K ucropun coBpemennoii dpopmyibl Hbiorona-Jleiitouuiia

(HEKOTOpPBIE MaTEePUAIBI)

BMECTO NIPEJUCJIOBUS.

Yrenune JIeKIui 10 MaTEMATUIECKOMY aHaJIN3y Ha MEXaHUKO-MAaTeMAaTHU-
4geckoM dakyabrere MY cTUMyIMpoBaIO MeHs HOIBITATHCS ITPOCIE/IUTH Ha-
YUIHYIO UCTOPUIO BOSHUKHOBEHUS cOBpeMeHHoit (phopmysibl HeioTona-Jleiibuura,
nMeHyeMoit 00braHo obmeit popmyioit CTokca.

HermocpeicTBEHHBIM TOJTYKOM K PEATM3AINN YKEJaHU Pa300paThbcd B UC-
TOPUM BOIIPOCA OBLTIO JIJIA MEHs CJIEJIYIOIee cTedeHne 00CToaTe/IbCTB. 4 Ha-
CKBO3b IIpounuTaj cTaTbu B Notices, OCBAIICHHBIE TaMATH CKOHYABIIETOCH 3
utonst 2010 roga Biaagunmupa Uropesuua ApHosibia.

Notices of the American Mathematical Society
Volume 59, number 3, March 2012; number 4, April 2012.

B crarbe JImurpus @ykca (Bo BTopoM u3 ykazaHHbIX HoMepoB Notices) st
oOpaTu/ BHUMaHWE Ha MIyTJINBOE 3aMevdanne o ToM, 910 Pykce coobmmmr Ap-
HOJIbJTY KOE-9UTO U3 UCTOPUU MATEMATHKM, Uer0 APHOJIB BCE YKe He 3HAJ, &
UMEHHO, YTO cOBpeMeHHyIo obiryio ¢hopmysry Ctokca Brepsble Hanucas I'yp-
ca. Byayun 3HakoMm co crygendeckux jiet u ¢ Jlumoit ApHOIBIOM, U ¢ MOUM
oHOKypcHUKOM Muteit @ykcoMm, 1 TyT ke Hanucas Mure, co3HaBIIUCH, UTO
JIJISE MEHs 9TO TOYXKE HOBOCTDL, U TTpocuyi MUTIO IPUCTIATD MHE CCBLIKY, 9TOOBI
YJIOCTOBEPHUTHCSA BO BCEM CBOMMMU TurazaMu. K coXkaseHnio, CChlIIKa OKa3aJiach
He Ha NePBOMCTOYHUK, & Ha IMOIYJIAPHBII, XOTd JOBOJHHO OOBEMHBINA U T10JI-
HBIfl yI€OHUK UCTOPUU MATEMATHKH

Victor J. Katz,
A History of Mathematics
Addison Wesley, 1998.

(ITo Kary obmast hopmyna CTokca B €€ COBpEMEHHOM ODJIMKE BIEPBbIe
narmcana B 1917 roxy ['ypea; em. crp. 796-797 kauru Kara.)

[Tocsie aTOTO ST M penuI Ipu Caydae MOCUIETh B IMOAXOIANINX OUOInoTe-
KaX, IMOKOIIAThCS B OPUIMHAIBHBIX paboTax M IOCTAapaThCs IMOJIYIUTH Oojiee



WM MeHee IPABUILHOE IIPEJICTABIEHNE O PA3BUTUU HJIEH, TIOCIEI0BATE/IHHO-
ctu uMeéH u coowbituil. [lo ykazanmnoit Boime npuyune nadasa ¢ ['ypca, xorsa
OBLIIO SICHO, YTO JIEJIO0 BCE PABHO CBEJETCA K TaKUM MMeHaM KakK dju Kap-
tan u Anpu Ilyankape (ux paboThl HaJ0 MOCMOTPETH TIIATEbHEE, ITOOBI
KapTHUHA [IPOSCHUIACH MAKCHMAJIBHO).

