P; + Q, + R.) drdydz,
v %

2de na noseprrocmu OV 6vbpana 6HEWHAA OUHUMNHAA HOPMAAL (MO Y-
Hee, Ha noseprHocmax Sy, S1 u S 8bOPAHBL BHEWHUE NO OMHOULEHUIO
K obracmu V edunummbie HOPMAAL).

Hdokasareunscts o Pacemorpum [ [ov R(z,y,z) dzdy. B
CHJTy 3JIeMeHTapHOCTH obgacTn V. oTHOCHTETbHO ocu Oz mMeeM

|| reydsay= [ [ R(z,y, 2) dudy =
v S1US2USo

IS
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Ilo ompenenenuio moBepxHOCTHOTO MHTErpaJja 11 poxa

// T,Y, 2 d:rdy*// (z,y,2) cos (1 ,]_C)dS 0,
So SO

u60 7L k. JTanee ucomnb3ys GpOPMyIIbL, BBIPAZKAONINE IOBEPXHOCTHDIE
WHTErpaJibl Yepe3 nHTerpajsl Pumana, nveem

/ R(xyy,Z)dwdy=—/LR(x,y,w(w,y))dwdy,
S1 D

T.K. UHTErpaJj Oepercs mo HuKHEH CcTopoHe S7,

//S2R(x,y,z)dxdy—//DR(os,y,z/}(SC,y))dIdy-

CuteioBaTesibHO,

//av R(z,y, z) dedy = //5(R(x,y,z/;(x,y)) — R(z,y, o(x,y))) drdy =

¥(2,y)
// da:dy/ R.(z,y,2) dz-///R'acy, ) daxdydz
e(z,y)

(cnauana npumenuiu ¢dopmyny Hbiorona—J/leiibauna, a 3arem csesiu
[OBTOPHBIIl MHTErpaj K KPATHOMY ).

C ocTanbHBIMU WIEHAMH, CTOAIMMU B (DOPMYJIE CJIEBA, MOCTYIIAeM
anasiornaHo. TeopeMma J0oKa3aHa.

Onpenenenune 3. I[Iycmv 6 obaacmu G 3adano HenpepwvieHoe 6ek-
moproe noae a = (P, Q, R) npuvem Py, Q;, R. € C(G). Tozda dynx-
YUA

P, +Q, + R,
Ha3vieaemca dueepzenyueti 6eKmopHo20 Noaa a u 0603HANAEMCA CUM-
sonom diva.

Urax, diva = (Py,Qy, ). Ecin BBecTHn CHMBOTHYECKHI BEKTOP

Ox’ Oy’ Oz
rernus 6yaeT paBHa (POPMATBHOMY CKATISIPHOMY TPOU3BEIEHUIO BEKTO-
pa Haba ¥ BEKTOPHOTO O .

o 9 0
= ( — ) (V umraerca "mabmna"), ro diva = Va, t.e. qusep-
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BexTopupiii Bapuant 3anucu dopmysisl [aycca—Ocrporpaackoro

AMeeT BUTL
// dﬁdS’:///div&dxdydz,
S=0V v

r7e 7 — BHemHsis HOpMasb K noepxHoctu S. Takum obpazom mOTOK
BEKTOPHOIO IT0JIs 9€pe3 3aMKHYTYI0 TIOBEPXHOCTD S B CTOPOHY BHEIITHEH
HOpMaJI¥ K HEHl PABEH MHTErpajly OT JMBEPreHIMA BEKTOPHOIO HOJIs 10
00beMy, OTPAaHUYEHHOMY TIOBEPXHOCTHIO S.

PusndecKuii CMbICJI AUBEPTEHIINT

ITycTh B OTKPBITOM MHO)KQCTBe G C R3 337aH0 BEKTOpHOE IIOJIE
a=(P,Q,R), P, Q, R, P, R, € C(G) u Touka My € G. Torma

y?

diva(Mp) = lim ——— // ands,
r=0 1 B( MOa OB (Mo,r)

e samMkuyTHI map B(My,r) C G, i — BHemHssa HOpMaJb K cdepe.

HeiictBurepao, npumenum dopmyny Laycca—Octporpaackoro x
uHTErpajly 1o cdepe, a 3aTeM TeOpeMy O CPEIHEM K MHTErpajLy OT JIH-
BepreHIINHN:

// dﬁdS:/// diva dzxdydz =
8B (Mo,r) B(Mo,r)

diva(M (r))uB(My, ),
rie M(r) € B(My,r) — nexoropas Touka. Tax xax diva € C(G) u
lim,_,o M (r) = My, o diva(Mp) = lim,_,¢ diva(M (r)). Ilostomy

lim —— // andS = lim diva(M (r)) = diva(My).
r—0 :U’B MO; 9B(Mo,r) r—0

W3 momygennoit ajist quBeprennuu hbOPMYJIbL CAEAYET, 9TO 3HAYCHHUE
JMBEPTEeHIINY B TOYKE €CTh [IPE/IE OTHOIEHNS 00beMa KUIKOCTH, IPO-
TEKAIoIel 38 eUHUILY BPEMEHH depe3 cepy ¢ IMEeHTPOM B ITOI TOUKe,
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K 00beMy Iapa, OrpaHudeHHOro chepoil, Ipu CTPEMJIEHUH K HYJII0 UX
PaIuyCcoB.

Eciu xe diva(Mp) # 0, 10 coryiacHo 1oty 4eHHoi (HhopMyIie IOTOK
BEKTOPHOI'O IOJIsi @ Y€PEe3 MPOU3BOJILHYIO Cepy € IMEHTPOM B TOUKE
My v 70CTATOYHO MAJIOTO PAINYCA TAKIKE OTJIMYEH OT HYJIs, T.e. 00beM
JKUIKOCTH, BTEKAMOIINI B IMap, OTJIWYAETCH OT 00bEMa BBITEKAIOIIEH
JKHUJTKOCTH.

Omnpenenenne 4. Touku omxpvumozo muoocecmsea G, 68 KOMOPLLEL
diva # 0, Ha3b8a10MEA UCTNOYHUKAMYU BEKMOPHO20 NOAS G.

Taxum obpaszom, ecin diva(My) # 0, To npusenernast Boime Gbop-
MyJIa JJIst AMBEPreHIny MoKasbiBaet, uTo diva(My) xapakrepusyer mpo-
U3BOIUTEILHOCTh UCTOYHUKA B TOUKe M) M HA3BIBACTCS MAOTMHOCTNGIO
NCTOYHHUKA.

13 sroit ke popmysasl caeayeT HHBAPUAHTHOCTD JIWUBEPIEHIMH OT-
HOCHUTEJILHO BBIOOPA CHCTEMBI KOOPIWHAT, T.K. MTPABasi 9acTh (hOPMYJIbI
BBIDAYKEHA, Yepe3 CKAJIAPHOE MPOU3BEIEHNE, 00HEM MHOXKECTBA W TIJIO-
IaJ1b IIOBEPXHOCTH, KOTOPBLIE HE 3aBUCAT OT BbI60pa CUCTEMBI KOOP/IH-
HaT.
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JIEKIINA 21
®dopmysna Crokca. PoTrop BeKTOpHOTO IoJid.

@opmyna Crokca OyaeT joKasaHa JJisl TJIAJKOM MOBEPXHOCTH, 3a-
JTAHHOHN ypaBHEHHEM, KOTOPOE MOXKHO PA3PEINUTh OTHOCUTEIHHO OTHOI
U3 mepeMeHHbIX. L7 onpeeIeHHOCTH CIUTAEM, YTO TOBEPXHOCTH MOXK-
HO 3a1arh ypasHenneM z = f(z,y), (z,y) € D. Iocne uwero Gymer
TOKa3aHo, KaK (GOpMyIy MOXKHO PACTPOCTPAHUTH Ha Dojee TMHPOKMi
KJIACC MOBEPXHOCTEI.

Urak, mycth S — TaKast TOBEPXHOCTD, 33JaHHAS YPABHEHUEM 2z =
flz,y), (x,y) € D, rae

1) f € C*(D),

2) D - samKHyTas u3MepuMas 110 Kopiany obaacts B R?, rpanu-
meit 0D KOTOpOil ABIAETCA KyCOTHO HeMpephiBHO b depenmnpyembit
xoHTYp I'y.

Jlamee MOBEpXHOCTD S OyJIeT paccMaTPUBATHCS € DIAIKOM mapamerT-
puzanueii 7(u,v) = (u,v, f(u,v)), (v = z, v = y). ObozHaunM 06-
pa3 muoxkecrsa ['g upu orobpaxenuu 7(u,v) = (u,v, f(u,v)) — uepes
I'. OueBngno, uro I' aBagercs KOHTYpoM (TOAPOGHOCTH HUKE). DTOT
KOHTYP Ha3bIBAaeTCsS kpaem noseprrocmu S u obosuadaercs 0S. Teo-
MeTpudecku 'y sSBJIS€TCS OPTOrOHATBHON TpoekTmeil 0.5 Ha TIOCKOCTh
zOy.

IIycrs

If = {(@(t),y(0)), t € [a,b]}

MTOJIOYKUTEIBHO OPUEHTUPOBAHHBIN Ha mmtockocTu Oy koHTyp I'g. To-
I8 BEKTOP—(YHKIIHS

p(t) = {(u(t), v(t), f(u(t), v(t))), t € [a, b]}

sBJIseTCs napamerpusanueit S u, ciegoBaresbHO, 0S SABJISIETCH 3a-
MKHYTO# KyCcOIHO HenmpepbiBHO auddepentmpyemoit kpuoii. [logoxn-
TeJILHOM OpPUEeHTAINEeN Kpasi TOBEPXHOCTH S Ha30BeM 00x0 0.5, TOpOxK-
JeHHoit mapamerpusarmeiit p(t) = (u(t),v(t), f(u(t),v(t))), t € [a,b],
re. ST = {(2(t), y(t), f(@(t), y(®), t € [a,b]}.
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ITo ompene/eHni0 CUUTAIOT, YTO YKAa3aHHAS OPUEHTAIIUS Kpasl 3a/1a-
€T OPUEHTAIUIO TIOBEPXHOCTH S € TIOMOIIBIO HOPMAJIH 71, T.€. OIPEeIeIs-
er ST, a nporuBonoIOXKHaA opuenTanusa Kpad 3agaer S~ . 1 obparHo,
LOJIOXKUTEIbHAA (OTPULIATE/bHAS) OPUEHTALMS OBEPXHOCTU S 33/aer
IO OTIPEJIEJICHUIO TIOJIOKUTEIbHYIO0 (OTPUIIATEIbHYIO) OprueHTanuio 0S.
Jlpyrumu cioBaMu, HAIpaBJIeHUE €IUHUIHON HOPMAJIU K S W HAIpaB-
nmerue obxoma JS cormacoBanbl mo "mpaswuty Gypasunka.

Teopema 1(dbopmyna Crokca). ITycmv 6 obaacmu G C R?
sadanve pynxyuu P(x,y,2),Q(x,y,2), R(z,y,2) € CYG) u nosepz-
Hocms S, ydosaemeopawas npusedernuim eviue ycaosuim. Ecau no-
6EPTHOCTNL S OPUEHTNUPOBAHE C TLOMOULLIO EUHUNHOT HOPMAAY T =
(cos a, cos B, cos ), mo

cosa  cosf3  cosvy
/deJererRdz_// /9 0joy [0 |ds =
as Q R

// L) dydz + (P, — R},) dzdx + (Q, — P,) dzdy,

2de opuenmauyus 0S cozaaco8ana ¢ 8bLO0POM HOPMAAY TTL.
HoxkaszarTeasbcTs o. ug onpeaeseHHOCTA CIATAEM, ITO

Kpaif 0.5 MOBEPXHOCTH MOJIOKUTEIHHO OPUEHTUPOBAH. DTO 3HAYUT, 4TO

B KA4eCTBE eJIUHUYHON HOPMAJIHU 11 K TMOBEPXHOCTH S B3AT BEKTOD 7

(cm. seknmio 19). Cxema JOKa3aTEIbCTBA MOXKET ObIThH IPEJICTABICHA B

b

BH/JIE CJIEJYIONIUX TEPEXOI0B = | = = | 5= .

PaCCMngI/IM HHTszan fas+ fa fFO f fD f fS+

b
P(x,y,z)dx = / P(u(t),v(t), f(u(t),v(t))u (t) dt =

a5+

_, Py, f(z,y)) da,
oD
Tk. 0D = Iy = {(u(t),v(t)), t € [a,b]}. Taxum obpasoM, KPHBOII-
Hefinbiii uaTerpan no ST or P(x,y,z) paBeH KpUBOJIMHEHHOMY HH-
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Terpasny mo 35+, Ho ot Gyukuuu P(z,y, f(z,y)). K nonygennomy un-
Terpasy npuMmeHuM gopmyay I'puHa

7P(xyf(xy // (@,y, f(2,9))), dedy =

// (z,y, f(x,)) + Plz,y, f(z,9)) f,(x,y)) dedy =

—/LP;dxdy—/LP;f;dxdy.
D D

IIpounrepnpernpyem HaluCaHHbIE IBONHbIE HWHTErPaJibl KAaK II0O-
BEPXHOCTHBIE WHTErPAJIbL. [Ij15 9TOr0 0OparuMcs K hopMyJIaM IJIst BbI-
YHUCJIeHNs TTOBEPXHOCTHBIX nHTerpasos 11 poga. 13 mux ciemyer, 9To

// "(z,y, f(z,y)) dxdy——// P, dxdy,

- [ [ sy dudy = [ [Pz
D S+

Taxum obpazom,

Pdm:—// P;dacdy—i—/ Pl dzdx.
as+ S+ S+

Ananoruuno

Qdy=// Q;dwdy—// Q' dydz.
oS+ S+ S+

Ilepeitmem K pacCMOTPEHHIO TPETHEro KPWBOJIMHEHHOIO MHTErpasa
f 9+ dz. lna nero BbIKIaaKu OyIyT BBINIAAETH CIEAYIOMUM 00Opa-
30M.

b
/ R(x,y,2)dz = / Rut), vlt), f(u(), o(0) (Foad (£)+ £/ (£)) dt =
oS+ a
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b
/ (R(u(t), v(t), f(u(t),v(®)) fru' ()+R(u(t), v(t), f(u(t),v(t)) fyv' (1)) dt =

oy @y [(@ ) fo o+ Blzy, f(@,y)) ], dy

K nmonysennomy unTerpasy nmpuMmerum gopmyay I'puaa

@y o) fe o+ Blwy, fl@,y))f, dy =

// < R(x,y, f(z.9))fy) - ;(R(x,y,f(w,y))f;)> dedy =

_ £/
(yauTbiBaeMm, 9410 W)

[ LG (R .00) = Fi (R Fas ) oy =

/ /5 (iR, f(@.9)) — [oR (. y, f(z,v))) dady

(nmocsienpee paBeHCTBO ObLIO 1OJIy4YeHO mOCJe auddepeHImpoBaHus
CJIOKHBIX (PYHKIUA U UPUBEIEHUs HOIOOHBIX).

Tenepn MPOUHTEPIIPETUPYEM JIBOHHBIE WHTErpaJIbl
[ 5 1R (x,y, f(z,y)dady  w [ [5 foRy(2,y, f(z,y)) dedy  wak
moBepxHOCTHBIE mHTerpasbl II poma. U3 dbopmyn s BeraucIeHust
MMOBEPXHOCTHBIX mHTerpasios II poma nmeem

[ [ v swansyasay=- [ [ Rae
| Ry(z,y, f(z,y)) [, dedy = — R!, dydz.
/), /1.