[IpuBojumas Huke uHMOPMAIMA — KOHCIEKT TOTO, YTO MHE YJIAJI0Ch
(mpaBna, BTOpOISIX) cobparh, mocuaes B aBrycre 2012 roga B 6ubianorekax
IHES (Bures-sur-Ivette, France) m ynusepcurera Université de Paris-Sud
(Orsay, France).

B Becennem cemectpe 2015 rojia MeHsl HOIPOCUIN CJeJaTh JIOKJIAJ Ha
cemMuHape KadeIpbl MaTeMaTHIeCcKOro aHaan3a. DTOT JOKJal ObLI Cle/IaH.
Bor ero naspanne m aHHOTAIIVSI.

COBPEMEHHASI ®OPMVYJIA HbIOTOHA-JIENBHUIIA 1 EJUHCTBO
MATEMATUKU

B.A.30rPuy

C BBICOTBI U B TEMIIE ITUYHETO OJIETA OyIeT MPOCIeKEH IyTh OT KJIacCH-
ku (Newton-Leibniz-Green- Gauss-Ocmpoepadcexuti-Mazwell-Stokes) k coBpe-
menHoit popmysie Hotorona-Jleitbuuna ( Pfaff, Natani, Clebsh, Lie, Frobenius,
Grassman, Darbouz, Volterra, Elie Cartan, Poincaré, Goursat, Kihler, de
Rham).

OcHoBoll JIOKJIaJ1a MOC/IYKIJIN YIIOMSHYThIE 3aIllUCH, KOTOPbIE HE JIOBeIe-
HBI JI0 COCTOsIHUS CBA3HOW cTarbu. OHHU, TeM He MeHee, COJIEPKAT KOTJa-TO
COOpPAHHBII U OTYACTH CUCTEMATH3UPOBAHHBIN MaTepuasl, KOTOPbI MOXKET
OBITH TIOJIE3EH TOMY, KTO 3aXO4YeT MPOMECCHOHAIBHO ONNCATH UCTOPHUIO BO-
npoca. YUHUTBHIBAsA 3TO, s MPUBEIY UX 3/I€Ch C TOYHBIMU YKA3aHUAMEI COOT-
BeTCTBYIOIIEll Oubsimorpadun.

['oroBsch K JI0KIa/1y, S IPOCMOTPE 3TU 3aIlIUCH U IIPOYNTAJ eIllé KOe-uTo,
oTHOCsIIeecsT K 0bcyxkaeMomy Bompocy. Tounbie cebliku Ha 3T0 "Koe-aT1o"
TOKe Oy/IyT JTAHBI HUKE.



K ncTopun COBPEMEHHON ®OPMVYJIbl HbIOTOHA-JIENBHUIIA

29 aprycra 2012

1. Kimaccuka: Bappoy, Hvromon, Jletonuy, 'pun, Taycc, Ocmpoepadckudi,
Cmoxc, Maxceenn.

ODTH WMeHA U UX OTHOIIEHNE K (popMyJie IPUCYTCTBYIOT U OIMUCAHBI IIPaK-
TUYECKN B KaKJIOM y4eOHUKe NCTOPUU MAaTeMaTUKW, TOYHEee, HCTOPUU MaTe-
MaTuueckoro anaimsa (calculus). IMociennue aBa uMeHu 0cobo 06CY K IAOT-
cd, HarpuMep, CImBakKoOM B €ro KOPOTEHbKON KHHUKKE, IOCBSIIEHHON MHTe-
rpupoBanuio JuddepeHaIbHbIX (GopM.

Calculus on Manifolds

A modern approach to Classical Theorems of Advanced Calculus
Michael Spivak

Brandeis University

W.A.Benjamin, Inc. New York, Amsterdam, 1965.

[IepeBoj1 Ha pycckuit A3bIK:

M.Crusak
MaremaTndecKuii aHan3 Ha MHOIOOOpa3UIX.
Mup, Mocksa, 1971.

2. JIsmxenue x cospemennoctu: Pfaff, Natani, Clebsh, Lie, Frobenius,
Grassman, Darbouz, Flie Cartan, Poincaré, Goursat, Kdihler, de Rham.



JIureparypa ¢ KpaTKUMU KOMMEHTAPUSIMH

Eduard Goursat,
Lecons sur le Probleme de Pfaff.
Paris, Librairie Scientifique J.Hermann, 1922.

Ha ctp. 110 dopmymuposka (merurom) obmieit popmyssr Crokea (¢ 06o-
3HaveHneM w’ BMecTo nosiBuBInerocs nosaHee (1934 Kéhler) obosnatenns dw.
3a jokazarebeTBOM ['ypea orchiiaer K paboram Ilyankape:

H. Poincareé,

a) Les Methodes nouvelles de la Mécanique céleste (tome III);

(Opurunassr ToMoB 1, 2, 3 mosBUINCH cooTBeTCTBeHHO B 1892, 93 u 99
rojiax.)

b) Sur les résidus des intégrales doubles (Acta Mathematica, tome I1X);

¢) Analysis situs (Journal de 'Ecole Polytechnique, 1895.)

Hamén na crenake u nposmctas TpeTuit Tom

Les Methodes nouvelles de la Mécanique céleste (tome I11);

Dover Publications, INC, New York (mepemsmanme 1957 roja; moxoxe,
9TO ITO KOIHsl (DPAHILY3CKOIO OPUIMHAJIA C COXPAHEHUEM TEKCTa U CTPAHUIL).

Ha cTp. 43 unTerpaabHbIii ”HBapHAHT TaMIJIBTOHOBOI CHCTEMBI, & Ha CTP.
10 mo moBoy srokazaresnbeTa obmei popmysbl Crokca (KoTopast TaMm, Ko-
HEYHO, Tak He Ha3biBaeTcs) [lyaHKape OTChUIAET K CJIEYIONIUM JBYM CBOMM
paboTtam:

Mémoire sur les residus des intégrales doubles (1887)

"

Mémoire du Cahier du Centenaire du Journal de I'Ecole Polytechnique.

D1 paboThl MOKHO HAWTH B 1TOJTHOM cobpanun counuenuit Aupu [lyankape.

B ynomsnyroit kaure Goursat «Legons sur le Probleme de Pfaff»

Chapitres I1I
Formes symboliques de differéntielles.

prca B KOHIIE 3TOI'O Ha3BaHWd IVIaBbl AeJIaeT CJICAYIOIYIO CHOCKY:



Auteurs & consulter:

E.Cartan,
Sur certaines expression différentialles et le probleme de Pfaff.
Annales de ’Ecole Normale, 3¢ serie, t. XVI, 1899.

E.Goursat,

Sur certaines systmes d’équations aux differentialles totales et sur une
generalization du probleme de Pfaff.

Annales de la Faculté des Scinces de Toulouse, t. VII, 1915.

Burali-Fortz,
Introduction a la géométrie suivant la méthode de Grassmann.
Gauthier-Villars, 1898.

Pa6orsr (kaurn) s Kaprana, cBg3aHHbIE ¢ PACCMATPHBAEMBIM TIPE/IMe-
TOM.

Elie Cartan,
Lecons sur les invariants integraux.
Paris, Hermann, 1922.

[Pycckuit epeso:
2.Kapran

Nnrerpaibable NHBAPHAHTHL.
Tocrexmzmar, M. — 1., 1940.]

Geometry of Riemannian Spaces (by Elie Cartan).
Math. Sci. Press

Ha ctp. 197 cebuika camoro D.Kaprana na BHermame 1uddepeHiuaibabie
opmbl (KOTOpBIE, KCTATH, OH U €ro OJIMyKaiIme OCIe0BATETH N3HAIATHHO
umeHoBasin formes symboliques de differéntielles).