CxJIaapIBast Oy YEHHBIE [JI KPUBOJUHEHHBIX WHTEPAJIOB DABEH-
CTBa, OJIy4aeM YTBEPZKIEHNE TeOPEMBI.
3ameuanue. Moxuo nmokasarh, uro ¢opmyna Crokca BepHa B ciydae,

ecm dynxmma f(z,y) menpepsBao quddepennupyema.
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IIycts B obmactu G C R? 3amano muddepenmupyeMoe BeKTOPHOE
none a = (P, Q, R).

Omnpegenenue 3. Pomopom, uiu GUIPEM, 86EKMOPHOZ0 NOAA G HA-
3bL6AENCA 6EKMOPHOE NONE

rota =V x a = (R, —Q., P, - R,,Q, — P,).

e =
N
eI ST

Ucnonbays porop, dopmyny CTokca MOXKHO MEPENUCATH B BEKTOD-

HOM BH/IE
/ adf://rotaﬁds,
oS S

(BbIGOp HOpMa/M 7 u opueHTanus 0S corjgacoBaHbl 110 "npasuiy Oy-
pasurka). Crosiuil cieBa uHTErpaJs HA3bIBAETCH UYUPKYAAUUET BEK-
TOPHOro 1oJisi @ o KoHTypy 05. Ioaromy dopmyna Crokca o3uadaer,
9TO MUPKYJIANUS BEKTOPHOI'O IOJsS MO0 KPAI0 MOBEPXHOCTH PaBHA IO-
TOKY POTOpPA TOJIsI Yepe3 MOBEPXHOCTH MPH BHIOOPE COOTBETCTBYIOIINX
OpUEHTAIINI Kpasi ¥ MOBEPXHOCTH.

C moMoIIbI0 poTOpa MPOCTO 3AMUCHIBAETCS KPUTEPUil TIOTEHITHATH-
HOCTH BEKTOPHOTO 110J1s1 @ B mape: rota = 0. B wacrnocru, rot(gradu) =
0 (byukmus u npeanoONaraeTcs ABazK/bl HenpepbisHO Juddepenupy-
emoit). Ormernu ere oaay dbopmyiy div(rota) = 0, ycranaBinBaemyro
HEITOCPEJICTBEHHON ITPOBEPKON.

Pacopocrparum dopmyny Crokca Ha KyCOYHO TUIaJKHE TTOBEPXHO-
cru. st aroro Haa0 chOpMyIUPOBATH, YTO MOHUMAETCS O, TAKIME
LOBEPXHOCTAMHU U OLIPEJEJUTh UX OPUEHTALUIO ([IPEKHEE OLPE/Ie/IeHUE
OPHMEHTAIINY TOIUTCSA TOJBKO JIJIs TIaJKUX MOBEPXHOCTENH ).

Omnpenenenne 4. [loseprrocmsd S HA3b16GEMCA KYCOUHO 2Aa0K0T
OPUEHTNUPOBAHHOT NOBEPLTHOCTNGIO, ECAU

1) ona asasemces 066eduneHUEM KOHEUHO20 YUCAG 2AG0KUT OPUETNU-
posannnxr noseprrocmed Sj, j=1,...,k,

2) S5, 3 =1,...,k, nepecexaromca pazee wmo no KpaAm, npuuem
obugue Ywacmru, ABAKOULUECA KPUBHLMU, NPUHAIAEHCAT He bosee em
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d8YM MOBEPTHOCTNAM, U NPOOE2AIOTNCA IMU Y4ACTNKY 6 TPOMUBONO-
AOAHCHBLT HANPABAECHUAL.

Ormerum, gro "ckiedika' TIaJKUX MOBEPXHOCTEH MOXKET MTPUBECTH
K HEOPUEHTHPYEMO# moBepxHOCTU. TakoBO#l saBiisercsa jenta Mebuyca.

Bameuanue. Ecim OV B hopmyie Iaycca—OcTporpaackoro oka3biBaeTes
KYCOYHO IJIAKOI IIOBEPXHOCTHIO, TO BBIOOD BHENIHE( HOPMAJ/IM IIPUBOJUT K
BEIGODY OpuenTarnun OV B CMBICTE JAHHOTO OIPEIeTCHIIs.

Iosepxuocrustii uaTerpan [ [¢ M0 KyCOYHO LIaJKOil OpHEHTHPO-
BAHHOH [OBEPXHOCTH S OLPEEIAETCS KAK CyMMa HHTEIPAJIOB 110 TJ1a/I-
KUM KycKaM S; ¢ COOTBETCTRYIOIIMMU OPUEHTAIUSIMHU:

[[=x/1,

Teopema 3. Ecau S — Kycouno 24a0Kas opuemuposaHtas nosepr-
HOCTIL, noayuenHas "ckaelikot” noseprrocmeli, daa KOMOPwLIL cnpa-
eedausa gopmysa Cmoxkca, mo sma PopmyAa uMeem Mecmo u 0rs 6cel
noseprrocmu S.

JdJoxkaszarTemabcTB 0. JelicTBUTEIHLHO, MTOCKOILKY OOIIME
YYaCTKH IPAHUIL HOBEPXHOCTEI! S; BCTPEUAIOTCH JABAKIBI U C IIPOTHBO-
MTOJIOXKHON OpHeHTanueit, To

> 1= s

C apyroit croponst, mpumenss dopmyay Crokca u ompeieseHne
HHTErpaJja mo KyCO4HO IIaJKON IMMOBEPXHOCTH, MOJAYYAEM, YTO

LSl

Caenosarensuo, [,o = [ [s. Teopema jokasana.

Yrobbl OXBATUTH 6OJIEE MIUPOKUH KJIACC TTOBEPXHOCTEH, BKIIOYAIO-
H.[I/If/i IIOBEPXHOCTHU BTOPOr'O IMOpAJKa W UX YaCTH, HAJO0 HECKOJIBKO H3-
MEHHTDb YCJIOBHS B OIpEIeTeHn: MoBepxHOoCTH u3 jeknun 14. TIpexme
4eM C/Iej1aTh 3TO, PACCMOTPUM OJIMH IIPUMED.
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Hpumep. Iycts S — 9acTh MUIMHAPEIECKOil HoBepxHOCTH T2 + 2 = 1,
yaoBaeTBopsiomnas yciaouio 0 < z < H. Ilepexons K MuInHAPUIECKUM KO-
opamHaTaM, HoayduM, 9ro ypasueaue mummaapa B LICK npumer Bug r = 1,
0 < z < H. Bexrop—dynkuua p(p,z) = (cosp,sin¢g, z) orobpaxaer 3a-
MKHyTHII mpsimoyrombank D = [0, 27] % [0, H] wa S. Ho 3To oTobpaskenwe me
siByisiercst Gueknueit: Touxku Bunaa (cos 0, sin 0, z) u (cos 2, sin 27, z), z € [0, H|
orobpaxaiorcs B onuH u ToT *e orpe3ok {(1,0,2), z € [0, H]}, nexxamuti na
mummaape S. Ilpu srom p(yp, 2) 0TOGpazkaeT B3aMMHO OJHO3HAYHO OBJIACTD
D = (0,27) x (0,H) ma S\ p(dD).

Onpegenenne 5. Muosicecmso S C R3 nasweaemca nosepzro-
CMbI0, ecau cyuecmeyem makas usdmepumas no Hopdany obaacmo
D C R? u nenpepwisroe omobpasicenue 7(u,v): D — S makoe, wmo

1) 7(D) =S u

2) 7: D — S\ 7(0D) — buexyua

Ecmn orobpasenme 7(u,v) HempepbiBHO mudepernupyemo Ha D, To
MOBEPXHOCTH Ha3bIBaeTCs HempepbiBHO muddepenimpyemoit. Imaakoit
OyZeM HA3bIBATh HEMPEPBHIBHO Mu(GEpPEeHIInPyeMy0 TOBEPXHOCTh Ta-
Kyi0, 4ro V(u,v) € D Bekropsl 7, (u,v) u 7, (u,v) JUHEHHO HE3ABHUCH-
MBI.

Temneps B ompe/ie/ieHrH MOBEPXHOCTHA HET TpeboBaHuUst, YTOOBI 0TOO-
paxenmue 7(u,v) aBasanock ouexnueit D ua S. Touka M nosepxuocTr S
HA3BIBAECTCA KPAMHOU, €CIN CyIIEeCTBYET IO KpalHell Mepe JIBe pa3yind-
aete Toukn (uy,vy) u (ug,ve) € D, T.4. 7(uy,v1) = 7(ug,v2) = OM. B
MPOTUBHOM CJIy9ae TOYKA MOBEPXHOCTH HA3BIBACTCS NPOCMOT.

ITpu zasannoil napamerpusauuu 7(u,v) IHOBEPXHOCTU S KAKILYIO
ee TOYKYy M MOXKHO PaCCMATPUBATL KAaK YTOPSIOUEHHYIO TPOWKY
(M,u,v) = M(u,v), tme 7#(u,v) = OM. Torna KpaTHble TOYKH TO-
BepXHOCTH S MOXKHO OyIerT pa3jaudarsb Apyr OT APYyra, T.K. OHU OyIyT
COOTBETCTBOBATH HECOBIIAJAIOIIUM IAPAaM napamerpos (u,v).

Iycrs S = {F(u,v), (u,v) € D} — menpepsiBHO AubbeEpeHTUPY-
eMasi TIOBEPXHOCTh M 3aMKHyTast u3MepumMas 1o 2Kopuany obsacts D
ABJIAeTCa 06pa30M 3aMKHYTO# m3Mepmmoit mo Kopmamy obmactu D’
(D w D' — 3ambikanus obaacreit D u D’) mpu Hempepbisao mudde-
pemrupyemom otobpazkenuu (s, t) = (a(s,t), B(s,t)). Ilycrs npu srom
\ 0TOGpazKaeT B3AHMHO OIHO3HAYHO obmacTb D’ Ha 06macts D ¢ skobu-
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AHOM 7D(a, 8) , OTIMIHBIM OT Hyns B D’. Bynem roBopuTh, 9TO BEKTOp—
D(s,t)

dbyukuuu 7(u, v) u p(s, t) = 7(a(s,t), 5(s,t)) oupenensior oaHy u Ty xe
HOBEPXHOCTH S (ABJISIOTCS JAOMYCTUMbIMU HAPAMETPU3ANUIMU OBEPX-
noctu S), a A(s,t) — jorycrumoii 3amenoit napamerpos. OTmerum, 4o
oTobpaskeHue \ YIOBJIETBOPSET YCJIOBUAM TEOPEMBI 2 u3 jeKinu 13 o
3aMeHe MEePeMEeHHON B KpaTHOM mHTerpasie PuMana.

s TakuX MOBEPXHOCTEH ILIOIMIAIL TOBEPXHOCTH U TOBEPXHOCTHBIN
uaTerpast I poga onpenendiorcs, Kak u mpexkie. dTo KacaeTcs MOBepPX-
HocTHBIX uHTErpasoB I poga, To oHU OLPENEIaIOTCs TOCPEICTBOM Pa-

BeHCTB (cM. Jiekimio 19):

//S+ (z,y,2 dydz—// Dgu,v; dudv,

/ S+me, dzdm—//Q 7(u,v) gng}; dudv,
//s+ (x,y, 2 dwdy—// ggz:z; dudv

151



JIEKIINA 22
Tpuronomerpudeckuii pgaa. Popmysbl Jjag Ko3(pHUITMeHTOB
PaBHOMEPHO CXOJAINETOCs TPUTOHOMETPUYECKOTO psJia.
Tpuronomerpudeckuii pag ®@ypbe. Kospduiiuenror Pypnbe
YEeTHBIX M HedeTHbIX (pyukiuii. Teopema Pumana u ee
cijeacTBHUe.

IMepeiimem kK u3yueHnio (pyHKIMOHATIBHBIX PSIIOB BUIA

o0
ag + Z ap cos kx + by, sin kx
k=1

rue ag, ax, by € R(C), k= 1,2, ..., Ha3bIBaeMbIX MPUZOHOMEMPULECKU-
mu panamu. Uucma ag, ag, br (k € N) nazsiBaiorcs koaddunnenramn
TPUTOHOMETPHUYIECKOTO PSAIA.

Ynenamu TPUTOHOMETPUIECKOTO psana ABJIS-
0TCs dbyukIUN TPUTOHOMETPUIECKOIH CUCTEMBI
{1, cosz, sinz,cos 2z, sin2z,...,coskx, sinkz,...}, yMHOXKEHHbIE HA

KO3 duruentsr ay u by.
IIpu kaxxI0M N YACTUYHBIE CYMMbI TPUTOHOMETPUIECKOTO PSIIA

Sp(z) = ap + Z ag cos kx + by, sin kx
k=1

ABIAIOTCA 2m—nepuogndeckumu yukiusamu. [1osTomy ecim TpuroHo-
METPUYECKUHN P CXOIUTCS B HEKOTOPOH TOYKE T, TO OH CXOAUTCS K
TOMY K€ 3HAUE€HUIO M BO BCEX TOYKAX BUAA Tg + 27l, | € Z.

Jlemma 1. Qyuxuyuu mpuzonomempuueckots cucmemv, 06aadarom
CAEOYIOUWUMY, CBOTCTNEAMU:

/coskxcosmxda::/ sinkrsinmzdr =0k #m, k,m=0,1,2,...

—T —T

/ coskxsinmxdr=0k,m=0,1, 2,...,

—T
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/coszk:xdx:/ sin®kzder =7, k=1,2,....

—T —T

JokasaTeancTBoO. DTH PABEHCTBA TPOBEPSIOTCS HETIOCPE/I-
crBenHo. Hampuwmep, npu k # m

s 1 s
/ cos kx cosmaz dx = 3 / (cos(k + m)x + cos(k — m)x) dx = 0,

TaK KaK . 1
coslzdr = ?Sinlx|7i7T =0,1=1,2,....
Hanee,

s 1 T
/ c052kxdx:§/ (1+cos2kx)de =7, k=1,2....

—T —T

Jpyrue Tox/1ecTBA TPOBEPSAIOTCH AHAJIOTUIHO.

B 370it IeMMe BMECTO MHTErPAJIOB MO OTPE3KY [—7T, 7] MOKHO 6paTh
MHTErpaJibl 10 JI06BIM OTPe3KaM [a, a + 27| nauHbl 277, DTO cieyer u3
MIPUBOIUMOTO HUKE YTBEPIKIEHUS.

Jlemma 2. Ecau T-nepuoduneckan dynxyus f(x) unmezpupyema
Ha Hexomopom ompesxe [a,a + T] daunw T, mo ona unmezpupyema
U HA A1000M IpY20M Ompeske MOU dHce OAUHDL U UHMEZPAAbL NO IMUM
0mpesKam pasHbL.

Hdokas3areasbcTso. I3 yciaoBuit jemmbl ciieayer, 9T0 QyHK-
IHs ONpeeseHa Ha BCEH IUCIOBOH MPAMOM W HHTErPUpyeMa Ha JTI000M
orpeske. [locaennee Oyaer ciaenoBarh U3 TOro, 4ro f UHTErpUpyeMa Ha
m00kIX oTpeskax Bupa [a + mT,a + kT, rne m, k € Z, m < k.

Yrobbl HOKa3aTh WHTEIPUPYEMOCTh [ Ha yKa3aHHBIX OTPE3Kax, B
CUJIy AJIMTUBHOCTH WHTErpaJia JOCTATOYHO MOKa3aTh, YTO jsd k =
+1,42,... byskuus f € Rla + kT,a + (k + 1)T]. HeiicrBuresnbho,
ecmn ¢ € [a+ kT,a+ (k+ 1)T), 10 2 = u+ kT, tae u € [a,a + T).
IMockombky f mepmommuna, to f(u) = f(u + kT) = f(x). Hosromy
MPU BBIOOPE COOTBETCTBYIOIIUX APYT APYTY Pa3MEUEHHBIX pa30ueHuit
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uHTErpasibHble cyMMbl PuMmana dyHkimn [ 1yist orpe3kos [a,a + T| u
[+ kT,a+ (k + 1)T] coBnagator. Ciie1oBATEIBHO,

at+(k+1)T a+T
/ flz)dz = / f(x)dx.