Ha ctp. 201 ormedeHo (mpuMedaHueM pelaKTopa), 9To obo3HadeHune dw
BMECTO HCIIOJIb30BABIIErocst camuM 3. KapraHoM u ero mocjegoBare/siMu 000~
sHaveHust w' st mpousBojgHOit dopmbl (muddepenimana GopmMbl) BBET B
1934 roxy Kéahler.



[Opurunast:

Lecons sur la geométrie des espaces de Riemann.
2-éme ed.

Paris, Gauthier-Villars, 1946.

Nwmeerca pycckuii iepeBoJr:

9.Kapran
['eomeTpust puMaHOBBIX IIPOCTPAHCTB.

OHTU, M. — 1., 1936.

Les systemes difffentiells extérieures et leurs applications géometriques.

Hermann, Paris, 1971.

(Le premiére édition de cet ouvrage a paru en novembre 1945 dan la
collection Actualités scientifiques et industrielles , n. 994.)

(IToka emgé obosmadenue | , | maus BHermHero npoussesenns. Ceblika Ha
TO, 9TO TepMUH 3amrnymasn dopma BBET de Rham, cm. ctp. 40. Tam xe
bopmyna [w = [ dw u nges o6obmEuHOrO MUddepennnaa.)

Notice sur les travaux scientifiques.

Collection «Discours de La Methodes dirigée par Boris Rybak.
Gauthier-Villars Editeur

Paris/Bruxells/Montréal, 1974.

(Ha crp. 39 xommeHTapmii K BHEIHIM (hOpMaM CO CCHLIKON HA BJIUSTHIE
CO CTOPOHBI

calcul extérieur de Grassmann

u

covariant bilinéaire d’une expression de Pfaff dont la notion est due a
Frobenius et a Darboux.

Boobiie 310 0oueHb cosepKaTE/bHBI, MEHHBI U [MOYYUTEeIbHBIH 0030D
camoro Duim Kaprana cBoero mareMaTH4YecKOro TBOPYECTBA, C YKa3aHUEM
HCTOKOB, BJIMSIHUI M PA3BUTUS UJIEii. )

Kcrarn, Teopema ®@pobennyca 00 yCJIOBHAX HHTEIPUPYEMOCTU CHCTEMBI
ypasuenuii [Ipadda (nmu uarerpupyemoctn pacipe/iesieHnit) Ha COBPEMeH-
HOM s3bIKe orncanbl B kuure Aupu Kaprana — ceraa Dy Kaprana



H.Cartan,

Calcul Différentiel
Formes Différentielles.
Hermann, Paris, 1967.

ITepeBoj Ha pyccKuii s3bIK

A .Kapramn,
Huddepennuaabuoe ncaucjacHme

Huddepennuaibabie (GOPMBI.
NsznarenscrBo Mup, Mocksa, 1971.

B cBasu ¢ Teopueit nuddepennua bHbIX (OPM U €€ TOMOJTOITIeCKIMU
IPUJIOKEHUSAMHU (KOTOMOJIOTHAME, OTKPBITHIMU B 1934 HezaBucumo K. Ajtek-
canjiepom u A.H.Kosmvmoroposeim) ykazkeMm Ha KHEUTY jie Pama, coeprKaliyio
I10JIe3HYI0 Onborpaduio, B 4acTHOCTH, CCHLIKU Ha paboThl caMOro aBTopa,
OTHOCAIINECS K PA3BUTUIO TCOPUH U TEXHUKH JTUddDepeHnnaaIbabX (hopM.

VARIETES DIFFERENTIABLES

Formes, Courants, Formes harmoniques

Par GEORGES DE RHAM

Professeur aux Universités de Geneve et de Lausanne
Paris, Hermann, 1955.

Nmeerca B pycckoM IepeBojie:

K. e PAM
JNOOEPEHIIMPYEMBIE MHOI'OOBPA3UA
NsznarenscrBo Mnocrpannoit JIureparypsr, Mocksa, 1956.

Jlymaro, 9TO HECKOJIbKO 00Jiee BHUMATE/BHBIN ITPOCMOTD XOTs ObI y¥Ke
IIePEINC/IEHHBIX UCTOUYHUKOB TTO3BOJIUT € JIOCTATOTHON OITPeJIeIEHHOCTHIO OT-
BETUTDH HA CJIEJIYIONIIE BOITPOCHI.

a) Ucroku repun nuddepennuanbubix Gopm (He cumras Jleiibuuna, —
uccsenoBanue ypasuenus [ldadda).

YesioBust uaTerpupyemoctu (teopema @pobernyca). O6obienue 3a1a4qu
Ha cucrembl ypasaenuii [Idadda n obobieHne reopembr Ppodennyca.

Nuterpanbuble maBapranTh! [lyankape B TaMUJIBTOHOBON MEXaHUKE.



b) Dposorust TepmuHOIOrEN (CUMBOJIYECKHE (hOpMbI — JuddepeHtiu-
asbHbIe (OpMBI), cuMBOIKE (W — dw, [,] — A), ngeonornu (3aMKHYTBIC U
Tounble (hopmbl, Koromosiorun). O6obienubie muddepenimanbabe hopMbl
(moTokm).

c) Cospemennblii B u onuManue dpopmysibl Hpiorona-Jleibuura.
sk ok KK KK K KR K KK SR SR KK ok K SRR ok K kK ok ok KK ok KRR ok K Rk

Huzxe nmomerniéno nosydentoe ot JImurpust BopucoBuia @ykca ckaHUPO-
Banue pparMenTa yrnoMsHyTOi Bbilie KHuru Kara, rie ropopurcs 06 obireit
dopmyte Crokca.

Xopoiio 661 TaKzKe HANTH B OpUrHHAaje 06CyzKiaeHue (IOCTaHOBKY ) Diise-
poM (bOpPMYJIBI 3aMEHBI IIEPEMEHHOM B KpaTHOM HHTerpaJie U 001Lyo hpopMyIy
Crokca y Bosibreppa, 0 1ém BCKOJIB3b TOBOPUT 3/1ech Kair.

KK ok ok ok ok ok sk ok ok sk ok ok ok ok ok Sk ok sk ok skokokook ok ok sk sk sk sk okokokokok sk sk sk sk kokokokokoskoskoskoskokokok

JIOTIOJIHEHUSI, CJAEJAHHBIE [IPU [TOJIOTOBKE JOKJIAJIA

Jonoanenue 22.01.2015

B rekcre Iommmyka o Bosbreppa (E.M.Ilomumyk (J/Ienunrpan). Buro
Bousbreppa. cropuko-maremarudeckue ucciegoBanusd, Boiryck X XI, Mocksa,
Hayxka, 1976; 183-213) ma crp. 191 HaBepxy ynomunanue o paborax Bosb-
Teppa, murupyeMbix B (14) Cxoyrenom. OHE KACAIOTCSA UCUUCTEHUS KOCOCHM-
Merpuueckux TeH3opos. (14) J.A.Schouten. Der Ricci-Kalcul. Berlin, 1924.

B kuure CxoyTena JimrepaTypa MpuBeJieHa UJI€AJbHO MeIAHTUIHO!

B gactaoctu, Tam Ha cTp. 116 nMmeroTcd TpU CCHLIKU:

Poincaré, H.. Sur les résidus des integrales double. Acta mathematica
1887, Bd. 9, S. 321-380.

(CxoyTeHn nurupyer 3Ty paboTy Ha IpeaMeT yeaoBuii Tounoctu ¢hbopm, HO
UMEHHO B 3TOI paboTe I10 XO/ly MOABJIsIeTCs 00Iasi nHTerpajibHas popMyJia
Hpiorona-Jleiitbauna, konedno, 6e3 KakKoro-audo CreruaIbHOro Ha3BaHUus U B
COBCEM MHBIX 0003HAUEHUSIX. )

Volterra, V.. Sulle funzioni conjugate. Rendiconti Accad. Lincei 1889,
(IV) Bd. 51, S. 599-611.