+kT

ITockosbKy [jIst JIIOOOTO OTpe3Ka MOYKHO yKa3aTh OTPE3OK [a +
mT,a + kT|, conepxaiuii ero, T0 MHTErPUPYEMOCTb Ha HEM CJIE.y-
er u3 CBOlicTB uHTerpasa PuMana (MHTErpupyeMocTh O MOAOTPE3KAM
cM. Jeknuio 1.25).

Tak kak pyHrnysa f UHTErpUpyeMa Ha JIOO0M OTPE3KEe U MEPUOINY-
Ha, TO, KaK M BBIIIE JOKA3BIBAETCS, YTO JJis JII0OOT0 OTpe3Ka [c, d)

‘/ e dx_-/d+Tf@ﬁd$

Jlemma Oyzer mokaszaHa, €Ciu MOKa3arb, 9To0 JJid joboro b € R

/bb+T f(z)dx = /OT f(z)dx

HeiicTBuTeIbHO, WCIIOIB3Ys AJAUTUBHOCTh WHTerpasa Pumana u
TIOJIyYe€HHOE PaBEHCTBO, UMeeM

/HT da:—/ f(x da:—i—/ob:TTf(x)dx:
/f m+/f m_/f

Jlemma nokaszaHa.

it CTEmeHHBIX PAJOB M3BECTHO, KAK BBIPAXKAIOTCSI uX Kodpdu-
[IMEHTHI Y€PE3 CYMMbI PSIOB. JIJIsT TPUTOHOMETPUYECKUX PSITIOB UMEET
MECTO CJIEJYIONIee YTBEPIK/IEHIE.

Teopema 1. Ecau mpuzonomempuseckuds pad cxooumcs pasHomep-
Hno na R ¥ dynryuu f(z), mo

1

apg = —
2w

f( ) d, ak:% ’ f(z) cos kz dz,

—Tr
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1 [7 .
b = — f(z)sinkxdx, k=1,2,....
T J_n
JokaszaTeanbcrtso. Tak Kak YIEHb TPUTOHOMETPUIECKOTO
pAa SBJIAIOTCA HENPEPHIBHBIMA (DYHKIUAMA W DPAJ, CXOTUTCS DABHO-
MepHO Ha R, TO €ro MOXKHO MOYIEHHO MPOMHTErPUPOBATD TIO OTPE3KY
[—7, 7](Teopema 9 sekumu 2):

™ ™ St ™ ™
f(x)dx = / aoderZ (ak/ cos kx dx + bk/ sinkzdx) =
ap2m.
1 =
Bnasnr, ag = o o f(x) de.
T
Temepp yMHOXKEM 00€ 9aCTH PABEHCTBA,
oo
fl@)=ao+ Z ay cos kx + by sin kx
k=1
Ha COS MI:
o0
f(x) cosmz = ag cosmz + Z ay, cos kx cosmx + by, sin kx cos max.
k=1

Tak kak pyHKIHA cos Mz orpanndeHa Ha R, TO MOIydeHHBIH P
cxonurcs pauomepHo K f(x) cosma (nemma 1 nekuuu 2). ITockonbky
YJIEHBI HOBOTO DsI/Ia HENPEPBIBHBL, TO €r0 MOYXKHO TOYJIEHHO TPOUHTE-
rpuposark 1o [—7, w|. C y4erom jemMMbr 1 nMeem:

f(x)cosmadx = ao/ cos mx dx+

—T -7

+oo iy ™
Z <ak. / cos kx cosma dx + by, / sin kx cos mx dx) =

k=1 - -

v U
1
am/ cos’mx dx = aym, T.€. A = — f(x) cosmz dx.

—T —Tr
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Ecan 1OMHOXKUTH UCXOAHBI TPUTOHOMETPUIECKUH PA Ha Sih mx 1
TMOYJIEHHO MMPOMHTETPUPOBATH, TO MOJIYIUM, ITO

s 1 s
f(z)sinmz dx = by, €. am = — f(z) sinma dx.

—T —T

Teopema mokazama.
3ameuanne. O6braHO0 BMecTO K03 duImenTa ag B 3aIIUCH TPUTOHOMET-

ao
PUYECKOTO pAla MUNLYT ? B sTom ClIydae OJid BBIYUCJ/IEHUA Ao HaJd0 BOC-

TOJIL30BaThCs 00l dopmysoi, momoxus B Heit k = (0. [elicTBUTEIHHO,
€CJIN o BBIYHCIISIETCs 110 0bmeil dhopmyite, TO

1 (7 1 (7
ao = — » f(x) cos(0z) dx = = f(z)dz.
Torma
aop _ i i
3 = 5 f(z)dx

—T
COBIIAJAET C BbIPAKEHUEM I HyJI€EBOro K03(d durmenTa paBHOMEDPHO CXO/Isi-
1erocd TPUIOHOMETPUIECKOIr'o PAa.

Tpuronomerpudeckue paabl Pypbe

Yepes QLi(—m,m) 0003HAUMM MHOKECTBO BCEX JIEHCTBUTE b
HO3HAYHBIX (DYHKIWH f, IMEOIUX KOHEYHOE YHCJIO OCOOBIX TOYEK Ha
(—m, ), uarerpupyembix 10 Pumany Ha j06bIX OTpe3Kax, IpPUHAJLIIE-
Kamux (—m, ) ¥ He couepKalux 0cobbix ToueK (JanHoi GyHKuum), u
takux, auro HU f:r |f(z)| do cxomuresi. @yukumu u3 Q Ly (—m, ) Ha3bI-
BaIOTCsT aBCOJIIOTHO MHTErPUPYeMbIMHU Ha uHTepBase (—m, 7). [Tockomnsb-
Ky Vk € N: | f(z) cos kx|, |f(x)sinkz| < |f(z)|, To urTerpasst

f(x)coskxdx n f(x)sin kx dx

CXOIATCA KaK abCOJIOTHO cxofdmmecs uHTerpasbl. CremnoBaTebHo,
JJIst TPON3BOIILHON byHKIMN f € QL1 (—7, T) onpeeseHbl BeITUUHHBI
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™ 1 /7
ap = — f(x)coskz dx, by = — f(z)sinkxdr, k=0,1,2...,
—7 T J—n

T
(12)
HasbiBaeMble kosgpuyuenmamu Pypve GyHKuun f 10 TPUTOHOMETPH-
qecKoii crcreme (YHKITHIA.
COBOKYIHOCTH HEHYJIEBBIX KO3(MduiinenToB Oyphe meproauaeckoi
GyHKIMY HA3BIBIBAETCS €€ CNEKMPOM.
Omnpegenenne 1. Tpuzonomempuseckuts pad

ao

+oo
5 + Z a cos kx + by sin kzx,

k=1

Kosgpunuenmot KomMopozo 3adarv, opmysamu (12), nasweaemes mpu-
20nomempuneckum padom Pypve dynuxyuu f.

Eciu f — 2nr—nepuonudeckas pyHkius, To B popMyJiax Ajist KO3p-
dunuentos Pypbe HHTErPA MOKHO OPATH IO JIOOOMY OTPE3KY JIUHDI
27 (3TO cieyer U3 JeMMBI 2).

3ameuanue. Tpuronomerputeckue psasl Pypbe MOXKHO pacCMaTPUBATH
s GyHKO@, abCOMTIOTHO WHTErPUPYEMBIX HA MPOM3BOJIBHOM WHTEDBAJIE
(a,a + 27) pmmmbr 27, B srom caywgae maTErpassl B opmysax gs Kodd-
dbummentoB Pypbe OyayT paCHPOCTPAHATHCA HA PACCMATPUBAEMBIA IIPOMeE-
KYTOK.

Hexotopsie croiicTBa QyHKIWIT OU€Hb MPOCTO OMUCHIBAIOTCS U€PE3
ee k0abPunmentsr Pypre. YT0OBI M30€KATH TOMOJHATEIHHBIX JeTAICH
Oyaem npejnosnararh, 4ro f € R[—m, 7.

Ecmu f — nedernas, re. Vo € (—m,m): f(—z) = —f(x), 10

2 T
ar,=0,%k=0,1,..., bk:;/ f(x)sin kx dx.
0

HeiicTBUTETHHO,

ak:—/7T f(x)coskmdle( ’ f(x)COSkixdl‘+/ﬂf(x)COSkxdx)-
T 0

T™J-n -
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B nepBom unTerpase ciaenaeMm 3ameny r = —t (OTMETHM, YTO 3AKOH-
HOCTh TaKOM IOJICTAHOBKH He BLITEKACT M3 JTOKA3AHHONW BO BTOPOM Ce-
MECTPE TeOPEMbI O 3aMeHe EPEMEHHO; 1)1 ee JJOKA3aTeIbCTBA CIEYeT
CpaBHUTH UHTErPaJbHbe cyMMbl Qyukuuit f(x) u g(z) = f(—x)):

0 0
f(z)coskx dr = —/ f(=t)cosktdt =

—T

/ f(ft)cosktdt:f/ f(t)cosktdt = ar =0Vk.
0 0

Hanee,
1 ™ 1 0 ™

by = — f(x)sink‘xda:z( f(x)sink‘acdx—!—/ f(ac)sinkxdx).
LI - ™ —7 0

CHOBa B MEPBOM CJIATAEMOM ¢lIeJiaeM 3ameny T = —t. Tak Kax mpoms-

Begenue f(x)sinkx HeueTHbIX QyHKIUI sABIAETCA YeTHON (DyHKIMEH,
TO

1 0 T
b =— | — inktd inkrdx | =
k w( /7T f(t)sin kt t+/0 f(x)sinkx a:)

% (/07r f(tf)sink’tdt—i—/07r f(x)sink‘acdm) = 72r/07r f(z)sin kx dx.

Ecmu f — gernag, ve. Vo € (—m,m): f(—x) = f(z), 10
2 s
ay = 7/ f(z)coskx dx, a xoadbdununentsr by, = 0 Vk.
T Jo

O6ocHoBaHme 37Ol (HOPMYIBI TPOBOIUTCS, KAK M B CIyUae HEYETHBIX
dbyHKIIAH.

OHuM W3 TPUHIMTHAIBHBIX PE3YIbTATOB B TEOPUU TPUTOHOMET-
puueckux psgoB Dypbe siBigercs cienyomias Teopema (B Jureparype
4acTo HasbiBaeMasd JeMmmoil Pumana).

Teopema(Puman). Ecau f € QL1 (a,b), —00o < a < b < 400, mo

b b
lim /f(:v)cos)\xdx: lim /f(x)sin)\xdmzo.

A——+oo A——+o0

158



CaepncrBue. Kosppuyuenmo, Pypve abcoaommo unmezpupyemoti
na (—7, ) PYHKYUL CMPeMAmes K HYAO.

[Ipeamomniiem moka3aTeNbTBy TEOPEMBI ABA YyTBEPKICHUS.

JIemma 3. Iycmo f € Rlag,by]. Tozda das npoussosvrozo
e > 0 natidemea pasbuenue Tlag,bo] = {t:}F° u dynryua g(t) =

Zfil miXp,;(t), (D; = [ti—1,ti)), g(bo) = my, maxue, wmo

bo
/ F(6) — g(t)] dt < <.

0

Hoxazarteancrtso. Ilycrs nano € > 0. B cuiy kpurepus
Hap0by cymecrsyer § = 6(g) > 0, T.9. mas moboro pasduenns T'ag, by)
¢ mmamerpom N(T) < &: S(f,T) —s(f,T) <e

Baduxcupyem pasouenue T[ag, byl = {t; }Z o TaK, 9TOOBL €ro Iua-
merp A\(T') < 4. Hockombky s(f,T) < fbo f@®)dt < S(f,T), To

bo
fydt—s(f,T)<e

ao
H};CCTB m; = infa, f(t), Ay = [tki—lati]a D; = [ti—1,ti) m s(f,T) =
>iey miAt;. Tlonoxum g(t) = 3732, mixp, (t), g(bo) = my,. Pynkuuu
XD, (t) KycOYHO HENpephIBHBI Ha OTpe3Ke [ag,by], i = 1,...,kq, cie-
JIOBaTEJIbHO, UHTErpupyembl Ha HeM (cM. jieknuio 1.26). Torma B cusy
maHeiiHOCTH WHTerpana Pumana (cm. nexmuio 1.24) g € Rlag, bp] w

/a t)dt = Z/ miXp, ( =

ko bo ko
Zmi/ Xqu(t) dt = ZmzAtl = S(f,T)
i=1 ao i=1

ITpu stom g(¢t) < f(¢) Vt € D;, i =1,...,ko. 3HAUUT, C y4eTOM 3HAUE-
Hus Gyuxnun ¢(t) B TOUKe by HMeeT MecTo HepaBeHCTBO ¢(t) < f(t) Ha
[ao7 bo] -
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Haxkowerr,

bo bo
[ 150 - gtwnae= [0 - gte)) dt =

0 ao

bo bo bo
f(t)dt—/ git)ydt= | f@t)dt—s(f.T) <e

ao 0 ao
Jlemma mokasama.

Pacnpocrpanum jteMmmy Ha HECOOCTBEHHBIE WHTETPAJIBI.

Jlemma 4. Ilycmoe dynkuyus f makxosa, wmo ona unmezpupyema
no Pumany na awobom ompeske u3 nosyunmepsasa |a,b) npuvem HH

fab |f(z)|dx cxodumea. Tozda daa awbozo € > 0 modichno ykazams om-
pesok [a,n.], 20e n. € (a,b), u ezo pasbuenue T|a,n.] = {xi}zozl, m.n.

¢ymﬂ4ueﬂ g(l‘) = 220:1 leEl(xL Ei = [xi—hxi); m; = iani f(-r),
A; = [x-1, 2] ydosaemeopsem nepasencmay

/|f z)|de < e.

JdoxkxaszaTenanbcTs o 3adpukcupyem ¢ > 0. ITo ycrosuio
HH1 fj |f(z)| dz cxomurces. CrenoBaTeibHO, CYIIECTBYET 7). € [a,b), 1.9
"xoct" HU fvi |f(2)|de < % Hauee, byukuus f € Rla,n.]. lTosromy
COTJIACHO JIeMMe 1 71 JAHHOTO € CyImecTByeT pa3sbuenue oTpeska [a, 1|
rakoe, uro dbyHKuus g(x) = 220:1 miXg, (z), g(n:) = m;, obranaer Tem
CBOICTBOM, 9TO

[ 1@ - gl < 5.

Ormerum, uro g(x) < f(z) Ha [a,n:] u g(x) = 0 mug z € (n.,b). danee,

Ne b
/ (@) — g(a)| do = / @) —g@)do+ [ 1f(@) = g(@)] do <
a Ne
£ b d g 5_
5 77€|f(5'3)\ T<5t5 =
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Jlemma mokasama.

Ilepeitnem kK mokasarenbcTBY Teopembl Pumama. B cmny ompeme-
JIEHsI HECOOCTBEHHOIO MHTErPaJjia TEOPEMY JOCTATOYHO JIOKA3ATh [
byuxnmit f, 3anansbx HA noOmymHTEpBase [a,b) (—oo < a < b <
+00), MHTErpUPYEMBIX Ha JIFOO0M OTpe3Ke u3 [a,b), u Takux, yro HU
fab |f(z)| dr cxomurest.

1) Ilycrs f(x) = ¢ na nonyunrepsade [do, d;), rae a < dg < di < b,
u f(z) = 0 Bue [dy,d;). Torna byukuusa f € R[dy,d1] upu sobom ee
JIOOIIPESIEIEHUN B TOYKE dq U

b d1 dy
/ f(:v)cos)\xdsc:/ ccos)\xdx:c/ cos Az dx =
a d

0 do
; (sin Ady —sin Ady) — 0 mpu A — oo.