Goursat, E.: Legons sur le Probleme de Pfaff. Paris: J.Herman. 1922. 386
S.



Jonoanenue 23.01.2015

Samelson, H.: Differential forms, the Early Days; or the Stories of Deahna’s
Theorem and Volterra’s Theorem. The American Mathematical Monthly,
Vol. 108, No. 6 (Jun.-Jul. 2001), pp. 522-530.

Volterra, V.: Delle variabili complesse negli iperspazii. Rendiconti Accad.
dei Lincei ser. IV vol 51 (1889), Nota I, pp. 158-165, Nota II, pp. 291-299.

Volterra, V.. Sulle funzione conjugate. [??Rendiconti Accad. dei Lincei
ser. IV vol 51 (1889), Nota I, pp. 158-169, Nota II, pp. 291-29977]. Atti della
Reale Accademia dei Lincei (4), 5, 599-611 (1889).

Vito Volterra.: Opere Matematiche, Accad. Nazion. dei Lincei, Roma
(1954), vol. 1, pp. 403-410, 411-419, 420-432.

Huxkro me 3anumasicsa obmeit popmymoit Ctokca camoii mo cebe. Kak sTo
JacTO OBIBAET, OTKPBITHE OBLIO CJICJIAHO B KAYEeCTBE ITOOOYHOTO IPOIIYKTA JIPY-
X UCCJIEIOBAHMIA.

Bormpoc o nosinom guddepennualie; npubegeHne (opMbl K HOpMaJIbHO-
My BuLYy; pemenue ypasaenus [Idadda, obobIenne mocranoBKu — cucrema
ypasuennii [Idadda; obobienne — maoromepusie popmbr; ['paccmanoBa aJi-
rebpa 1 KococuMMeTpudecKne (pOPMbI; 3aMeHa TIePEMEHHBIX U AKOOMAH; MH-
Terpajl or (GopMbl M 3aMeHa IIEPEeMEHHBIX B UHTErpaJie; MHTErPUPYEMOCTD
dOPMBI — YCJIOBUSA TOYHOCTH; CHAYA A HE 3aMETUJIA, YTO HeOOXOIUMOEe YCJIO-
BHUE JIOKAJIBLHO U He Beerga jocrarouno (1922 9.Kapran, 'ypca; 9.Kapran
3aMeTHII Ha rpuMepe (opMbl Ha cdepe U HOIIIa TOMOJIOTHS ).

[Iyankape mHTEpECOBAJICST MHOTOMEPHBIM 0000IIEHNEM KOMILIEKCHOTO aHa-
Jn3a 1 TeopeMbl Kotm o BbIYeTax, a Tak:Ke WHTErPaJIbHBIMI WHBAPUAHTAME
B raMHUJIbTOHOBOI MexaHuke. Vcroiab3oBaa Kococummerpudeckue (GopMbl 1
o xojy Jesia oburyo dopmyny Crokca, kotopyio gokazan (1887) roxke 1o
XOJTy JIeJIA.

Burto Bosibreppa, JIBUKUMBII TeOpHeil 3JeKTpoMarieTu3Ma, Toxe 0000-
A/l KOMILJIEKCHBIN aHa U3 4Yepe3 TMOHATUS CONPSIYKEHHBIX MapMOHHYECKUX
dbyuximit 1 Gynkuuii kpusbix (dyHKIMOHANIOB). B cBOMX TepMuUHAX BBEN
BCIO KyXHIO (hOPM, UX UHTErPAJIOB, JuddepeHiinaios, CONpsIKeHHbIX (HhopM,
Teopuio XozKka, obrryio dpopmyay Crokca.