2) Husa dyuknuii
k
flz) = ZCiX[di,l,di)(z)v rmea<dg<di <...d,<b
i=1

YTBEDZK/IEHUE T€OPEMBI caieyer u3 1) u auHeifiHoCTH nHTerpaia u upe-
Jiena.

3) O6mmit cayuaii. 3adukcupyem ¢ > 0. Ilo yciosuro HU
ff |f(z)| dx cxomnres. Boibepem 7). € [a,b) u dbyskuumio g(z) Takumu
xKe, Kak u B geMme 4. Tounee, 9TOGBI BBIIOIHSINCH HEPABEHCTBA:

b b
1f(2)] dx < e, / () — g(2)| dz < .

Ne

Temepnb orennM

b b
/f(x)cos)\xdx = /(f(:c)fg(x)+g(x))cos)\xd:c <

b b
/(f(m)—g(m))cos)\xdx + / g(x)cos \xdx| =1+ J.
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Nmveewm (g(x) =0 ans x € (ne, b))

MNe Ne
J = / g(x) cos \x dx| = / XE,; (x) cos Az dz| =
0 z; 1 0
m; cos Az dr| = |— m; (sin A\x;_1 — sin A\x;)| <
S [ \Az (1 — )
Z 27)<5;U1${|)\|>)\E
I\ & Al

(BbI6OpP (DYHKIMHU g 3aBUCUT OT € U LOTOMY ZZ":l 2|m;| = C(g)). Ie-
peitmem K orenke [:

I</ |f(z Hcos)\ac|dgc</ |f(z) —g(z)|dx < e.

O6benutss MOyYeHHbIE HEPABEHCTBA, TOIYYaeM, ITO

x)cos A\x dr| < & ans Y[A| > A..

. b
ITOCKOJIBKY € HPOM3BOIBHO, TO limy o0 [ f(2) cos Az dx = 0. Amamo-

. b .
THUYHO JOKA3BIBAETCS, UTO lim)y o0 fa f(z)sin Az dx = 0.
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JIEKIINA 23
CxoauMoCTh TPUTOHOMETpUYecKuX psajioB @ypbe.
IIpocrpancTBO ()Ls[a,b] KycouHO HenpepbIBHBIX (DYyHKIMIA.
CxoaumocThb B npocrpaHcTBe ()Ls[a,b]. HempepbiBHOCTH
CKaJIAPHOT'O MPOU3BEIEHU.

PacnpocTpanuM TOHSATHE OJIHOCTOPOHHHUX MPOM3BOIHBIX HA TOYKH,
B KOTOPBIX (PyHKIUSA UMEET OJHOCTOPOHHHE TIPEJIEBI.

IMycrs dbyukuus f oupeznesena B upapoil (1€Boi) OKPECTHOCTH TOY-
Kk x. Benwmanant

f(x+0) = lim flath) — fz+0)

h—+40 h ’
Pz iy HE a0,

€CJTH OHU CYIIECTBYIOT, HA3BIBAIOTCSI COOTBETCTBEHHO NPAGOCTMOPOHHET
U AE80CMOPOHHET] TPOU3BOIHBIMYA B TOYKE .

OueBnzao, uro ecnu GyHKIWsA [ HEOPEPBIBHA B TOYKE T, TO JEBO-
CTOPOHHSIS M [IPABOCTOPOHHSS [IPOU3BOJIHBIE B 9TOW TOYKE COBLAJIAIOT
C JIEBOI W MPAaBOil TPOU3BOTHBIMMU.

IIpumepsl.

1) f(z) ==z, z € [0,1), f(z) =0, z € (1,2] u f(1) = 1/2. IlockonbKy
F1=0)=1, f(14+0)=0, 70 f/(1—0) =limhro((1 —h) —1)/(=h) =1,
f'(1 +0) = 0. IIpu sTom JieBas U TIpaBast TPOU3BOHBIE B TOUKe T = | He
CyLIEeCTBYIOT.

2) fan f(z) = [2'/2 f1(0) = /(0 - 0) = —o0, f1(0) = f(0+0) = +oo.

Jlayiee BBeeM HOBBII Kytacc GYHKIUI 1T TOTO, 9TOOBI CPOPMYIIH-
pPOBATH TEOPEMY O TOTOYEYHOH CXOAUMOCTU TPUTOHOMETPUUECKUX Psi-
nos Dyproe.

Onpenenenne 1. Oyuryus [ Hasweaemces xycouwno duddeperyu-
pyemoti na [a,b], ecau cywecmeyem pasbuenue Tla,b] = {x;}1 ), m.u.

1) fe D(mi,l,xi), 1=1,2,...,n;

2) cywecmeyrom konewnvie f'(x;—1 +0), f/(x; —0),i=1...,n.

Dyukiys u3 npumepa 1) apigercda Kycouno auddepeHiupyeMoi,
a M3 BTOPOro — HeT.
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Kycouno nuddepenippyembie Ha oTpe3ke [a, b] GyHKIMH ABISI0TCS
KYCOYHO HEIPEPBIBHBIMU U, CJEJI0BATELHO, MHTEIPUPYEMBIMEA HA HEM
(cm. seknmio 1.26).

Teopema 1. Tpuzoromempuueckut psd Pypove Kycouno dupdepen-

yupyemot na [—m, 7] gynryuu crodumes 6 Kadxcdol mouke T uHmMeEp-
flz—0)+ fz+0)

, @ 8 KOHUEBLIL TMOYKAT T = +7

f(=m+0)+ f(x—0)

CaencrBue. B moukax Henpepmengcmu Kycouno duddepenyupy-
emotli ynxyuy [, npunadiedcauus unmepeasy (—m, ), ee mpuzoHo-
mempuyeckul pad Pypve crodumcea ¥ 3HALEHUAM PYHKUUU.

Teopema 2. Ecau [ € C|—7,n] u Va € (=7, 7) cywecmsyrom xax
ne6a, Max u npasas npoussodnwe f(z) u fl(x), a 6 Konyesvir Mou-
Kax cywecmeyrom odnocmopornue npouseodnsie f.(—m) u f/(m), mo
Va € (—m, ) mpuzonomempuueckul pad Pypve gynryuu f crodumca

k f(x), a 6 moukar x = £ cxodumea x M

He 6ynem ocranaBImBaThCA HA, JIOKA3ATENIHCTBE STUX TEOPEM.
3ameuanue. IIoCKONIBKY 9aCTHYIHBIE CYyMMBI TPUTOHOMETPUIECKOTO Dsi-

eana (—m, ) %

ompesxa [—m, 7| crodumes K

3 SBJASIOTCH 2T—TePUOINIECKUMU (DYHKIIASIMHA, TO TPUTOHOMETPUIECKUIN
psax @ypoe kycouno muddepeHupyeMoit bYHKITUN CXOIUTCA HE TOJIHKO Ha

[—7, 7], HO M BO BCEX TOYKAX YUCJIOBOM MPAMOIA.
T—x

IIpumep. Haiinem pasnoxenne byuxumn f(z) = mastz € (0,27 B

Tpuronomerpuueckuil psg @ypoe. [Ias aToro cocuntaem ee kK03bHuUimeHTH
Oypoe. na k=1,2,... umeem

21 _ _ 27
ak:%/o szcoskmdm:%k (W2msinkm|8”+%/o sinkmdm) =0,
1 27 _ 1 _ 1 2w
bk:;/o Tersink‘a:da::—ﬁ (WQxcoskadi—l-i/o coskmdm) =
_1 (_E_Z)fl
e\ 2 2/ Kk

1 27 _ _ 2
ao:f/ U xdm:—i(ﬂ z) T =o0.
0

Haree,




CetoBaTEIBHO,

T — T (0,27) X sin kx
2 ; ko

(B Toukax x = 0 m & = 27 PsI CXOOUTCS K HYJIIO).

Tpuronomerpudeckue psiabl Pypbe MOXKHO pPACCMATPUBATH [IJIst
dbyukuuit, abCONOTHO UHTErPUPYEMbBIX Ha IpoMexkyTKax Buaa (—I,1)
(nmm J106bIX APYyTrUX npoMexRyTKoB (a, a+21) amuubt 21). Ecau f abco-
JHOTHO uHTerpupyema ua (—l, 1), To ee rpuronomerpuyeckuii psii @ypoe
UMEET BUJ,

—+oo
% + kz_l aj cos k%x + by, sin k%x,

rae ko3 durmenTsr Pyphe BhIYUCIAIOTC 0 (hopMyIam

™

1 /! 1! ™
akzj/ f(x)cosklmd:m bkzz/ f(x)coskjmdac.
—1 -1

CdopmyaupoBaHHbBIE BBIIE TEOPEMbI OCTAIOTCH CIPABEIUBBIMH,
€cJii BMECTO OTpe3Ka [—, 7] 6parh orpe3ku Buaa [a, a + 21].

IIpocTpaHCTBO KyCOYHO HENPEPBIBHBIX PYyHKIUH

JlomoHuM  OTpe/ieieHre KyCOYHO HeNpephIBHON Ha OTpeske [a,b]
dyuknun f, kKoTopoe O6bLTO JaHO B jiekiuu 1.26, ere oJHuM YCIOBHEM.

Onpeneiierne 2. Qyuxuyua [ HA3BBAEMCA KYCOUHO HENPEPbLLEHOT
na [a,b], ecau cywecmeyem pasbuenue Tla,b] = {z;}7_o, n = n(f),
m.u.

1) feC(zjr,25) (j=1,2,...,n);

2) cywecmsyrom Konewnsie odnocmopornue npedeav, f(xj_1 + 0),
f(xj 70) (] = 1,2...,72),’

3) f(xj):%(f(xj—O)—i—f(xj—i—O)) onaj=1,....n—1u

1
fla) = f(0) = 5(f(a+0)+ f(b—0)).
PaCCMOTpI/IM MHOXKECTBO BCE€X KYCOYHO HEIPEPBLIBHBIX Ha OTPE3KE

[a, b] bynknmit, koropoe oboznaunm K Cla, b]. Cnoxenue (morodednoe)
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TakuX (PYHKIUN ¥ YMHOMXKEHHE WX Ha, YUCIa JAIOT B PE3YJIbTaTe CHOBA
KYCOYHO HeNpepbIBHbIE (PYHKIUU. JIerko yOeauThCs, 9TO MHOXKECTBO
KCla,b] Bcex KycOYHO HENPEPBLIBHbIX Ha OTpe3Ke (DYHKUMI sBIIseTCs
BEKTOPHbBIM IIPOCTPAHCTBOM.

ITpn ymuoxkennn neyx dyukimit n3 K Cla, b] moxydaercs dyHKIms,
JIJI KOTOPOil BbIOJHEHbI ycjoBust 1) u 2) ounpenenenus 2. Cienosa-
TEJbHO, MPOU3BEJIEHUE ABYX KYCOYHO HEMPEPBIBHBIX (DYHKIWHA WHTE-
rpupyemo o Pumany na [a,b] (cMm. sekiuio 1.26).

JIlemMma 1. @opmyasa
b
)= [ 1@t ds (13)

sadaem & sexmoprom npocmpancmee KCla,b| ckaasproe npouseede-
Hue.

HdokaszarenscrTso. diugsroro nposepum, uro s (13) Boinos-
HSFOTCSI AaKCHOMBI CKAJIIPHOTO TIpOn3BeaeHus. JleficTBUTETbHO, CHMMET-
PUYHOCTD OYEBH/IHA, JUHEHHOCTH CJIEAyeT M3 JIMHEHHOCTH HHTerana'
HEOTPHIATEIHHOCTh CKaNsIpHOro mpoussenenust (f, f) f f?(z)dx >
0 — U3 HEOTPHUIIATETHLHOCTH I/IHTeraJIa OT HEOTPUIATETHHOMN (byHKuI/m.
Haxkoueu, ecou 0 = (f, f) f f?(x) dz, 10 u3 cpoiicrs unTerpana Pu-
mana (cMm. Teopemy 1 JIeKI_[I/II/I 1.26) cremyer, uto dbyuxuus f2(z) = 0
BO BCEX CBOMX TOYKAX HENMpepbIBHOCTH, a modToMy u f(z) = 0 Bo
BCex TOYKax cBoeii menpepbiBaocTu. CrenoBarenbho, f(z) = 0 mus
Vo € (xj_1,2;), j =1,...,n. Ho rorma B cuny myHkTa 3 onpezneseHus
KycouHo HempepbBHON dymkuun f(z;) = 0 u f(a) = f(b) = 0, T.k.
f(xj—1+0) = f(z; —0) =0, m f(a+0)+ f(b—0) = 0. Buaunr, n3
yenosusi (f, f) = 0 caenyer, uro f(x) = 0 uHa [a,b], Te. f aBagercs
HYJIEBBIM 3JIEMEHTOM BEKTOpHOTrO mpocrpaHcTea K C|a, b].

Ounpenenenne 3. Bexmopnoe npocmpancmeo KCla,b], 6 xomopom
e6edeno craasproe npouseedenue (13), 6ydem obosnawams QLs|a, b].

Ecnu Gynkus g 3amana Ha oTpeske [a, b| 1 yI0BIeTBOPSIET yCAOBH-
sM 1) u 2) onpesiesiennst 2, TO ee OYEBHIHO MOKHO M3MEHHThH He 6ojee
9eM B KOHEIHOM YHCJIE TOYEK TAK, 9TOOBI BHIOM3MEHEHHas (hyHKIUS
npuHajexkana npocrpanctsy @ Lsofa,b]. dpyrumu cioBamu, s Jio-
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60it Takoit GyHKIMK g MOXKHO yKazarh GyHKImO ¢* € QLo[a, b], orm-
JAOIIYsICs OT g He HoJiee 9eM B KOHEYHOM YHCIIE TOYEK.

Hepasencrso Kommn—Byusakosckoro—IlIBapria a1 BBeIEHHOTO CKa-
JISPHOIO IPOM3BE/ICHUS BBINJISIUT CIEAYIONIMM 00pa30M:

< </abf2(x)dx>% </abg2(z)dx>§

(3T0 wacTHbI cayuail HepasencTBa Lesibepa [ MHTErpaJoB).
HamoMuamM, 9TO B HmpPOCTPAHCTBE CO CKAJIAPHBIM TPOU3BEICHUEM

MOKHO BBECTH HOPMY, IODOKJIEHHYIO CKaJIAPHBIM IIPOU3BEIEHUEM:

£l = (f, V2.

Onpenenenue 4. Beauuuna

171 = (. ) %:</ P ) (14)

Hasoveaemca Hopmol Pynkyuy f 6 npocmparncmee QLa[a,bl.
Hepasenctso Tpeyrompruka || f + gl| < | f + [|g ana nopumbr (14)
AMEET BHJ,

(/f(f()w( )2 d ) (/ P >+</ab92(x)dx>;

(oHO sABJIsIETCS YACTHBIM CJIydYaeM HEpaBeHCTBA MUHKOBCKOIO Jijid WH-
TErpasion).

Onpenesnenune 5. [locaedosamearnocms gynxuyud (fr) C QLsa, b
cxodumea ¥ dynryuu f € QLsa,b] 6 npocmpancmse (uau no nopme
npocmpancmea) QLala,b], ecau

1
2

i | = fll = T (/ab(fn(w)f(x))zdfc> ~o.

Hust cxomumoctn B npocrpancTBe () Lsla, b] ucnonbsyercst 0603Ha-

yenue f, QLale.bl f (n — 400).
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CxonumocTh M0 HOpMe mpocTpaHcTBa Q) Lo[a,b] HA3BIBAIOT TakiKe
CXOIUMOCTBIO B CMBICJIE CPEIHETr0 KBAIPATUIHOIO.

Jlemma 2(emmHCcTBEHHOCTD mpenetia). [Ipedes nocaedosamens-
nocmu 6 npocmparemee QLsla, b] eduncmeen, ecau on cywecmeyem.