06 sTom mumrer Samelson, ccbliasch Ha ge Pama, KOTOPBI pasBUI TE€O-
puto nHTErpupoBanus JuddepeHnuajIbHbIX (GopM ¢ PyHIaMEeHTATLHBIMI TO-
HOJIOPMYECKUME TIpUMeHeHusiMu (Koromosioruu je Pama). Samelson nuier,
YTO peleH3eHTOM jucceprannn je Pama 0611 Dy Kapras, XoTsa quccepTadT
nocsaTi €€ Jlebery (cumrast MOCIETHETO yIuTeIeM?).



Boubreppa (yuenuk Iunu u Berre), cyss 1o pasHoobpasuio ecrecTBeH-
HOHQYYHBIX MHTEPECOB U PE3YyJIbTaTOB, 6bI.H MOT'Y4YUM HHTEJIJICKTOM, B 9TOM
wiane cpojanu [lyamkape.

Jonoanernue 24.01.2015

He Pam (XK. de Pam, Tuddepentmpyembie Maorootpasus. znarenberso
Unocrpannoii Jlureparypsr, Mocksa, 1956) B crocke Ha cTpanuie 59 1o mo-
BOJLY JIOKa3aHHOI 00111eit hopmysty CTokca nurieT: J1a (hopmysia COAEPKUT B
KavueCcTBe YaCTHBIX CJIydaeB Kiaccuiaeckue Teopembl ['puna, Ammepa-Crokca
u Octporpajckoro. O6mumit ciryvait paccmarpuBan Boiasreppa, [lyankape n
Bpaysp (cm. Volterra [1], Poincaré [1], Brower [1|. Cp. Segre [1], cTp. 202).

[1] Volterra V. Delle variabili complesse negli iperspazi, Atti della Reale
Accademia dei Lincei (4), 5, 158-165, 291-299 (1889).

[2] Volterra V. Sulle funzioni conjugate. Atti della Reale Accademia dei
Lincei (4), 5, 599-611 (1889).

[1] Poincaré H. Analysis situs, Journ. de 'Ecole polytechnique, Paris (2),
1, 1-121 (1895).

[2] Poincaré H. Complément & 1’ Analysis situs, Rund. del Gircolo mat. di
Palermo, 13, 285-343 (1899).

[1] Brouwer L.E.J. Polydimensional vector distributions, Proc. of the
Royal Acad. of Sciences, Amsterdam, 9, 66-78 (1906).

[1] Segre B. Form differebziali e loro integrali. Vol. I. Docet, edizioni
universitare, Roma 1951.
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applied to many new areas of mathematics, including the theory of differential forms and
the theory of vector spaces.

17.4.2 Vector Spaces

The basic notions of linear algebra, including those of linear independence and linear
combinations, were used in many parts of mathematics during the nineteenth century, but
it was not until the end of the century that an abstract definition of a vector space was
formulated. The first mathematician to give such a definition was Giuseppe Peano in his
Calcolo geometrico of 1888. Peano’s aim in the book, as the title indicates, was the same
as Grassmann’s, namely to develop a geometric calculus. Thus much of the book consists
of various calculations dealing with points, lines, planes, and solid figures. But in chapter
IX Peano gave a definition of what he called a linear system. Such a system consists
of quantities provided with operations of addition and scalar multiplication. The addition
must satisfy the commutative and associative laws (although these laws were not named
by Peano), while the scalar multiplication satisfies two distributive laws, an associative
law, and the law that 1v = v for every quantity v. In addition, Peano included as part of
his axiom system the existence of a zero quantity satisfying v + 0 = v for any v as well
as v + (—1)v = 0. Peano also defined the dimension of a linear system as the maximum
number of linearly independent quantities in the system. In connection with this idea, Peano
noted that the set of polynomial functions in one variable forms a linear system, but that
there is no such maximum number of linearly independent quantities and therefore the
dimension of this system must be infinite.