Lala,b Lala,b
,ZLOKa3aTenb0TBo.HyCbenQ s ]fnania ]ngI/I
n — +oo. Umeem

1f =gl = Ilf =fa= (g =Sl < If = Full+1lg = full = 0 mpu n — +oc.

Torpa || f—g|| = 0. Cnenosarensuo, f—g = 0 na [a, b]. Jlemma nokazana.

BaMe‘{aHI/Ie. CXOAI/IMOCTI) 10 HOpM€ B HOPDMUPOBAHHOM TIPOCTPAHCTBE
o3Ha"aeT cxomuMocTh 1o merpuke d(f, g) = ||f — g||, nEAynupoBamHO HOD-
MOt (9TO OTHOCHTCA K JIIOOBIM BEKTOPHBIM IPOCTPAHCTBaM). Takmm oGpa-
30M, BCAKOE BEKTOPHOE HOPMHUPOBAHHOE MPOCTPAHCTBO ABJIAETCA METPUYIe-
CKAM IPOCTPAHCTBOM C METPHKOH, mopoxkzaexuoi mopmoil. Ilostomy emmm-
CTBEHHOCTH TIPEJIEJIA [0 HOPMe TTOCJIE[0BATETFHOCTH B HOPMUPOBAHHOM TIPO-
CTPaHCTBE MOXKHO 6})[.)'[0 TIOJIYIUTh U3 €IUHCTBEHHOCTHU IIpeejia B MEeTpu4e-
ckoM npocrpascrse (gexnus 1.32).

Jlemma 3(HenmpepbIBHOCTH CKAJISIPHOTO mpou3Belenusd). Fe-

QLz|a,

au fn ’ f npun — +oo, fn, f € QLsla,b], mo das Vg €

QLg[a,b}
(fn,9) = (f,g) npun — +oo.

HoxkaszaremasbcTso. leiicrBurensHo,

[(fns9) = (f,9) = 1(fu = £, < Ifn = fllllgll = 0 mpm 1 — 400

(cHauama BOCTIONB30BAINUCH JTUHEHHOCTHIO CKAJISPHOTO TPOU3BEICHUS,
a 3arem — HepasercTBoM Komu-Byrsakosckoro-IlIsapua).

3ameyvanue. HenpepblBHOCTDH CKAJIAPHOTO IIPOU3BEICHUA 0O3HAYAET, YTO
uMmeer MeCToO paBeHCTBO

n—-+4oo

ecmua fr, QLia’b] f pu n — +o0.
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Jlemma 4. Ecau fn(z) = f(x) na ompeske [a,b] (fn, [ €
QLsla,bl), mo f, = f (n — +00) 6 npocmpancmee QLs[a,b].
HokaszareabcTso. B cuty HepaBeHCTBA

[fo(@) — f(2)] < sup |fu(t) — f(D)]

t€la,b]

U SUp—KpUTepusd paBHOMEPHOH CXOIMMOCTH UMeeM:

2

b 3 b
(/ (fn(x)—f(x))de> =</ |fn(af)—f(x)|2dx> <

1
b 2
</ (‘sup [fn(?) —f(t)l)de> = sup |fu(t) = F(B)|(b—a)? -0
a t€la,b] t€la,b)

npu n — +00. Jlemma gokazana.

3ameuanne. 13 cxoguvoctu 1o mHopme npocrpancrsa (QLa[a, b] me cie-
JlyeT MOTOYeYHAasi CXOAUMOCTb Ha [a, b]. Ilycts n > 2. Ionoxkum f,(xz) = 0
sz € [0,1—-1/n2)J(1+1/n%2], falz) = /n amsz € (1—1/n% 14+1/n?)
u fn(l1 —1/n%) = f.(1+1/n?) = /n/2. Torma fo(z) = 0 (n — o0) B
mpocrpancree QLs[0, 2], u6o

141/n2 1/2 1/2
IIfn(x)0|=||fn(x)|=</1_1/2"d‘”> :(%) v

Ho B Touke x = 1 nocenosaremsuocts (f,(2))F2 pacxomures.
Oupepnenenne 6. Pso Z:j fi(z), 2de fr(x), f(x) € QLa(a,b)

crodumes & f(x) 6 mpocmpancmee QLs[a,b], ecau nocaedosamenn-

nwocmo Sp(z) = Y.p_, fu(z) cxodumea ® f(x) e npocmpancmee

QLQ(G, b)
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JIEKIINA 24
OpToroHajbHble I OPTOHOPMUPOBAHHbIE CUCTeMbI (PYHKIIUIA.
Kosdpunmmentsr @Pypbe u paabl Pypbe M0 OPTOTOHAJIbHBIM U
OPTOHOPMUPOBaHHBIM cucreMaM dyHkIuii. Teopema o
K03 (pduImeHTaX CXOOAINErocs OPTOTOHAIBHOTO PA/Ia.
ITosiable oproronanbHbie cucteMbl PyHKIu. MuHNMaIbHOE
cBolicTBo Ko3(pduiinenToB ®Pypbre. HepaBencTtBo Beccend.
Kpurepuii cxogumocru psaga ®ypee B npocrpaucTse QQLs|a,bl.
PasencTBo IlapceBaJid.

Ounpepenenue 1. Pynryuu ¢, 1 € QLo[a,b] naswearomes opmo-
2onaavoimu, ecau (¢,1) = 0.

Ounpenenenne 2. Cucmema gynrkyud {g} = {1,..., Yk, ...} Ha-
3bL8GEMCA OPMOOHAALHOT 6 npocmpancmee QLola, b, ecau

1) dpynryuu smoti cucmemo, npunadaesicam QLa[a,b];

2) UMENM NOAOHCUTNEALHBLE HOPMbL;

3) nonapro opmozonanvnve, m.e. (VY;,1;) =0 npu i # j.

3ameyaHue. YcjioBue 2 03HAYAET, 4TO Cpeau (DYHKIMN HET HYIeBBIX
snemenToB npocrpancrea QLs[a,b], T.e. dynkumil, obpamamommuxcs B HyIb
Ha orpeske [a, b].

W3 kypca auHeitHON ajreOpbl W3BECTHO, YTO MPOM3BOJIbHAS KOHEU-
Has CHCTEMa HEeHYJIEBBIX TOMAapHO OPTOTOHAJIBHBIX BEKTODPOB JIMHEHHO
mesapucuMa. CTaso ObITh, B M00asd KOHEIHAA CHCTEMa OPTOrOHAIBHBIX
B QLs[a,b] dyukiuil iuneiiHo HE3aBUCHMA.

IIpumepsi.

1) Cucrema dyuknmii {1,cosz,sinz,...,coskz,sinkz,...} oproro-
mampHa B QLo[—m, 7] (cm. semmy 1 gekmmm  22). Ee moacmcrembr
{1,cosz,cos2z,...,coskx,...} n {sinz,sin2z,...,sinkz,...} u rakxe op-
TOrOHAJIBHBL B QLo[—, 7).

2) Jlerko HPOBEPUTD, 91O CHCTEMBI bysarIHiI
{1,cosz,cos2x,...,coskz,...} m {sinz,sin2z,...,sinkz,...} ocrawor-

Csl OPTOrOHAJIbHBIMU TaK2Ke U B upocrpancrse QLs[0, ).
Ounpepenenne 3. Oynxyusa ¢ € QLsa,b] naswsaemes Hopmass-
noti, ecau ||p] = (¢, 9)"/* = 1.

Ounpenenenne 4. Cucmema pynxyut {dx} = {d1,02,. .., Pk, ...}
HA3bL8aEMCH OPMOHOpmuposarnotl cucmemoti (OHC) 6 QLsla,b], ecau
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1) pynxyuu smoti cucmemo, npunadaesicam QLala,b];

2) ckansprvie npoudeedenus (¢, ¢1) = O, 20e ok = 1, ecau k =1
u g =0, ecau k # 1.

Kak ciiejyer u3 oupejesienuii, Bcsakasd OPTOHOPMUPOBAHHAA B 1IPO-
crparcTBe QLsa,b] cncrema dyHKIpmil sBISETCS OPTOrOHAIBHON B
9TOM TIPOCTPAHCTBE CHCTEMOIA.

IMMycrs f € QLs[a, b.

Ounpegenenue 5. Jucia (fyr) (k=1,2,...) naswearomes

1
IR
koappuyuenmamu Pypve dynryuu f € QLs[a,b] no opmozonarvrol
6 QLs[a,b] cucmeme dynruyut {r}, a wucaa (f, ér) (k=1,2,...) —
koapuyuenmamu Pypve pynkyuu f no OHC {Py}.

Onpenenenune 6. Psd

an s ve)d

nasveaemes padom Pypve dynryuu f € QLa[a,b] no opmozonarvrot
cucmeme gynruyut {1 }. Padom Pypve dynryuu f no OHC {pi} na-

36AEMCA PAO
+oo

> (S bw) e

k=1

Psap 10 OPTOrOHAMLHBIM CHCTEMAaM Ha3BIBAIOTCA 0PTMO20HAADLHDI-
MU.

Teopema 1(o ko3dduUeHTaX CXOAAIErOCH OPTOTOHAIH-
Horo psaja). ITyemv {Y}2 — opmozonarvnas cucmema dynxyut

6 QLz[a,b], f € QLza,b]. Ecau f @Lyfa.b]
1
Hw ||2(f71/)k)

Hdoxkaszareunbcrtso. JeiicrBuresnbto (LOACHEHUs HUKE),

(f,n) = (Z k¥, 1/%) =( lim > enthe, ) =
h=1

+oo
_1 CkYr, mo ¢ =
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n n
nllgrloo 261&%,1&1 anglm;c‘k(%ﬂﬂl)=Cl\|¢zl|2

(cHavasa BOCIIONB30BAJIMCH HENPEPBIBHOCTHIO M JIMHEHHOCTHIO CKAJISAD-

HOT'O TIPOU3BEJEHU, & 3aT€M OPTOrOHAJILHOCTHIO (DYHKIHH 1)y ).
Teopema 1 o3Hauaer, 4TO ecjm DPsAJl O OPTOTOHATIHHON CHCTEME

dyukuuit cxomurcs B QLs|a, b], To on aBnsiercs pagom DPypbe cBoeii

CYyMMBL.
QLz(a,b]

CuencrBue (eJMHCTBEHHOCTH pasJiokeHust). Ecau [~ =
Zzﬁ a;ﬁﬂk u f QLQZ[QJ)] ;ri({ bkwk; mo ap = bk ona k.

HdoxkasareabcrTs o. Cpasy cirenyer u3 dbOpMysabl st
k03bdurinenToB psa.

EcrtecTBeHHO BO3HMKAIOT BOMPOCHI O TOM, CXOAATCS JIK B KAKOM—
subo cumbiciae psaabl Pypre dyuruuit uz QLsola, b], a ecam cxonsgres, o
4qT0 gBJsgercd ux cymmamu. Huxke Oyzner uaru pedb TOJIBKO O CXOUMO-
cTH 1o HOpMe TpocTpancTBa QLofa, bl.

IIpumep. Ilycrs p(z) = sinz, x € [—m, w]. PaccMorpum oproronasbHbI-
yio B QLs[—m, 7| cucremy dynxmmii {sin 2z,sin3zx,...,sinkz,...}. OueBun-
1O, aT0 K03 durments: Pypbe GyHKIWM £4(2) PABHBI HY/IIO. 3HAYUT, K CyMMa
B QL2[—7, ] ee psima @ypbe pasHa Hysesoi ¢yukiuu. CienoBaTebHO, P
Dypbe dbynknun p(x) CXOmAUTCs, HO HE K caMoil hyHKIuH.

Hanee 3amernm, uro dynkoua A\(x) = 0 ma [—m, 77| Takxke nmeer HyJe-
Bole K03 durmenTtsr Pypne. Takum 06pa3oMm, [Be pa3IMIHbIE HEIIPEPHIBHBIE
dyukIMN MoryT nMerh oguHAKOBBIE KO3 dumuentsr Pyphe 10 JAHHONR Op-
TOTOHAJILHOMN cucTeMe (OyHKITHIL.

IToaromy ecrecTBeHHBIM OyAET BBIJEIECHHE TAKAX OPTOMOHATBHBIX
cucreM, nysi KOTOpeix pan Pypee moboit byaknun u3 QLa|a,b] cxo-
muTcest o Hopme B QLa[a, b] k camoii dbyHKumnm.

Ounpepgesienne 7. Opmozonaavhaa cucmema Gyrkyud {1} Hasoi-
saemca noanot opmozonanbrot cucmemots 6 QLala,b], ecau daa kasrc-
doti f € QLsla,b] ee pad Pypwve crodumes 6 QLsa,b] x f.

Jlemma. ITycmv opmozonasvrasn cucmema dynkyud {1} noana
6 QLs[a,b]. Tozda coenadenue wosppuyuenmos Pypve Pynkyud us
QLs[a,b] eaewem pasencmeo dynruyui.
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ok a3 a TEaAbCT B o IIycrs dbyukmpu f,g € QLs[a,b]
(f,vr) = (9,%%) = an, k=1,2,.... B cuny
Hi/)kH2 Hw 12

noHOTH B Q) Lo[a, b] cncremsr dbyukumii {1} psz Zziol Qg CXOIUTCS
B mpocrpaHcTBe QLo[a,b] Kak K dyHKImK f, Tak u K byHkuun g. B
CUIIy eIuHCTBEeHHOCTH npezena B QLs[a, b] 3akiaouaem, 9410 QyHKIMY
f u g coBmanaror. Jlemma nokazana.

Takum o6pa3om, MOTHBIE OPTOTOHAJIbHBIE CUCTEMBI (DYHKIHI 00/1a-
JIAIOT Te€M CBOMCTBOM, uTO Jrobast GbyHKIus n3 mpocrpancTsa QQLa[a, b]
OJTHO3HAYHO BOCCTAHABJIUBAECTCS 1O cBOMME Kodddurmerntamu Pypbe ¢
momombio psga Pypobe. 1o 3HAYUT, YTO Bt nHMOpPMAIUS 0 DYHKIIAN
COZIEPKUTCST B CIETHOM HADOPE YUCEsI, & UMEHHO, B IIOCJIEI0BATETHLHO-
cru ee kKo3pPurmentos Pypoe.

Teopema 2(MuHUMaIbHOE cBOMcTBO Koaddunmentos Py-
pwe). Ecau {¢r} — npouseosvnas OHC 6 QLs[a,b], mo das kaswcdozo
n € N u xaocdot pynxuyuu f € QLz[a,b]:

TaKOBBI, 9YTO

n_F =D awdull = I1f = D (f én)enl,
k=1 k=1

01,..,Qp

m.e. MUHUMYM A€60T wacmu docmuzaemcsa, koz2da g = (f, o) A6AA-
tomea xKosppuyuenmamu Pypve dynkyuy f. Ipu smom

1f =D (Froe)dnll® = 1117 =D (f é%)°

k=1 k=1

HokazareasbctTso. Ounennm

1= awoull® = (f =D awon, f =D an) =
k=1 k=1 k=1

(ucnosib3yem CBOICTBA CKAJISIPHOIO [IPOU3BEICHUS)

7220% (f, dr) +Zzaka3 ¢ka¢3)

k=1 j=1
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(mo ycnosuio (¢, ;) = Ok;)

n

H=2> alfion)+> ai =

k=1 k=1

(IonosiHsIeM MOCJ/Ie/IHUE JIBa CJIAraeMbIX JIO TIOJIHOIO KBaJpaTa)

f) + Zn:(((fv ¢k)2 - 2ak(fa ¢k) + Oé%) - (fa ¢k)2) =

k=1

Z f7¢k 70[]6 Zfa¢k =
k=1 k=1

(or6pacbiBaem Heorpunarenshoe cuaraemoe Y p_; ((f, dx) — ax)?)

Z fﬂ¢k )
k=1

MPUYEM MUHHMYM JOCTHTAE€TCS TOTJA W TOJIHKO TOTIA, KOTOA ) =
(f, d1). Ilpu Takom BBIGOPE KOIDDUIMEHTOB (vf; UMEEM

1f =D (Froe)onl® = 1117 =D _(f é%)°

k=1 k=1

(monmyuenas bopmysna JaeT TOYHOE 3HAUCHUE KBAIPATa, HOPMBI YKJIOHE-
HUS YACTUIHONW CyMMBI TOpsinka n psiga @ypbe dyakimnm f or camoii
dbyukuuu f).

Teopema mokazaHa.

Teopema 3(umepaBencrBo Becceuss). Ecau {¢r} — npouseoas-
nas OHC 6 QLsa,b], mo das aobol gynkyuu f € QLala,b] u xasc-
dozo n € N cnpasediuso Hepasercmeo

> (fon)? < £

k=1
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Hdoxkaszareasncrts o CornacuHo Teopeme 2 s JIIOOOTO
HATYPAJIBHOTO N

n n

AP =D 0n)* = 1 = D (f, o)l

k=1 k=1

Tak kak mpasast wactb pasencrsa > 0, o | f[* — Y 7_, (f.¢x)* > 0
ansa Vn € N, Te.

n

> (Fr o) < |17

k=1
Caencrue 1. JTas ao060i dynkyuu f € QLa[a,b] psad us xeadpa-

mos ee KosfiPuyuernmos Pypwve no npoussoavnot OHC {1} crodumes
U NPU IMOM UMEE, MECTO HEPABEHCTNEO

+oo

Y (Fe)? < I

k=1

(maxoice nasweaemoe nepasencmeom Becceas,).

JokaszaTeahbcTB 0. YTBEpXKJIEHUE CIEICTBUS BBITEKAET
W3 TEOPEMBI 3 B CHJIy KPUTEPHUS CXOAMMOCTH 3HAKOMOCTOSHHOTO PSIA
(reopema 4 sekuus 1.44).

CaencrBue 2. s aoboti pynkuyuu f € QLoJa,b] ee xosfduyu-
enmor Pypve no npouseoavrott OHC {pr} cmpemames x wyawo npu
k — +o00.

JokaszaTeasbcTs o. U3 cxommMmocTn paga Z;:;’Ol(f, or)?
creayet, 910 limg s 4 oo (f, ¢x)? = 0. Ho Torma u limy_, 1 oo (f, %) = 0.

Teopema 4. Psd @ypve Z;:f{(f, oK) Ok Pynxuyuu f € QLs[a,b] no
OHC {¢r} cxodumes x [ 6 npocmpancmee QLa[a,b] mozda u moavko
mozda, k0204 6LINONHEHO PAGEHCTNEO

—+oo

£ = (f, 60)?,

k=1

HA3bl6AEMOE PABEHCTMEBOM Hapceea/m.
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Hdoxkasareasctso. Hyers S,(f) =Y, (f, ¢x)pp — n-a
qacTrudHag cymma psaga @ypoe dyukmnun f. ITo Teopeme 2

n

1f = Su(HI = IFIZ =D (fs o)

k=1

Mosromy lim, 4o [|f — Sn(f)]| = 0 Torma u TosbKO TOrga, KOria
limy, oo ([| 112 = Yopey (f, #1)?) = 0. Ilociteisee paBeHCTBO HMeET Me-
CTO TOTJa U TOMLKO Torma, Korma || f|? = lim S (fion)? =
) n—+o00 k=1\J> ¥k
+00 2
k=1 (f7 ¢k) .

Caencrue. las mozo, wmobo, OHC {¢r} 6viaa noanott OHC
6 QLsla,b] neobrodumo u docmamouno, wmobv, das Kascdol dymk-
yuu f € QLsla,b] ewmnoanssocy pasencmeo Ilapcesanrs |f||*> =

+o0 2
k=1 (f? ¢k) .

Jloka3aTeaIhLCTBO Cpa3y CIASAYeT U3 TEOPEMBI U OMPEIeJICHIs MOJTHOM
OHC.

Bce ckazaHHHOE Bblllle OTHOCUTCS U K OPTOroHaJbHbIM B Q) Ls|a, b]
cucremam yukiunii. [locMorpum, Kak OyaeT BBIVISIETH HEPABEHCTBO
Beccenst mist f € QLs[a, b] mo oproronanshoii cucreme {1y, }. das k-ro
ko3 durmenta Oypwe ¢, byHKnun f MO STOI cuCcTeMe HMeeM

o 1 G\ _ 1
% = T ) = (f ’ ||wk||) T 9%

rae ¢ = ﬂ IMosTomy
[l

(f, or) = crllvrll-

ITockosbKy cucrema dyHurimit {¢y} opronopmuposana B QLz[a, b], TO
ais KoaddunmentoB Pypbe 1o 310N cucreme (DYHKIHI CIPABEIINBO
HepasercTBo Beccemnsa

+oo

> (fon)? < £

k=1
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CrenoBarenbuo, g k03ddunmenToB @ypbe ¢ 0 OPTOTOHAIHHON CH-
creme yHKIWIE {1y} uMeeM cieayoliee HEpABEHCTBO

+oo

> cillvnl® < 11£11%:

k=1

B ciydae TpuroHomerpuueckoit cucrembl ynxuuit || sin kx||? =
| coskz||* = 7, ||1]|* = 27. Iostomy nns byuxmun f € QLo[—, 7]
HepaBeHCTBO Beccess npumer Bus,

“+oo
ap 2
(?) 2+ (agm+bim) < [|fII%,

k=1
nJjimn
a(QJ = 2 2 1 2
5 T Z(ak +b;) < ;Hf” .
k=1
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JIEKIIN A 25
ITonmoTa TpUroHOoMeTpu4eckoii cuctembl pyHKuit. I[Toanora
cucTeM M3 KOCMHYCOB U CHHYCOB. PaBHOMepHAas CXOIMMOCTbH
Tpuronomerpuveckoro psaga Pypoe. Ilousennoe
nuddepeHnmpoBaHe TpUroHoMmerpuueckoro psaga Pypwe.
Komriuiekcuosnaunbie pyskiun. Komruiekcnas dpopma
3almcu TPUTrOHOMeTpu4YecKoro psaga Pypbe

IlycTs pan

—+oo
% +Zak cos kx + by sin kx
k=1
SIBIISIETCST  TpUrOHOMeTpudecKuM psigom  Dypoe dynkmum [ €
QLy[—m, 7| m Sp(z) = Sp(z, f) = % + > p_y akcoskx + by sinkz —
€ero n—s JacTudHas cymma. lIpuBegem 6e3 10Ka3aTebCTBA TEOPEMY O
MTOJTHOTE TPUTOHOMETPUIECKOW CUCTEMBI (DYHKITHIA.
Teopema 1. Tas xaocdot dynryuu f € QLo[—7, 7| ee mpuzono-
mempuneckuli pad Pypve cxodumes x f 6 npocmpancmee QLo[—7, 7],
m.e.

/ﬂ |f(z) = Sn(z, f)|* dz — 0 npun — +oo.

Orcroza Ha OCHOBaHUYU TEOPEMbI 3 JIEKIHK 23 3aK/IH049aeM, 4TO JIJId
mro6oit byukmun f € QLo[—7, m| Bomonuserca paserctso [lapcesass

1 a2
A2 =2+ Y@+ ).
k=1

Paccmorpum Teneph cucremy dbyukumii {1,cosz,...,coskz,...}.
Kak yxe ormedasoch, 3ta cucrema (DbyHKIW sIBJISETCSI OPTOrOHAIb-
HOit B QL2[0, 7]. Tokaxkem ee noauory B QL2 |0, 7.

Teopema 2. Beaxas ¢ynkyus f € QL2[0,7] packaadveaem-
ca 8 mpuzonomempuueckut pad Pypve no xocunycam (no cucmeme
{coska} L), cxodawutica x net 6 npocmpancmee QL[0, 7):

+oo T
7T 2
f(z) QL0 % + E ay coskx, 2de aj, = f/ f(z) cos kx dx.
™ Jo
k=1
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HdoxaszaTeascTtso. llockoabky

s 1 s
| cos kx||? :/ cos? kx dr = f/ (14 cos2kz)dx = E,
0 2Jo 2

2 :/ P
0

TO
1 T 2 (7
ap = W/o f(z)coskxdx = ;/0 f(@)coskxdx, k=1,2....
Ionoxnm .
ag = g/ f(x)dx
T Jo
Torua

|11H2/07r Flz)1de = i/oﬂ ) do = % (i /Oﬂ F(x) cos(0z) da:) -2

CrenoBarenbHo, psag @ypbe dyHkImu f umeer BuI

a =3

0

?—i— g ay cos kx.
k=1

O6o3naumm depe3 f* gernoe npomomkenwe dynkimn f c [0, 7]
[—7,0). OueBuano, uro f* ymosjersopsier yciopusM 1) u 2) onpezese-
Hus 2 siekiyu 23 = cyuwecrsyer Gyukuus f** € QLo[—m, 7], otinuaro-
wasicd or f* ne 6oJiee YeM B KOHEYHOM 4MCJ/I€ TOYEK (TAKMMU TOYKAMU
MOryT 6bITh TOoJBKO 0 U 7). B cayuae f* € QLs[—m,n| Gynem cunm-
Tarh, 4T0 f** = f*. MOxHO yTBepKAarh, uro 1) dbyukius f** derHnas
u 2) Ha [0, 7] bysknus f** Moxer ormgarbes ot f He Gosee YeM B 2-X
TOYKAX — HyJe U 7.

Iycre af* u bi" — xoaddunuenrsr Pyppe f**. Mcnoubsysn dopmy-
gbt s koadduiimentoB Oypre 9eTHON (DYHKIHH, UMeeM

2

™ 2 ™
az*:;/o f**(x)coskxdw:;/o f(x) coskx dx = ay,
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(HanmMCcaHHbIE HHTErPAJIbl PABHBI, T.K. TIOIBIHTErPAJIbHBIE (DYHKIIUN MO-
IYT HE COBIAJATDH JIMIIb B KOHEYHOM YHUCJIE TOYEK) U

b* =0, k=0,1,....

N3 cosmagenns xkoadgdunuentoB @ypoe dyukmmit f u f** coexy-
er, uro Jig Vo € [0,7] u Vn € N: Sy (z, f) = Sn(z, f**) (Sn(z, f) u
Sn(x, f**) qacTuanbie cymmbr panos @ypee dynxnuit f u f** coorser-
creerno). Torna dyukuuu f(x) — S, (z, f) u f**(x) — Sy (z, f**) moryr
OTJINYAThCS APYT OT Apyra Ha orpeske [0, 7] He Gojee YeM B KOHEYHOM
YUCJIE TOYEK, YTO BJIEYET COBIAJIEHNE MHTErPATOB OT HHUX 110 OTPE3KY
[0, 7]. Tenepb yTBep2K/IeHUE TEOPEMbBI BHITEKAET U3 CJIEYIOIIEH OLEHKY

it [1£(z) — Sz, )2
[ 1@ = suw P s = [ 17 @) = Sulr )P da
0 0

< / £ (2) = Sl £)2 da

—T

U IPEIbLIYIIEil TEOPEMBI, COTJIACHO KOTOPOi Sy, (x, f**) QLQ[—?W] I
AmanormaHoe yTBepIKIeHIe CIPABEIINBO U I OPTOTOHATLHON B
QL2 [0, 7] cucremsr dynkmmii {sin z,sin 2z, . .., sinkz, ...}
Teopema 3. Beakxaa dynxuyus f € QLo[0,7] packaadvsaem-
ca 6 mpuzonomempuueckuti pad Pypve no cunycam (no cucmeme
{sinka}[2), cwodawuiica x neti 6 npocmpancmee QLo |0, ) :

+oo -
T 2
f(@) el E by sinkx, ede b, = */ f(z)sin kx dz.
™ Jo
k=1

HJokaszaTeabcTBs o. PaccykKaeHuss mpoOBOAATCs, KAK IPH
JIOKA3aTesIbCTBE IPEAbLAyIeil TeopeMbl. TOJIbKO BMECTO Y9€THOIO IIPO-
nomxkenns GpyHknun f 6epercs HeUYEeTHOE.

CroiicrBa dynknun orpaxkaiorcs B ee kohdunuentax @ypoe. Ilo-
9TOMY XapaKTep CXOIUMOCTU TPUTOHOMETPUIECKOro psjga @ypbe pyHK-
AU JIOJIPKEH OIPeIeNIsiThCsl CBOMicTBaMu 910 hyHKImu. B 3akmioyenue

180



MPUBEIEM YCJIOBUs Ha, (DYHKIIMH, KOTOPHIE OOECIEYnBAIOT PABHOMED-
HYIO CXOIMMOCTH TPUrOHOMETpuYecKux panoB Oypbe (1 abCoNOTHYIO
CXOMUMOCTb PsAJoB u3 Kod(pdunuenros ®ypne), u 1P KOTOPLIX BO3-
MOXKHO 1OWwieHHOe JuddepeHnupoBaHue TPUrOHOMETPUIECKUX PsiIOB
Dypne.

Jlemma 1. Hycmo f € Cl—m, 7], f(—=7) = f(7), ar u by — Koop-
puyuenmo, Pypve gynryuu f, a aj, u bj, — Kosppuyuenmo. Pypve ee

npoussodnoti . Tozda

/

ap = 7?3 bk

li
— %

k=1,2,...
k? =

HoxazarenbcTso. B cuty GopMyabl HHTErPUPOBAHUS TIO
4aCTIM UMEEeM

1 [t
ap = — (z) coskx dx =
™ —T
L (s@sinkat, — [ p@)snkrar) = %
— (@) sinka|T » )sinkrdr | = -2,
1 [t
b, = — f(x)sinkx dx =
™ —T
L f(x)coskz|™ + Wf’(x)coskxdx _ %
wk IR ok

(mpu DOJIyYeHMHM IIOCJIEJHEr0 PABEHCTBA BOCIOJIB30BAJIUCH TEM, YTO
f(=m) = f(m)).

Jlemma nokazaHa.

3ameuanue. Ecim q1a GyHKIMs f BHIIOJIHEHB! YCIOBUS JIEMMBI 1, TO aj,
u bj, sasaioTcs xkoaddunuenramu Oypoe bymkmun u3 Q La[—, . JeiicTeu-
TEJILHO, IIPY CAEJTAHHBIX OTHOCUTENBHO (DYHKIMA [ IIPE/IIOIOKEHUAX €€ TIPO-
u3BoAHas f’ ymOBIETBOPAET yCaOBHsM 1) M 2) ompeesieHus! KyCOYHO Herpe-
poerOil dyukmuE (cm. mextmio 23). Torma mbo f € QLz[—m, 7] u, cTamo
6bITh, aj, u bj, aeaatorca koabdummentamu Pypoe bynkmum w3 Q Lao[—, 7,
6o f' ¢ QLa[—m, 7). B mocnennem ciywae f' oTimdaerca oT GyHKIME 13
npocrpancTBa QLa[—m, 7| He Gostee €M B KOHEIHOM 9HUC/IE TOYEK, & WMEH-
HO He Gosee YeM B OByX Toukax +7. Tak Kak aj u bj, OIpemendiorcsa depes

181



UHTErpaJibl U, CJI€A0BATE/JIbHO, HE 3aBUCAT OT M3MeHeHU TIOABIHTET PDAJIBHBIX
byHKIHMIT B KOHEIHOM 9HCIe TOYEK, TO aj, U bj, COBIMamaioT ¢ Koaddummen-
tamu @ypne bynkuun u3 QLo [—7, 7).

Teopema 4. Ecau f € CH—n, 7] u f(—7) = f(x), mo

1) dynryus [ pasaaeaemcs 6 paHOMEPHO CLOOAWUTCA K Hel Ha
[—7, ] mpueonomempuueckuii pad Pypowe;

2) crodumea pad 3,25 (lax| + |br|) us abcorrommms snanenwi xo-
appuyuenmos Pypve pynryuu f.