Peano’s work, like that of Grassmann, had no immediate effect on the mathematical
world. His definition was forgotten, although mathematicians continued to use the basic
concepts involved. For example, Dedekind in 1893, as part of his work on algebraic number
fields, defined a space () as the set of all linear combinations of an independent set of n
algebraic numbers with coefficients in a field. He noted that the numbers of this space
satisfy the basic properties we attribute to a vector space, without referring to any such
definition elsewhere. And he proved, using induction, the important result that any n + 1
numbers in () are dependent. Although he did not state explicitly that no smaller set of
generators would determine the space, his definition essentially assured this and thus he
had shown that the dimension of a (finite-dimensional) vector space is well defined.?!

Aspects of vector space theory continued to appear in the mathematical literature, but
it was not until the twentieth century that a fully axiomatic treatment of the subject entered
the mathematical mainstream.

17.4.3 Differential Forms

Grassmann’s exterior multiplication found one of its most important applications in the
development of the theory of differential forms by Elie Cartan (1869-1951). Naturally,
differential forms, the “things under the integral sign,” had been extensively used throughout
the nineteenth century, particularly in line integrals, surface integrals, and volume integrals.
But there was no attempt to define the forms themselves, only the integrals. Cartan, having



read Grassmann’s work, decided in the late 1890s that one could define differential forms in
an n-dimensional space by taking for the System of units the differentials dx;,dx;, dx,, . . ..
The multiplication of these units would be Grassmann’s combinatory multiplication, while
the coefficients of the units would be differentiable functions in the space. Thus a one-form
In two dimensions was an expression of the form A(x,y)dx + B(x, y)dy, a two-form in
three dimensions would have the form A(x, y, 7) dx dy + B(x,y,7)dydz + Clx,y,z)dzdx,
and multiplication would follow the rule dx; dx; = —dx 7 dx; and therefore dxidx; = 0.

Cartan realized, of course, that this combinatory multiplication would solve Euler’s
problem of finding a formal way of determining the change of variable formula. For if
U= u(x,y) and v = v(x, y) are functions defining the change from variables X, y to u, v,
then du = 244x + L dy, dv = & dx + —% dy and the product du dy is given by
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as desired.

calculus. Namely, in 1899 he defined the derived expression (now called the exterior
derivative) of a one-form w = 3~ 4; dx; to be the two-form da = Do dA; dx;. For example,
the derived expression of the form Adx + Bdy is the form

dA dA oB JB dB  gA
do = —dx+ Zgy) 4 T —dx+ —4d = e —— | .dxdy.
< (é’x o dy dy) x (6*)( 4z d y) y (&1’ (?}z) e

Note that this derived expression appears in the statement of Green’s theorem, while the
exterior derivative of the one-form A dx + Bdy + Cdz appears in the statement of Stokes’
theorem. In 1901 , Cartan generalized his definition of the exterior derivative to forms of any
degree. Namely, if w = >oa; jkdx; dx; - - * dxy, then the exterior derivative dw is defined
tobe 3 da; jook AXpdXj - dxy. Ttis straightforward to show then that the exterior derivative
of the two-form A 4 ydz+ Bdzdx + Cdx dy is the three-form

(Qﬂ + (9—8- + f)—g) dxdy dz,
ax  Jdy dJz
the expression that shows up in the divergence theorem.

Although Cartan realized that these three theorems of vector calculus could be easily
stated using differential forms, it was Edouard Goursat (1858-1 936) in 1917 who first
noted that Volterra’s generalization of these theorems, today called the generalized Stokes’
theorem, could be written in the simple form

/w:/dw,
5 AT



where o is a p-form in n-space, and S is the p-dimensional boundary of the (p + 1)-
dimensional region T'. Goursat also used differential forms to state and prove the Poincaré
lemma and its converse, namely that if @ is a p-form, then dw = 0 if and only if there is
a (p — 1)-form n with @ = dn. Goursat did not notice, however, that the “only if”” part of
the result depends on the domain of @ and is not true in general. Cartan himself in 1922
gave a counterexample, which provided one of the impulses in the next decade for the
development of the differential cohomology of differentiable manifolds.?
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