HoxaszaTensncTs o. [lo Teopeme 2 meknym 23 psaa @ypne
dbyuxpn f(z) moroyedHo cxoaures K Heit Ha [—m, 7], T.e. V& € [—7, 7]
AMEET MECTO PABEHCTBO

“+oo
flz) = % + Zak cos kx + by sin kx.
k=1

IIycrs a) u bj, — rakue xe, KaK u B jemme 1.

1
TTpnuMeHsist 3/1eMEHTapHOE HEPABEHCTRO UV < §(UZ +v?), momyJaem,

o / 1 1 b, 1 1
a 12 k ’2
& §2<ak +l<:2>7 % §2<bk +k2> (15)
B cuny onenok (15) umeem
1 ;c a;c 1 /2 /2 1
|ag, cos kx + by sin kx| < |ag| + |bg| = - + - < 3 (a},2 +0},2) + =
(16)
Panwr
+oo +o0 1
S e Y
k=1 k=1

CXOIATCH: NEpBbIii B CUJly HepaBeHCTBa Beccens (31ech BOCIONB30Ba-
JIMCh TeM, 9ITO @), u b}, sBasorcsa xodddunuentamn Pypoe GyHKIUH
u3 QLs[—m, 7)), a Bropoit o unrerpasbuomy npusnaxy Koruu.
ITpumenss upusnak Beiiepurpacca (reopema 3 siekuuu 2), nosy-
qaeM, UTO TpUTOHOMeTpuueckuit psayg Pypbe %‘) + EZ:{ ag coskr +
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by, sin kx dyuripn f(z) cxoaures paBHOMEPHO Ha [—7, 7] K CBO€il CyM-
me, T.e. K Gyukuuu f(x).

U3 (16) no npusnaky cpaBHenus (reopema b jekuuu 1.44) ciegyer
CXOMMOCTb YUCI0BOIO Psa

—+o0

> (lak| + [be])

k=1

T.€. paj u3 Kodpdunuenros Pypre dbyukimu f () cxoaurces abCOTOT-
Ho. Teopema mokazana.

CaencrBue. [Tyems [ € Cl—m, 7| u f(—7n) = f(m). Ecau, xpome
moezo, pynryus f KycouHno nenpepuero duddeperyupyema Ha ompeske
[—7, 7], mo ymeeporcdenus meopemv, 0CMAOMCA 6 cuie.

HdoxkazaTedabcTso. U3 ¢aeandbIX MPEINOTOKEHUN CIEyeT,
4910 psag Pypbe MOTOYEUHO CXOAUTCA Ha oTpeske [—m, 7] K f(z) u cy-
mecrByer pasouenue T[—m, 7| = {z;}",, T.9. cy:kenus byHkunu f Ha
[€;—1, ;] sBRsrOTC HEmpepbiBHO MEddepeHmUpyeMbiMu (DYHKIUIME
(Mo MPOU3BOIHBIMY B KOHIEBBIX TOUKAX MOHUMAIOTCS OJIHOCTOPOHHHE

e m XT;
npoussobie). [Ipencrasiss uarerpas f_ﬂ KaK CymMmy » ., zil_l, WH-
bl
TErpupys 1O YACTSM ¥ MPUBOJS MOJ00HBIE, TIOIYYUM, UTO A) = —f,
Y
k

Kak u B 3aMeqannu, MOXKHO yTBEPKIATD, 9TO @) H b}, ABISIOTCI KO-
s dunnentamun Pypre Gynkmun u3 QLo[—7, 7| (ams TOTO, €Cam 3TO
TpebGyercs, ucnpapnsiem byrkuno f'(r) Kak B TOYKax © = +7, Tak ¥ B
TOuKax x;, 4 = 1,...,m—1). Torma, Kak 370 OBLJIO OKA3AHO MPHU JOKA~
3aTeIbCTBE TEOPEMBI, U3 MOy IeHHBIX COOTHOMIEHN i a, by, af, 1 b,
csiejlyeT paBHOMepHas cxoauMocThb psaaa Pypoe K f(x) u abcomornas
CX0MMOCTh psja u3 Koddduuuento Oypoe dyukiuu f(z).

Temnepsb JIerko yBUAETH, DU KAKUX TPEOOBAHUAX BO3MOXKHO IOYJIECH-
uoe muddepeHImpoBanne TpuroHoMeTpudeckux psaoB @ypwe. Corac-
HO Teopeme 1 JieKnuu 3 OIHUM U3 YCJAOBU, TAPAHTUPYIOIIIM BO3MOXK-
HOCTH MOWIEHHOTO AU DEPEeHIInPOBAHIS PSAIA, IBIISETCS PABHOMEPHAS
CXOIMMOCTD PsiJIa U3 MPOM3BOAHBIX. [Ljist 3T0or0 B cuity npusnaka Beii-
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€pITpacca JOCTATOYHO, YTOOBI psij u3 Momyseil Koaddumumentos Dy-
pbe npou3sBoaHoil cxoxuscd. [locnentee Gyxer Boinonneno, eciau f'(x)
YZOBJIETBOPSET YCJI0BUAM TeopeMbl 7 (uiu ee ciencrsus). Ilepeiigem k
TOYHBIM (POPMYTMPOBKAM.

Jlemma 2. Ilyemov dymsuyua f € C?*[—m,7], f(—7) = f(7) u
fi(=m) = f'(m).

Tozda cxodumcsa psd

—+oo

> (kay| + [kbe])

k=1

20e ay, u by, — xosppuyuenmu Pypve pynxyuu f(x).
HJoxkasarteasncrts o lockomsky f/'(z) € Cll-m, 7] u
f'(=m) = f'(7), To Kak GBUIO TIOKA3aHO B TeopeMe 4 GyJIeT CXOANTHCS
pan S22 (|ak| 4 |b},]), nae af, u by, — kosdbdurmentir @ypre bymKiHm
!/

Tak xax f(—7) = f(m), To cormacuo nemme 1 aj, = kby, a bj, =
—kay. Crenosarensno, pax 3, (|kax| + |kbg|) cxomares. Jlemma go-
Ka3aHa.

Teopema 5. Ilycmv dynxyua f € C?[—m, 7|, f(-m) = f(m),
f'(=m) = f'(n). Toeda mpuzoromempuueckut pad Pypve Pynruyuu f
MOHCHO NOUAEHHO OUPPEPEHUUPOBAND 8 MOM CMBICAE, MO

+oo
f(z)= Z (—kay sin kx + kby coskz), x € [—m, 7,
k=1
npuuem psd cTodumces pasHOMeEPHO Ha [—T, ).

HoxkasaTeabcTso. IIpoBepsem ycioBus T€OPEMBI O MOYIEH-
oM uddepennuposanuu OP (teopema 1 jekiun 3) NpUMEHUTETHHO
K TpuUTOHOMeTpHuIeckomy pamy Oypbe 3 + Z:;’ol ay cos kx + by sin kx
dbyuknun f:

1) (aycoskx + by sinkx) = —kay, sin kx + kb, cos kz € C[—, 7.
2) U3 reopembl 2 siekiuu 21 u ycsioBuil cieayer, 4TO TPUTOHOMET-

puueckuii pag @ypowe dynkuuu f Ha orpeske [—m, 7| cxomurcs K f.
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3) Pan Zﬁj —kay, sin kx + kby, cos kx cXomuTcsa paBHOMEDPHO H4, OT-
peske [7, 7] Ha ocHOBaHuU npusHaka Beitepiirpacca, ubo | —kay sin kx+
kby, cos kx| < |kay| + |kb|, a pam 3025 (|kag| + |kby|) cxomures B cumy
JIEMMBbI 2.

ITockoNBbKy BCe yCIIOBHsS T€OpEMBI 1 KM 3 BBIOJHEHBI, TO TEO-
peMa JoKa3aHa.

KommuiekcHo3HauHbIe (byHKIIUN

Jlanee mpumercd pacCMATpUBATh KOMILJIEKCHO3HAYHBIE (DYHKIIUU
JefICTBUTENHHON TepeMeHHO#. BCmoMHNM, YTO MHOXKECTBO KOMILIEKC-
vbIx yuces C gBIsieTCS MHOKECTBOM BCEBO3MOXKHBIX YIIOPsiTOYEHHBIX
nap (x,y) neifcreurensupix gucen, T.e. C = R2. TlosTomy Beakas Kom-
mrekcHo3HauHas ¢yukmus g: E — C, E C R, saBasercs BeKTOp—
dyukmnmeit:

g9(t) = (u(t), v(t)) = u(t) +iv(t),
rae u(t) m v(t) — JeficTBUTEIbHAS ¥ COOTBETCTBEHHO MHHMAasl 4acTH
dbyukuuu g(t). IlosToMy s KOMILJIEKCHO3HAYHBIX (DYHKIMI OCTaeTCs
B cmJie BCS TeOpus, MOCTPOEHHAS /i BEKTOP—(yHKIUI OXHON mepe-
menHoii. B wacrHocru, nenpepbiBaocts (quddepeHuupyeMocrb) KO-
MJIEKCHO3HAYHOW (byHKIMKM paBHOCUIbHA HenpepbisHOCTH (auddepen-
[UPYEMOCTH) €€ JIEHCTBUTEILHON U MHAMOI YacTeii.

Janee morpebyercsi BBECTH WHTErPAJIBI OT KOMILIEKCHO3HAYHBIX
dyHKIIH TeficTBUTETLHON TepeMeHHOi.

Iycrs g: [a,b] — C, re. g(z) = u(z) + iv(zx), vae u, v: [a,b] = R.

Ounpenesnenne. Komnaexcrosnaunas gynryus g € Ra,b], ecau ee
deticmeumenvrai u MHuMad wacmu u, v € Rla,b]. ITpu smom

/abg(m)dxi/abu(x)dx—i—i/abv(x)dx.

Koneuno, uarerpasn MO»KHO ObLJIO BBECTH U C IIOMOIIHIO HHTEIDAJIb-
HBIX cymMM Prmana.

HecobcTBennble HHTErpaJibl OT KOMIIJIEKCHO3HAYHBIX (DyHKIINIT BBO-
JATCS AHATIOTUIHBIM 00PA30M KaK 1apa HecOOCTBEHHBIX HHTETPAJIOB OT
JefICTBUTEILHON M MHUMO# JacTeil GpyHKIHH.
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ITepBooOpasHas KOMIIJIEKCHO3HAYHON (DYyHKIIUU ONPEIEIIeTCs TaK-
Ke, Kak W Jyisd jeficrBuTesibHO3HAaYHbIX byHkimi. Pyukuus P(t) =
A(t) + ip(t) naspiBaerca nepsoobpasuoit dbyukuuu f(t) = at) + i5(t)
na npomexyrke A, eciu 1) &(t) € D(A) u 2) &'(¢) = f(t) na A. Tax
kak ®'(t) = N (t) + iy (t), To papencreo @' (t) = f(t) < Red’'(t) = a(t)
u Im®’(t) = 5(t), r.e. geiicrBurenvhas u Mmanmas dactu byukimu D(t)
ABJISIOTCSA ePBOOOPA3HBIMA JAEHCTBATEILHON M MHUMOI dacTeit pyHK-
uuu f(t). Hlosromy ecau f(t) € Cla,b], To y Hee cyinecrByer 11epBoo6-
pasuas U(t) = n(t) + i0(t) ma [a,b]. Torma

/abf(t)dt:/ dt+z/ﬁ

n(b) = n(b) +i(6(b) — 6(a)) = ¥(b) — ¥(a),

T.e. JIsT KOMILJIEKCHO3HAUHBIX (DyHKIUN wumeer mecto (HOpMyIa
Hrurorona—Jleitbaura.

s mHTErpajoB OT KOMILIEKCHO3HAYHBIX (DYHKIHIT OCTAIOTCS B
cune (GpOpMyJibl MHTEIPUPOBAHUS 110 YACTSM M 3aMEHbl IIePEeMEHHOI.

[ycrs gi(t) = ar(t) +iB(t) € Ca,b], k = 1,2. Torma

b
/gummwm:

b

b
/(al(t)o/z(t)—B1(f)ﬂé(t))dt+i/ (ar(£)Ba(t) + Br(t)ay (1)) dt.

IIpumensiz dpopmysry MHTErPUPOBAHUS 10 YACTAM K CJIATa€MbIM B
JefICTBUTEIbHON 1 MHUMOM 9aCTAX, IMOJIYIUM CIIPABEIINBOCTD (popMmy-
JIBI MHTETPUPOBAHUS 110 YACTAM JJI KOMILIEKCHO3HAYHBIX (DYHKIIWH

b
| oyt =
(@a(Bas(t) ~ B OB ~ [ (i (Baalt) - 5i(0)5a(0) e+
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b
i (8)B2(t) + Br(t)az(t))]q — Z/ (@) (£)B2(t) + Bi(t)aa(t)) dt =

a

b

an®)g () / oL (B)galt) dt.

a

Dopmysia 3aMEHBI IEPEMEHHO CJle/lyeT U3 ee CIPABEIJIMBOCTH JJIsd
WHTErpaJjoB OT JeMCTBUTEILHOM M MHUMOI 9acTeil KOMIIJIEKCHO3HATHOM

dbyHKIAA.

IIpumepsi.

1. Haitaem mpoussommyio bymkimmm ¢'*” (a, 2 € R), ne mo onpeesienuio
e’ = cos(azx) + isin(az). Ilo cBoiicTBaM TIPOM3BOMHON BeKTOP—(yHKIIHI
nMeeM

(e'*")" = (cos(az) + isin(ax))’ = (cos(az))’ + i(sin(az))’ =

—asin(az) + ia cos(ax) = ia(cos(ax) + iasin(azx)) = iae'*".

2. Cocunraem f: e'® dx, rae t, x € R. CorlacHo npeasliyiieMy IpiuMepy
byuxmus e/ (it) spnserca meppoobpasmoil byukmun e, TlosTomy

b itx

" e

/ e dr = —
o it

b ) )
eztb _ ezta

it

a
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Komiuiekcuasi popma 3ammcu TPUTOHOMETPUYECKOTO psijia
dypne

Ilycts f — meiicTBuTEIbHO3HAYHAS AOCOIOTHO WHTETPUPYEMAs HA,
(—m,7) dyukuus u ar u by, — ee ko3 bunuenTsr Pypbe MO TPUTOHO-
Merpudeckoit cucreme. g mepexona K KOMILTEKCHOM (hopme 3amucu
TPUTOHOMETPUYecKOro psita Pypbe ucnosbdyercs (opmysia ditrepa

e =coszr+isinx, r € R,

u3 KOTOPOH CJIeayeT, 9To

e'Lx _"_ e—'lx . .
cosT = ————, sinz = , =—i
2 ’ 24 2

Ucnonws3yst 3tu popmymsl, mpeobpasyem
) eikx + e—ikx ' eikx _ e—ikx
ar cos kx + b sinkx = ay, 5 — iby, 5

e Ok — 20 ik b . ika
elk‘.L ak 5 Ok + e—tk‘L ak —;Z k — CkezkuL + c,ke_”” (17)
rue
1 ) 1 )
Ckzi(akilbk)a C—k:§(ak+2bk)a k:(]ala

(nockoubky f peiicrBurenbHo3HadHas GyHKUusdA, TO ag, by € R =
c_p = C). OTcrona

1( "Wy coskrdi—i [ ) sinktdt) _

C =
271— —Tr —T

1 4 1 T .
by /_Tr f(t)(cos kt — isinkt) dt = ) (t)e~*t at.
Ananorununo,
1 T

C-k = 5o g f(t)e*t at
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CrienoBaresibHO, CripaBeInBa, 001as popMyia

1 ™

~or -

(e ™ dt, ke Z

Ck

U3 (17) nonygaem, aro

Sn(z, ) = % + Zak coskx + by sinkx =
k=1

n n
co + E (Ckezkx + c,ke_””“') — E cke””.
k=1 k=—n

I +oo ikx
03TOMY €CTECTBEHHO ONPEJENUTh Pl y . Cpe'™" Kak I0CIeno-
o0

BATEJIBHOCTH (Zzz_n cke””)nio. A cxomumocTh psiaa z(:ioo cpethe

B TOYKE & IIOHUMAaTh, KAaK CYIIECTBOBAHWE KOHEYHOI'O IIPeJesa
lmy, s io0 Y ope cpe™. Takum 06pa3oM, TPHIOHOMETPUYECKHil P
@ypbe dyakuuu f MoxKeT ObITh 3alMCaH KaK

I . 1 [T .
E cxe™ . e ¢, = —/ f(a;)e_m dt.
2 J_,
k=—o0

Teopema 0 TOJTHOTE TPUTOHOMETPUYIECKON CUCTEMBI (DYHKIUH TTpH-
MeT B[ 1y BCakoi dbyukumm f € QLo|[—, 7]

n +oo
Ilf = Z cre™®|| = 0 mpum n — 400, Te. f(x) Qlalomm] Z cpet*?.

k=—n k=—o0
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JIEKIINA 26
IIpeob6pazoBanne ®Pypbe u ero cBoiicTBa.

[Iycrs aeiicrBurenbHo3HauHAs (DYHKIUS f UMEET KOHEYHOE YUCTIO
0cobbrx Touek Ha R u muaTerpupyema mo Pumany Ha j1ir000M OTpe3Ke, He
cozepxKallleM ee 0COObIX Touek, mpudem HI fj;o |f(z)|dx cxomnrcs.
MuoxkecTBo BCex Takux byukiuit oboznaunm QL1 (R). Oyakuuu u3s
QL (R) nazbiBatorcs abCoIIOTHO uHTErpUpyeMbiMu Ha R.

Oupenesnenne 1. [Ipeobpaszosaruem Pypve pynryuu f € QL1 (R)
HA3BLBAENCA PYHKUUA

“ +oo )
fw) = (FHy) = ~ / F@)ei da.

=5 N

Obpammvim npeobpasosaruem Pypve Ppynkyuu f Hazweaemes @yrk-
YUA

+oo
) =W = [ fa)ea
ITockonbky
. Foo , )
fly) = /_ flx)e™ Y dg = 2n f (—y),

TO CcBOiicTBa oOparHOro mnpeobpasoBanus Dyphe AHAJOTUYHBI CBOI-
cTBaM mpeobpazoBanust Dyphe.
3ameyanue. f (y) aBrserca anagorom kK0addummentos @ypwe cx, 1O Cu-
creme dynxmuit {7},
Ilo ompenenennio HeCOOCTBEHHOTO MHTErpasia OT KOMILTEKCHO3HA-
HOIt GyHKIUN
R 1 [t .
f) =5z [ 1@ da =
71— — 00

1 [T i [T

f(x) cos(zy) dx — — f(z)sin(zy) dz.

2 oo 2 J_ o

Tak kak f € QL1(R) u
|f(x) cos(ay)| < [f(@)|, |f(2)sin(zy)| < |f(2)],
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TO 10  [pU3HAKY  CPABHEHHSI  HECOOCTBEHHBbIE  HHTErpaJibl
[ f@)cos(zy)de u [T f(a)sin(zy)dz  cxomsres  (m mase
— 00 —0o0

abcomorno u pasuomepHo). CiienoBaresibHO, npeobpaszoBanue Pypbe

umeer cmbica gaus Gyaxmuit u3 QL1 (R).

Iomosxnm

[t 1 [t
=1 [ f@eostay)den £ =< [ f@)sinGey)do
Torua

f) = 5 (el) — iF:(0))

(byukuu fo(y) u fs(y) sABAgOTCS aHATIOraME IIOCIEIOBATEIBHOCTEN
ko3 dunuenros Pypoe (ay) u (by) coorseTcrBeHHO).
Ecmu dysxmua f € QL1 (R) — gernas, to fs(y) =0 n

I 2 [t
f =7 [ raeosnde == [ fa)cos(en) da.
Eciu dyukuus f € QL1 (R) — nevernas, 1o f.(y) =0u
1 [T 2 [T
s(y) = — 5in dr = — 5in dx,
fw == [ sty e =2 [T j(@)singey) da

Jloka3bIBalOTCA 3T (POPMYJIBI TAK Ke, Kak ¥ 171t Koddpurmentop Py-
pbe.
Oupenenenne 2. /las g € QL1(0,4+00) dynryuu

~ 2 2

+oo +oo
G =2 [ g@eosten) o ugile) = 2 [ gla)sinGay) da

HA3DLBANMCA COOMBEMCMEEHHO KOCUHYC U CUHYC—TPEoOPa306aHUEM
Dypve pynryuy g.
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CsoiicTBa npeobpazoBanus Pypbe

JIemma. IIyemo f € QL1 (R), Y(x,y) € C(II), ede Il = {(z,y)| x €
R, y € [¢,d]} u cywecmeyem nocmosannas M > 0, m.w. V(z,y) € II:
(e, y)| < M. Toeda $ynwyua 1(y) = [7 f(x)i(w,y) dx € Cle,d].

HokaszarTeabcTB o.B cuny onpenenennst HecCOOCTBEH-
HOI'O MHTEIrpaJia fj;o f(@)¥(z,y) de nemmy mOCTATOMHO MOKA3ATH JJIst
f0+oo f(x)¥(z,y) dr (unrerpan f_ooo f(x)¥(z,y) dv paccmarpusaeTcs
AHAJIOTMYHO).

W3 onenxrn | f(z)(z,y)| < M|f(x)| 1 ycnoBuit 1eMMEIL CI€IyeT, ITO
HI f0+°° f(z)¥(x,y) de cxomurcs abeoIIOTHO Ha OTpe3Ke [¢, d] (n mazke
DABHOMEPHO).

Samamum € > 0. ITockosnsky HU fo+°° |f(z)] dz cxomuresa, To Ine >

0, T.q.
+oo
/ |f(z)]de < e.

Paccmorpum 3amkryThiii 6pyc I, = {(z,y)] 0 < x < 7., y € [¢,d]}.
Mo ycaosuo ¢ € C(I1.). Caenosarenbho, corsacuo teopeme Kanropa
dbyukuus 1 paBaomepuo nenpepbiBaa Ha Il.. 3uadur, 30 = §(e) > 0,
T.a. V(x,y) € I, uw YAy npu ycnosuu, uro y + Ay € [, d]:

[(z,y + Ay) —(z,y)| < e. Torma

+oo
I(y + Ay) — ()] = / @)@y + Ay) — (e, y)) dz| <
o0 Ne +o00
/0 |f<z>||w<x,y+Ay>—¢<x,y>|dx:/0 +/E <
Ne +oo
/0 F@ @,y + Ay) — (e, y)de+2M [ |f(@)]de <

5/0715 |f(m)|da:+2M€§5/0+oo|f(x)dgc+2M5:

5</O+Oo|f(x)|da:—|—2M).
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B cuy npou3BONBHOCTH € JIeMMa, TOKA3AHA.

3ameuanmue. B orsimane ot Teopemsr 1 steknuu 8 B teMMe TIOABIHTET PATIb-
nmag Gyskmua f(x)yY(x,y) ne 06a3ana GbITH HENPEPBHIBHON KaK DyHKINSA ABYX
lIepeMEeHHbIX.

Teopema 1.

i) (aunetinocmv npeobpasosanus DPypve) Ecau f, g € QL1 (R) u
A € R npouseoavmol, mo

fHo=F+3 M=\

it) Ecau | € QL1(R), mo ee npeobpazosanue Pypve f(y) ABAA-
emea nenpepuienoti u ozpanuuennot na R dynxyueti. Kpome mozo,
limy o f(y) = 0.

dJoxaszareanctso.i) Cpady cremyer u3 CBOIACTB HECOO-
CTBEHHBIX WHTETPAJIOB.

ii) U3 semmbr cienyer, uro dbyukmuu f.(y) u fs(y) HenpepbiBHbI
H& BCSKOM OTPE3Ke YHCJIOBON NMPSAMOWN M, CJIEIOBATEIHHO, HENPEPHIBHBI
ma R. Ho torna B cuty Kpurepusi HEIPepbIBHOCTH BEKTOP—(pyHKIHI 1

f() = 5(felw) ~ ifs(v)) € C(R).

1 too
13 onenok |fo(y)l, |fs(y)] < = [75 |f(2)| do, cnpasenmuBprx A1a
™

- oo

ao0bix y € R caemyer, aro

R +00
Wl = 3VED+ FW < 5 (L0 + L) <5 [ Ifw)]d

—00

DN =

r.e. dbyukius f(y) orpanuuena na R.

Haxkower, mo reopeme Pumana (cuM. neknuio 21) f.(y) u fs(y) crpe-
MSTCS K HYJIO TIPA Y — 00. 1109TOMY HA OCHOBAHHUW KPUTEPHS CYIIE-
CTBOBaHMA IIpejieia BEKTOP—DYyHKIMU U limy o0 f (y) = 0. Teopema
JTOKa3aHa.

Teopema 2. ITycmv f € C*(R), n > 1. Ecau f,f,..., " €
QL (R), mo

—

F(y) = (iy)" )
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u cywecmeyem nocmosnnas C = C(f,n) >0, m.u. npuy # 0

A C

HoxaszaTrenascT B o JHokaxkem cHadana (GpopMyry st
n = 1. Ilo ycnosuwo f' € QLl(R)ﬂC(R). HoaTOMy Vx > 0 coruac-
HO (bopMyne HbIOTOHBfI[eI‘/’I6HI/IHa fow f’ = f(x) — f(0) m Torma
f(x) 0)+ [y f'(t)dt — f(0 f dtnpnx—>—|—oo T.€. Cy-
meCTByeT KOHEUHBII hmeJroo f ( ). HOKa}KeM a70 lim, 4o f(2) = 0.
[IpenmonokumM TPOTHBHOE, T.€. 9TO limy 4 o0 f(x) = A #0. Ilycrs gya
onpenenennoctu A > 0. Torma o jgemme o 3ake drg > 0, T.4. Vo > xg:
f(x) > A/2. A 310 npuBomur K TOoMy, uro "xBocr" HecoGCTBEHHOrO
uHTerpaJa f;j_ol fx)dz > AJ2 fltiol dx = +00, 4TO IIPOTUBOPEYUT
CXOIMMOCTH MHTErPAJIa, fj:; f(z) dz. Amanormano HOKA3BIBAETCS, UTO
lim, o f(z) =0.

IIpumensist Temepb (GOPMyYIIy WHTETPUPOBAHUS TI0 YACTAM W YIATHI-
Basi cTpeMJieHne K Hymo ¢yHKimn f(x) Ha GECKOHEYHOCTH, TIOJIyYaeM,

q9TO
R B e M (O

2 J_ o

+oo

(F@)e =V *2 4 / yf(@)e i dr = iy f(y).

— 00

1
2T
Iasee neiictByeM 10 MH/YKIUU

—

F(y) = (FrDY (y) = igf D (y) = iy(iy)" " F(y) = ()" F ().

[Mockombky dbynkmus f()(y) orpannuena kak mpeoGpasosanne @ypbe
dbyuxmn w3 QL1 (R), o cymecrsyer nocrosunas C = C(f,n), 1.4.

|f™)(y)| < C. Torga u3 monydennoit dopmyast npu y # 0 cieayer

ouenxa |f(y)| < R = o Teopema nokazana.
vy )
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3ameuanue. [10CKOIBKY f/(;)(y) — 0 mpu y — oo, T0 ¥" f(y) — 0 mpm
Yy — 00.
Teopema 3. Ilyemv f € C(R). Ecau gynxyuu
f

f£$),a:f(x),,:c"f/(a:)\ € QLi(R), mo f(lyy € C"R) u
(N () = (=)@ f (). )

HdoxkxaszareasbcTs o. [lokaxem, yro k unrerpainy f(y) =
1

5 j;o f(x)e™ ™Y dor MoxHO HpEMEeHHTDb TeopeMy O audbepeRnnpoBa-

HUU 110 L1apaMerpy Yy

i [T ——

() () = wf(z)e™™ dv = ~i(xf(x)),

2]
9TO JACT yTBEPIK/IEHUe TEOPeMbl IIpH 1 = 1.
Tax xax (f)'(y) = i(fé(y) —if(y)), TO HAMO OBOCHOBATH 3aKOH-

HOCTH muddepeHnmpoBanud mo napamerpy y HI fj;o f(z) cos(zy) dx
u fjoo f(x) sin(xy) dx. punagnexuocts f(z) k QL1 (R) Bieder cxo-

o0

JumMocTh 3tux HUL A u3 ycioBuii Teopembl CJIe/IyeT, 4To HOJbIHTerPaTb-
Hble (GYHKINH U UX YaCTHBIE TPOM3BOHBIC TI0 § HempephiBHb Ha R2.

Hanee  ocraercs — IPOBEPUTb — PABHOMEPHYIO  CXOJMMOCTb
unrerpasios ot (f(x) cos(acy).); n  (f(z)sin(zy)),. Uz ome-
HOK |zf(x)cos(zy)|, |xf(z)sin(zy)] < |af(x)] m moro, uro
zf(x) € QL1(R) mo upushaky Beilepmirpacca 3akiodaem, 49TO
HU fj;o xf(x)cos(zy)dr n fj:; xf(x)sin(xry) dr cxomarcs pasHO-
mepHo Ha R. CremoBaTennbro, BCe yC/IOBHA TEOPEMBI 3 JEKIMH & O
maddepentmposarnu HU 110 mapameTpy BBITOJIHEHBI W MOITOMY

(f)l (y) = % <— /+OO zf(x)sin(zy) dz — i/+oo xf(x) cos(xy) dx> =

i 7 +oo ) ;-\
af(w)e”™ dv = —i(z f(x))(y)-

—5- N

3aKOHHOCTH TIOCIEAYIOMUX MM hePeHITNPOBAHNIN ITPOBEPSIETCS AHA~
JIOTUYHO B CUJTy HAJIOXKEHHbIX HA (dyHKIHO f yciaosuit. Teopema moka-
3aHA.
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IIpumepsl.
1) Haiinem npeo6paszosanue @ypne byukuun f(z) = sgn(z), ecsm |z| < a
u f(xz) =0, ec;m |z| > a. D1a byHKIWMS HeveTHAS =>

0

+o0 i a v
fly) = —i—/o f(x)sin(xy) de = —;/O sin(zy) dx Z

s

7 a .cos(ay) —1
— cos(xy)|g=0 = z%, f(0)=o0.
Y Yy

2) Boraucimm upeobpasosanue Pypoe bynxuuu f(z) = e el a > 0.
ITockonpky f — uwernas dyukus, TO

; L[t _
f=g [ e ostanyan 2
T Jo
1 - toe
— (eﬂ” sin(zy) 224> + a/ e " sin(zy) d:c) =
Yy 0
a - Hoo
- (e_ax cos(zy) V=™ + a/ e " cos(zy) dac) =
my? 0
2 —+oo
% - a—Q e " cos(zy) dx.
Yy Y= Jo
Torma
1 (T _.. a? a
;/o e “cos(zy)dx |1+ )
CiemoBaTeIbHO,
2 1 a
fly) = P N ecm y # 0.

Ornensro soraucaats f(0) ver meobxommoct. Hockonsky u f(y), n GyHk-

1
nust — ———— HenpepbisHbl Ha R u pasuer npu y # 0, T0 onu cosnajyT u B
Ta*+y
2 1 a
rouke y = 0 (cm. nemmy 3 sexuuu 1.11). Buaunt, f(y) = PR [JI BCEX
y€R.
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